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PEEFAOE TO THE SECOND EDITION 


M y primary aim m the fiist edition of this book was to develop the Theory 
of Gases upon as exact a mathematical basis as possible. This aim has 
not been forgotten in the piepaiation of a second edition, but has been com- 
bined with an attempt to make as much of the book as possible intelligible to 
the non-mathomatical reader I have adopted the plan, partially followed m 
the fiist edition, of dividing the book to a large extent into mathematical and 
physical chapters The reader whose mterest is mamly on the physical side 
will, it IS hoped, got an intelligible account of the present state of the subject 
by reading the physical chapters I, VI, VII and XI to XVin, and regardmg 
the nioio mathematical chapters simply as material for refeience Apart from 
this, something is, I think, gained by cleaimg the giound by a full mathematical 
tioatmont before any physical discussion is attempted 

Since the first edition of this book appeared the position of the Kinetic 
Theoiy has boon to some extent revolutiomsed by the growth and developments 
of the Quantum Theory, and it has been by no means easy to decide what 
exact amount of prominence ought to be given to the Quantum Theory m the 
ariangement of the book The plan finally adopted has been to confine the 
Quantum Theory to the last chapter, the difficulties arising out of the classical 
tioatment have been allowed to ei^^ge.in the earlier chapters, but have been 
left unsolved The last chapter merely mdicates how these difiBculties disap- 
pear in the hght of the new conceptions of the Quantum Theoiy no attempt 
IS made to give a full or balanced view of the whole theoiy In the present 
status of the Quantum Theory this seemed to me the beet procedure, but I 
anticipate that if the book is fortunate enough to run to a further edition, the 
Quantum Theoiy is hkely to figure much more prommently there than m the 
present edition 

It will bo found that the book has been very extensively rewritten since 
the first edition A large amount of new matter has been inserted, and a good 
deal of labour has been expended in bnngmg the subject up to date, both on 
the theoretical and expenmental sides I hope the book in its new form will 
be of value to the large and increasing number of physicists who find a 
knowledge of the methods and results of the Kinetic Theoiy essential to their 
work, as well as to those who study the subject for its own sake 

J H JEANS 


London, 



PREFACE TO THE THIRD EDITION 


I T Will be found that this edition vanes fiom its predecessoi mainly in tlu‘ 
greater prominence given to the Quantum Theoiy The chaphn on 
Radiation and the Quantum Theory which previously tcimmat(‘d tlu‘ book 
has been added to and partially lewiitton To this I have fmthex addend <m 
entirely new chapter on Quantum Dynamics, dealing maiidy with ttu‘, (putt^ 
recent woik of Ehienfost, Sommeifeld, Epstein and otheis This chaptm vm 
of necessity piovidc only a veiy bnef introduction into the myst(‘ru\s ol 
Quantum Dynamics, but I hope it will be of value m stimulating tln^ mknivst 
of English-speaking leaders in a bianch of science of which iihe devtdopment 
has so fai been left mainly to othei nations 

J H JEANS 


Dorking, 

October 1920 


PEEFACE TO THE FOURTH EDITION 

I N preparing a fourth edition I have made only those ft‘w change's which 
were necessary to bring the book up po date 

X H JEANS 

Dorking, 

J^me 1925 
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CHAPTER I 


INTRODTJOTION 

1. The Kmekc Theoiy of Matter rests essentially upon two closely 
related hypotheses, the first — that of the molecular structure of matter, 
the second— the hypothesis that heat is a manifestation of molecular 
motion 

The first of these hypotheses belongs to the domam of chemistry, indeed 
it foms the basis of modem chemical science It is beheved not only that 
all mattei is composed of a gieat number of molecules, but also that all 
molecules of the same chemical substance axe exactly similax as regards size, 
mass, etc If this were not so, it would be possible to separate the mole- 
cules of diffeient types by chemical processes of fractionisation, whereas 
Dalton found that the successively separated fractions of a substance were 
exactly similar It is true that very modem research has thrown some 
doubt on whether the molecules of a substance axe all as exactly identical as 
they weie once thought to be, but it is also tiue that the hypothesis of exact 
similaaity of molecules is now, as a broad tiuth, unassailable, and forms 
a suitable and convement workmg hypothesis for the Theoiy of Mattel. 

The second hypothesis, the identification of heat with molecular motion, 
IS that with which the Emetic Theoiy of Matter is especially concerned 
This hypothesis was for long regarded as puie conjecture, incapable of duect 
pi oof, and probable just m proportion to the number of phenomena wbch 
could be explamed by its help In recent years, however, the study of the 
Biownian movements has piovided biilliant visual demonstiation of the truth 
of this conjecture, and the actual heat-motion of molecules — or at least of 
particles which play a rdle exactly similar to that of molecules— may now be 
seen by anyone who can use a microscope 

The Three States of MaUer. 

2 One of the most stnkmg and umversal properties of the different 
hinds of matter is that of appeanng m three di&tmct states— solid, hquid, 
and gaseous Broadly speakmg, the three states aie assocuted with different 
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ranges of temperature, as the temperature of a substance J.s r.uaed, the sub- 
stance passes through the solid, liquid, and gaseous states in succession It is 
natural to conjecture that the three states of mattoi .ire associated with throe 
different types or intensities of molecular motion, and it is not diliioult to see 
how the necessity for these thiee diffeient states arises 

We know that two bodies cannot occupy the same hp.ic(> , any .attempt to 
compel them to do so bnngs mto play a system of repulsive lorei's tending to 
keep the two bodies apait, .and this system of foicos can only be intcrpxeteil 
as the aggregate of the foices from individual molecules Tt follows that 
molecules exert toices on one another, and that those foicos me, in gimeial, 
repulsive when the molecules are sufficiently close to ono anotlu'r. On the 
other hand, the phenomenon of cohesion shows that the force botwoon two 
molecules may, under certain conditions, bo one of attiaclion 

3 TIte solid state The f<ict th<at a solid body, when in its natural 
state, resists both compression and dilatation, indicates that th(> force 
between molecules changes fiom ono of icpulsion at small distances to one 
of attraction at greater distances This change fioin a lopulsive to an 
dttiactive force suggests a position of stabb' eqmhbrium m which a ixiir of 
molecules can rest in pioximity to ono another If wo iniiigino a gioat 
numhci of molecules placed in proximity and at rest m an equilibrium 
configuration, wo have, on the Kiuotic Thooiy conception ol inatk'i, a mass 
of matter m the sohd state, and, as there is no motion, this matter must be 
supposed, in accordance with the fundamental hypothesis of the theory, to bo 
entirely devoid of heat. 

The molecules of which the substance is fonned will bo c.qMiblo of 
vibration about their positions of oqmlibnnm, and whim those vibiUitions 
occur, we say that the body possesses heat. As tho vibrations booomu more 
vigorous we say that the temperature of tho body mci'casos 

For example, we may imagine tho vihiatoiy motion of tho moloculos 
to be set up m the fiist mstance by rubbmg tho surfiice of tho body 
against a surface of a similar body here we havo a case of heat generated 
by friction The act of rubbing wiU consist m first placmg the suriluses 
of the two bodies so near to one another that the molecules near the 
surfece of one exert a perceptible action on the molecules near the surface 
of the other, and then in moving the surfaces over one another so as to 
disturb these surface molecules from their positions of equilibrium At 
first the motion will be confined to the neighbourhood of the parts actually 
rubbed, but the motion of these parts will gradually induce motion in the 
adjoining regions, until ultimately the motion will have spread over tho 
whole mass. 
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As a second example, we may imagine t\\o masses, both devoid of 
internal motion, to impinge one upon the other The impact will at first 
cause systems of waves to be set up m the masses, but after a sufficient 
time the wave character of the motion will have become obliterated, whilst 
motion of some kind must persist m order to account for the energy of 
the ongmal motion This oiigmal motion will, m fact, have become re- 
placed by a small vibiatory motion of the molecules about their positions 
of equilibrium — according to the Kinetic Theory, by heat-motion 

4 The Uquid state If the body under consideration continues to 
acquire heat m any way — if, that is, the energy of vibration is caused con- 
tmually to increase — ^a stage will in time be reached in which some of the 
molecules are possessed of so much kinetic energy that the forces fiom the 
other molecules no longer suffice to hold them in position they will, to 
borrow an astronomical term, escape from their oibits When the body has 
reached a state such that this is true of a great number of molecules, it is 
clear that the application of even a small force, provided it is contmued for 
a sufficient length of time, will, by taking advantage time after time, as 
opportumty occurs, of the weakness of the forces tending to retain individual 
molecules, cause the mass to change its shape When this stage is reached, 
the body has assumed a plastic or liquid state 

When a molecule of a hquid escapes from its orbit it will in general 
wander about amongst the other molecules until it falls into a new oibit If, 
however, it was initially near to the surface of the liquid, it may be possible 
for it to escape altogether from the attraction of the other molecules, just 
as it IS possible for a projectile, if projected from the earth's surface with 
sufficient velocity, to escape from the earth altogether When this happens 
the molecule will leave the liquid, so that the mass and volume of liquid will 
contmually dimmish owmg to the loss of such molecules Here we have the 
Kinetic Theory mterpretation of the process of evapoxation, the vapour being 
formed by the escaped molecules 

If the liquid is contamed in a closed vessel the escaping molecules will 
impmge on the side of the vessel, and after a certam number of impacts, 
may fall back again into the liquid When a state is reached in which the 
number of molecules which fell back m this way is exactly balanced by the 
number which escape, we have, accordmg to the Kmetic Theoiy, a liquid in 
equihbnum with its own vapour, 

5 The gaseous state If we suppose the whole of the liquid transformed 
into vapour in this way, we have the Kmetic Theory conception of a gas 
The molecules can no longer be said to describe orbits, but describe rectilinear 
paths with uniform velocity except when they encounter other molecules or 
the walls of the containing vessel It is clear that this view of the nature 
of a gas will sufficiently explain the property which a gas possesses of 

1—2 
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spreading thionghout the whole of any closed space m which it is pl.vied 
It IS not necessary to suppose, as was at one time done, that this (‘vjiansivo 
property of a gas is the result of repulsive forces between the moleculos. 

The fundamental accuiacy of this conception of the g.iaeoiis state is finely 
illustrated by some expenments of Dunoyci * A cylindrical tube was divided 
into thiee compartments by moans of two partitions pcipendicular to the 
axis of the tube, and those partitions were then pierced in their eonties by 
small holes, so as to foim diaphragms The tube was fixed vertically and in 
its lowest compartment was placed a piece of some substance, such as sodium, 
winch IS in the solid state at oidinaiy tempoiatni os. After exhausting the 
tube of all au, the sodium (oi other substance) was heated to a sufiicient 
temporatuic to vaporise it As the moleculos of the vapom are shot ofi‘, 
they move in various diiections, and the majoiity stiiko on tho walls of the 
lowest compaitment of the tube and form a deposit there Some however 
pass through tho fust duphiagm, and describe paths ladiatiiig out from the 
hole in this diaphiagm A few of the molecules pass through both diajihr.vgms 
into the upper compaitment of tho tube Those do not collide, for thoir 
paths cannot mteisoct since they are roctilinoat paths all radiating fiom tho 
same point, namely the hole in the lowoi diaphiagm. They accoiilmgly 
loim a deposit on tho top of the tube, and this deposit is found to couicido 
exactly with tho projection of the hole in tho second diaphiagm foiiuod by 
radii diawn Horn tho hole in tho fiist diaphiagm If a small obstaclo is 
placed m the path of these molecules, it will bo found to form a "shadow” 
on the upper suiface of the tube, it may even be that on umbra and 
penumhra will he discormhlo. 

Mechanical Illusbraliion of the Evnelio Theory of Gases. 

6 The Kinetic Theoiy of Matter is best approached through a study of 
the Kinetic Theoiy of tho gaseous state. Indeed, until very recently, the 
Kinetio Theory of Matter has been identical with the Kinetic Theory of 
Gases , there has not been sufficient evidence as to tho conditions prevailing 
m the solid and hquicl states to foimulate a Kinetic Theory of these stales. 
The requisite evidence is now rapidly accumulating, so that theories of the 
soUd and hquid states aie becoming possible, in outline at least, but it is still 
true that the theory of gases is much more developed and complete than the 
corresponding theories of hquids and solids ean possibly bo, and the earlier 
chapters of the piesent book are devoted especially to tho cousiduraliou of 
tho gaseous state. 

7. It IS important to form as clear an idea as possible of the conception 
of the gaseous state on which the Banetic Theory is based, and this can best 
be done by considexmg a mecbamcal illustration 

* 1 Donoyer, Oon^tet Bendiii*, 162 (1911), p 692, and L« Badtwn, na. (1911), p. 142. 
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Very little is known as to the structure or shape of actual molecules, oi 
the way in which they react upon one another Smce, however, it is desiiable 
to have as concrete a representation as possible before the mmd, at least at 
the outset, we may (following a piocedure which is very usual in the develop- 
ment of the Kmetic Theory) agree for the present to associate the idea of 
a molecule with that of a spherical body of gieat elasticity and ngidity — ^to 
make the pictuie quite definite, let us say a billiard-ball The justification 
for this piocedure kes in its success it will be found that the behavioui of 
a gas in which the molecules are complex striictuies of the most general kmd 
can, to a large extent, be predicted from the behaviour of a much simpler 
imaginary gas m which the molecules are of the type just described In fact, 
one of the most stiikmg features of the Kinetic Theory is the extent to which 
it IS possible to predict the behavioui of a gas as a whole, while remammg m 
almost complete ignorance of the behavioui and properties of the molecules 
of which it IS composed Indeed, so many of the lesults of the theory are 
true foi all kinds of molecules that they would remam true even if the mole- 
cules actually weie bilhaid-balls. 

As it IS somewhat difficult to imagine in detail the motion of a large 
number of spheres flying about in three dimensions, we may conveniently 
confine ourselves to a consideration of the analogous motion in two dimen- 
sions As the molecules of the gas are to be represented by billiard-balls, 
let us suppose the vessel in which the gas is enclosed to be lepiesented by 
a large bilhard-table The walls of the vessel will of course be lepresented 
by the cushions of the table, and if the vessel to be repiesented is a closed 
one, the table must have no pockets Finally, the materials of the table 
must be supposed of such ideal quality that a ball once set in motion will 
collide many thousands of times with the cushions before being brought to 
rest by the friction and the various other passive forces which tend to destroy 
its motion A great number of the properties of gases can be illustrated 
with this imaginary apparatus. 

If we take a very large number of balls, and start them at random on the 
table with random velocities, the resulting state of motion will give a repre- 
sentation of what IS supposed to be the condition of matter m its gaseous 
state Every ball will be contmually colliding both with the other balls and 
with the cushions of the table. The velocities of the balls will be of the 
most varymg kinds at one mstant a ball may be brought absolutely to rest, 
while at another instant, as the result of a succession of favourable colhsions, 
it may possess a velocity far m excess of the average velocity of the other 
balls One of the problems we shall have to solve will be to find how the 
velocities of the various balls are distributed about the mean velocity We 
shall find that whatever the way m which the velocities are grouped at 
the outset, they will tend, after a sufficient number of colhsions, to gioup 
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themselves accoiding to the so-callcd law ot tnal oiul euor — the ]a^\ which 
governs the grouping in position of shots fired at a targi’li 

If the cushions of the table weie not fivcd m pohition, i.hey would bo 
driven back by the continued impacts of the balls The foice o\oited on 
the cushions by the balls colliding with them accoidingly lepiosouts the 
picssure exerted on the walls ol the contiuning vc'hsol by the g.in. Li‘t us 
imagine a moveable baiiier placed initially against one of the cushions, and 
capable of motion parallel to this cushion Moving this barriei* forward is 
cqmvalent to decreasing the volume of tho gas. If tho bariior is moved 
forwards while tho motion of the hilJwd-hallfa is m jiiogu'SH, tho impacts 
both on the moveable bamer and on the thiee fixed cushions will of course 
become moie frequent hero we have a roprosentation of an incro.iso of 
pleasure accompanymg a diminution of volume of a gas Wo shall Iiai<> to 
discuss how faa the law connecting the prcssiue and density of a g.is, consti- 
tuted m the way imagined by the Kmctio Thcoiy, is in agreeinont with that 
found by experiment for an actual gas. 

Let us imagine tho baniei on our supposed hilliaid-tabU' to be uioved 
half-way up the table Let us suppose tliat the paiL of tho table in front 
of the haiiier is occupied by white h<ills moving on tho avoiago with a largo 
velocity, while tho part behind it is similaily occupied by icd balls moving 
on tho aveiage with a much smaller velocity. Hero wo may iraagmo that 
we have divided our vessel into two separate chambois, tho one is occupied 
by a gas of one kmd at a high temporature, tho othoi by a gas of a difleiiuit 
kmd at a lowei temperature Botuming to tho bilhard-tahlc, lot tho bariior 
suddenly be removed. The white halls will immediately mvadu the i«irt 
which was foimorly occupied only by rod balls, and vice versa. Also tho 
rapidly movmg white balls will bo continually losing energy by eolliston with 
the slower red balls, and the red of couise gaming energy through luqiaot 
with the white After the motion has been in progress for a sufficient time 
the white and red balls will be equally distributed over the whole of the 
table, and the aveiage velocities of the balls of tho two coloiiis will bo tho 
same Here we have simple illustrations of the diilusion of gasos, and of 
equalisation of temperature The actual problem to be solved is, however, 
obviously more complex than that suggested by this analogy, for in nature 
the molecules of diifeient gases differ by somothmg more fundamental than 
meie colour. 

One fiirther question must be considered. No mattor how elastic the 
bilhaid-balls and table may be, the motion cannot contmue mdefimtoly. Xu 
fame, the energy of this motion will be fluttered away, partly perhaps by 
fluctional forces, such as aor-resistanoe, and partly by the vihratious set up 
m the balls by colhsions. The energy dissipated by air-resistanco becomos, 
transformed into energy m the air, the energy dissipated by colhsions is 
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transformed into energy of internal vibrations of the billiard-balls What, 
then, does this represent in the gas, and how is it that a gas, if constituted 
as we have supposed, does not, in a very short time, lose the energy of 
translational motion of its molecules, and replace it by energy of internal 
vibrations of these molecules, and energy in the surrounding ether ? 

The difficulties raised by this and similar questions formed a most serious 
hindrance to the progress of the Kmetie Theory for many years Attention 
was diawn to them by Maxwell, but it was not until the introduction of the 
Quantum-theory by Planck and his followers m the early years of the piesent 
century, that it was possible to give anythmg like a satisfactoiy explanation 
The explanation supplied by the Quantum-theory will have to be exammed 
in detail in a later chapter of the present book It is at best only partial, 
but must, so far as it goes, probably be regarded as satisfactoiy The ex- 
planation IS, m brief, that there is no true analogy between the two cases 
when we consider questions of internal vibrations and transfer of energy to 
the surrounding medium For the motion of the billiaid-balls is governed 
by the well-known Newtonian laws, wheieas the internal motions of mole- 
cules, and their tiansfer of energy to the ether, aie now believed to be 
governed by an entiiely diflfeient sysbem of dynamical laws The procedure 
of this book will be to develop the Kmetic Theory as far as it can be 
developed without departure fiom the Newtonian laws, and then to examme 
what light can be thrown on the various outstanding phenomena by the new 
system of dynamical laws suggested by Planck. 

Numencal Vahies 

8 The foregoing rough sketch will, it is hoped, have given some idea of 
the nature of the problems to be attacked As a conclusion to this pie- 
hminary chapter, it may be useful to give some approximate numerical 
values These will give aiT mdication of the order of magnitude of the 
quantities with which we shall be dealmg, and will make it easier to foim 
a clear mental pictuie of the processes under consideration 

Nwmber of molecules par cubic centimeti e In accordance with the law of 
Avogadro (see below, § 147), the number of molecules in a cubic centimetre 
of gas at standard temperatuie and pressure (0° 0 and 1 atmosphere) is 
mdependent of the chemical composition of the gas This number, which 
will be denoted by JVo, is frequently referred to as Avogadro's number, and 
its numencal evaluation is naturally of great importance for the Kinetic 
Theory of Matter Unfortunately the number is extremely diflScult to 
evaluate with any great accuracy many of the uncertainties in the numencal 
values used in the Kinetic Theory may be referred ultimately to uncertain- 
ties in the estimation of this number. It is foitunate that there are a great 
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number of methods available for the dott‘rmin.xtion of iVjt 

The best detennmation of is that dodnced from the v.xluo of Iho chaige 
cm the election Ifilhkan* detomimcs this, with a piobablo (utoi oi about 
one part m a thousand, as 

« «= 4 774 X 10““ eicctnvitatic units 
» 1 592 X J0~** oluctiomaguetic iiinis 

Since jSToS is tho constant of electrolysis, and thoioibio equal to 90490 
eleotromagnetio units, the ootiesponding value u( JTt u 

^,-2706x10“ 

The densily of hydrogen (molecular weight 2 01 6) at stindard 1i(>m|)crature 
and pressure is 00008987, so that, if is the numbut of DiuImtl(‘H lu one 
giam-moleoule, we have 

00004458 

Thus the above value of JV, ooiresponds to 

JT, = 6062x10" 

A loss acouidte dctonmnation of is obtained from a study of blnclc-body 
radiation Bichardsonf obtains tho value ^ 4 = 2 76 x 10*’, but a rt'calonlntioD 
in whi(^ use is mode of more recent obsorvational data, shows that the value 
of JVc must be voiy close to tho value iTi = 2 705 x 10 “ given alxm*. 

Another determination of can be made finmi obseivatioiih on tho 
Brownian Movements The method was first dovolojicd by Perrin, who 
obtamed values unifinmly larger than Milhkan’s value given almve More 
recent observations by R Flotchor]' give the value jVi=008x 10 ", with 
a prohahlo error of about 2 per cent of tho whole 

Por the purpose of oabulatious in the piosent book we adopt 
Millikan’s vidnes 

2 706x10“, 

JITi — 6 062 X 10 ", the number of molecules in 1 gpm -mol., 

« “ 4 774 X 10"* electrostatic umts 

Thus at O^O and at a pressure of 1 atmoi^ere (760 mm), thoro ate 
taken to he 2 706 x 10 “ molecules per cubic centimetie ITudor other (joa- 
dibons the number is of oourse directly proportioiial to the density 

The average distance apart of adjacent molecules at atmosphonc pressure 
will clearly he about (2 706 x 10 “)“ ^ ems , or 8 88 x 10"^oms* At a pressure 
of one -mi H ionth of an atmo^here (*00076 mm.) this distance is inoraased to 
888 xl 0 “'oins (‘00088mm.) 

t Itm> nr. (141'4), jf 440. 
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Mass of a molecule Since we are taking JVi = 6 062 x 10®®, the mass of 
the atom of unit atomic weight must be taken to be (6 062 x 10®®)“^ gms or 
1 651 X 10“®^ gms Thus the hydrogen atom, of atomic weight 1 008, will be 
of mass 1 662 x 10"“ gms , and the masses of molecules will be in proportion to 
their molecular weights , that of oxygen for instance is 52 x 10"“ gms 

Velocfity The velocity of the molecules does not depend on the 
evaluation of Avogadro’s number, and is known with gieat accuracy (see 
below, §150) 

Foi air at a temperature of 15® 0 the average velocity is about 459 metres 
per second For hydrogen at 0® C it is about 1694 metres per second As 
regards \elocities under other conditions it may be said that, roughly, the 
mean velocity of a molecule of molecular weight m, at a temperature of 
9 degrees Centigrade, is proportional to V273 + ^, and is inversely pro- 
portional to \/m, so that, for instance, the velocity of the oxygen molecule is 
approximately a quarter of that of the hydrogen molecule at the same 
temperature The velocity is independent of the density of the gas A table 
of velocities will be given later (§ 151). 

Since the molecules of hydrogen at 0® C move with an average velocity 
of 1694 metres a second, the total distance described by the 2 706 x 10^*^ 
molecules in a c c. of hydiogen at 0® 0 will be 458 x 10^’ kilometres per second 

Size It IS a matter of some difficulty to determme or even to define the 
size of a molecule The trouble arises pnmarity from our ignorance of the 
shape and other properties of the molecule If the molecules were known to 
be elastic spheres the question would be simple enough, and the size of the 
molecule would be measured by the diameter of the spheie If, however, 
the molecules are assumed as a first approximation to be elastic spheres, 
expeiiment leads to discordant results for the diameters of these spheres, 
shewing that the original assumption is unjustifiable The divergences anse 
not only from the fact that the shape of the molecules is not spherical, but 
also from the fact that the molecules are surrounded by fields of force, and m 
most experiments it is the extension of this field of force, rather than that of 
the molecules themselves, with which we are concerned 

If, however, we agree to regard the molecules as roughly represented by 
elastic spheres, it is found that these spheres must be supposed in the case of 
hydrogen to have a radius of about 1 36 x 10"*cins The size ought stnctly 
to be different for different molecules, and more exact figures will be given 
later, but as the difference in size is hardly more than comparable with the 
error introduced by the supposition that the molecules are elastic spheres, 
these differences need not be discussed here A full discussion of the 
evidence of the Kinetic Theory as to the size of molecules will be found 
in Chapter XIV of the present book. 
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Nvmhm and frequency of collisions Regdidiiig the molooul(‘ of Iivtltogon 
as A sphere of ladius 1 36 x 10“*cms the numbci of colhsioiis poi cubic centi- 
metre of hydrogen at 0°0 is found to he about 2037 x lO-^' pci sc-eond 

Flee pctitlis Each collision is the teimmation of two fioi' pafiis, lionce 
the number of free p.iths desciibcd in tho gas just conHidcioil is .diont 
4 07x10-’’ per second Tt has aheady boon said thafi tho total distance 
desoiibed — le tho aggregate of these fioe paths — is 458 x lO^’-cms Ilouce 
on division we see that tho moan length ol tlicsc fico paths is 
1 125 X 10"“cras 

It IS obvious that tho moan heo path, being a yiuit' length, will depend 
only on the diameter of tho molecnlos, and on tho iiumbei of niolecuh-s 
per cubic centimetic , it will not depend on the vidocities of motion of tho 
molecules Thus the values we have obtiunod lot Ihe mean fiee y».ith are 
approximately tiue for all gases so long as tho moli'ciilos aie supposed 
umformly to be spheics ol ladins 1 36 x J0”®cms Tho liec fiath is, liowevei, 
mveisely piopoitional to the numbei of molecules per ciibu eonftniotn' of 
gas Foi instance m a vacuum tube in which the prossiiri' is that of h.ilf 
a milhmetre of mercury, the density ol g<is is only I 1520 of tho noiiiuil 
density, and theieloie the Ireo pith is loughly equal to onc-siN.th of a 
millimctie 

It appeals fiom these figiuos that tho mi'iin Iri'o yiath of ,i niolociile m 
about 400 times its diametoi in a gas at uouiial prossiirts and is about 
600,000 times its diameter when the pressuie is leducisl to half a milUmetro 
ol mercury There is therefore every yustification fbi .issinumg, a,s a first 
approximation, that the Imoar dimensions ol molecules aro small in eom- 
panson with their free paths 

Comparing the values obtained for tho length ol tho fi oe pith with the 
values previously given for tho velocity of motion, wo find that f.ho mean 
time of describing a free path ranges from about 3x 10”“* seconds in tho 
case of air under normal conditions, to about 10~* seconds in the case of 
hydrogen at 0° C at a pressure equal to that of half a millimetre of mercury. 

The prmcipal lesson to bo le^ed from the foregoing figures is that the 
mechanism of the Emetic Theory is extremely “ fine-grained " when mcasuted 
by ordmaiy standards Molecules aie, m foot, not inWtely small, and neither 
is their motion infinitely rapid, but the units oi space and tune appropriate 
for the measurement of the motion of individual molecules aie so small in 
comparison with even the smallest quantities which we can measure expon- 
mentally that the phenomena exhibited by a gas constituted in tho way 
described will be indistingaishable, so fax as expenment and human obsoi ra- 
tion go, from those of a continuous medium 
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There are two other fundamental quantities of which the numeiical 
values will frequently be required in the present book, namely the mechanical 
equivalent of heat, and the absolute zero of temperature 

MechcLTiicO/l eguivdlent of heat The calorie is the number of heat units 
required to raise one giamme of water through 1® 0 at a temperatuie which 
is usually taken to be 15° C or some near temperature A summary of ex- 
perimental values will be found in Qlazebrook’s IhcUonmy of Appl%ed Physios 
(I p 493), the best deteiminations range from 4 182 x 10^ to 4 185 x 10*^ In 
the present book we take 

J=4184xl0^ 

this being the value adopted both by the JRecueil de Constantes Physiques of 
the French Physical Society (1913) and by the Smithsonian Physical Tables 
(Washington, 1920) 

Absolute zero of temperatwre The value of the absolute zeio of tem- 
perature Ta given in the Beciml de Constantes Physiques as most probable is 
— 273 09° 0 From a lengthy investigation, Callendar’*^ deduces — 273 10° 0 
as the most probable value. In the present book we shall adopt the value 

ro==-273rc 


JE['isto}ical Note. 

9 The rise of the Kinetic Theory was of a gradual nature, and it is 
difficult to mention any time at which the theory may be said to have 
arisen, or any smgle name to whom honour of its establishment is due 
Thiee stages in its development may be tiaced There is first the stage of 
speculative opmion, unsupported by scientific evidence Given that a great 
number of thinkeis are speculating as to the structure of matter, it is only m 
accoidance with the laws of probability that some of them should ainve 
fairly near to the truth An opinion which turns out ultimately to be near 
the truth remains, however, of no greater value to the advancement of 
science than a moie erroneous opinion, until scientific reasons can be given 
for supposmg the former to be more accurate than the latter When this 
pomt is reached the theory may be said to have entered upon the second 
stage of its development , the true and false opinions are still equally m the 
field, but the former is supphed with weapons for defeating the latter In 
the thud stage there is general agreement as to the main foundations of the 
theory and their truth, and labour is devoted no longer to defeating adverse 
opmion, but to the elaboration of the detail of the theory, and to attempts to 
extend its boundaries 

In its earliest stage the growth of the Kinetic Theory is hardly distin- 
guishable from that of the atomic theory The view that matter was to be 


Phtl Mag v (1903), p 96 
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regarded as an aggregation of hard, indivisible and similar parts was upheld 
by Lucretius, who appears to have taken his opinions from Di'iiiociitus and 
Epicurus, who again had been guidod by Leucippus This theoiy was re- 
vived by Gassendi in the middle of the soventecuth coiitmy ■* Apiiaioutly 
Gassendi was the fiist to suspect that the motion alone of tho atoms was 
sufficient to account for a number of phenomena, without tho introduction 
of adventitious hypotheses to account sopaiatoly for those phenomena. 
Lass Witz I" desenbos Gassendi's work as follows “following Democritus and 
Epicurus, Gassonih m the seventeenth century lo-establiHhcd ami elaborated 
an atomic thooiy based upon the assumption that all material phiuioinena 
can be refeiied to the indestiuctible motion of atoms and can therefore 
be described as ‘kmetic.’ Gassendi’s atoms are devoid of all (pialitios 
except absolute rigidity, they are similar in substance, but diilbrent in size 
and form, and move m all diiections through empty spice On tins basis 
Gassendi explains a number of physical processes, m pavticulir l.he three 
states of matter and tho transitions from one to anotluT, in a way very 
httle different horn that of the modem kinetic theory.” Jt is obvious, 
then, that with Gassendi the thooiy is entering upon the second stage of 
its existence 

Twenty yeais later ido.is of tho same nature seem U) have occnixod 
mdependently to Hooke, tho recognition of whoso work in tho foundation 
of tho Kmetic Theory is due to Professor Tint| 

The next advance in the tliooxy is due to Daniel Bomoulli§, who fre- 
quently is oroditod with having been tho first to make tho discovorios of 
Gassendi and Hooke. In his ffydrodyncmioa, piihlishod in 1738, ho points 
out that the elasticity of a gas may ho regarded as due to the iinjiacts of 
particles on the boundary He deduces Boylo's law for the relation botwoon 
pressure and volume, and attempts to find a general relation hetwoon pressure 
and volume when the fimte size of the molecules, supposed absolutely hard 
and sphencal, is taken mto account. 

After Bernoulli, there is little to record for almost a coutuiy. Then wo 
find that m rapid succession Herapath|l (1821), Watorston (1846), Joulef 
(1848), Kionig** (1866), and Clausius (1867) take up the subject. Wateiwton 
attempted to found a scientific mathematical theoiy of the subject; but 

* Byntogma FMloiopHemi, 1098, Iiagdam 

t “Bar Verfall del kiaetiBohen Atomistilc im 17 Jdirhtmdaii,” Pogg Atm. 198, p 878 (1874). 

t “Hooke’s Anti«ipatio& of the Kmetio Theoiy,” Proe. Bim Boy 8oe Uatoli 10, 1889. 
Tait’s Collected WorJee, n p 122. 

§ Daniel Bemonlli, Bydiodynamtoa Argentona, 1788 Seotio deouna, ‘*De affeotionibus 
atqoe motibus flmdorazn elastioomm, praeoipne autezn aens 

1) AfmdU of PhOosopTi/y, [2], i p 278 

t Bntuh Attoeiatton B^ort, 1848, Part n. p. 21 , JWemoitt of tlu UtmOmor lAAorani and 
Philotophusal Boettiy, [ 2 ], « p 107, 

*• Poggmdorff’t AnnaUn. 
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his pper, which was presented to the Eoyal Society in 1845, contained 
certain inaccuracies, and was for this reason not published in the Phdo- 
sophmL Trmsackons until 1892* * * § when Lord Eayleigh had it published 
on account of its histoncal mteiest Clausius, in his fiisb papeif, calculates 
accuiately the relation between tempeiature, pressuie and volume, and alart 
the value of the ratio of the two specific heats for a gas in which the eneigy 
of the molecules is wholly one of tianslation In 1859, Clerk Maxwell was 
added to the number of contributors to the theory, leading a paper on the 
subject befoie the British Association at Abeideenj It has been sug- 
gested that Maxwell was fiist led to take an mterest m the subject by his 
investigations on the motion of Saturn’s imgs, which gained for him the 
Adams Pnze in 1857§. In the hands of Clausius and Maxwell the theory 
developed with great rapidity, so that to wiite the bstory of the subject fiom 
this time would be hardly less than to give an account of the theoiy in its 
present form Among the more piomment contiibutors to the theory m the 
mterval between the time of Clausius and Maxwell and the end of the nine- 
teenth century may be mentioned Boltzmann, KiichhoflF, Van der Waals and 
Loientz on the continent, and m this country Tait and Loid Bayleigh 

In the interval just mentioned, there had gathered aiound the theoiy 
what Loid Kelvml called “Nmeteenth-centuiy Clouds over the Dynamical 
Theoiy of Heat" Lectunng in the last year of the centuiy, Loid Kelvm 
saidlT, “The beauty and dearness of the dynanucal theoiy which asserts heat 
and hght to be modes of motion, is at piesent obscuied by two clouds ” The 
first of these clouds had to do with the question of the constitution of the ether, 
and need not concern us here , the second cloud was thiown over the Theory 
of Cases by difficulties such as those referied to at the end of § 7 This cloud 
has already to a great extent been dissipated by the development of the 
Quantum-theory, a theory which will be explamed m its proper place m the 
present book. It may be remarked heie that smee the Quantum-theory 
came mto bemg m 1901, the growth of the Kinetic Theory has been almost 
exactly identical with the growth of the Quantum-theoiy 

* PM Trans, 188, p 1. 

t XTebet die Ait der Bewegong veldhe w Warme nennen,” Pogg Anmlen, 100, p. 853 

4: PM Mag Jaa and Jvify, 1860 , Oolleeted Works, i p 877. 

§ See W. 1) Biven, prebce to Mazwell’e OoUeetsd Works, p xe. 

II Phil Mag m (1901), p 1 

^ Lecinie dehveied at the Boyal Institatioii of Gieat Biitam, Btidey, April 27, 1900 
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THE LAW OF DISTRIBUTION OP VELOOITIUS 

I Tbe Method of (Joiii,isioN.s. 

10 The mathemcitical diOioultioo ut tliu biil>j(‘ut coiiiiiioiK't' whoii wd 
attempt to discuss the law according to which the volocitius ol tliu mole- 
cules aie grouped about thou mean value Wo aio of courao at libc'rty to 
considoi an imaginary gas in which the volocitioH an* grcmj[K>d at the outset 
accoiding to any law we please, but in goiieial evoiy colIiHiou wliKih ocouis 
will tend to change tins law. The piobloui bofoiv us ih to invostigato whotlior 
theio IS any law which remains, on tlu* whole, uiich.ingod by collismiiH, and 
if so whether the velocities ol the moloculcH of a g.is, starting from some 
arbitiaijly chosen law, will tend after a suffioiont tlmt* bo obey some 
defimte law which is mdopendont of the isuiicular law horn which the gas 
started. 

Thoie aro two totally distinct methods of attacking these probk'ms, and 
these are given in tins chapter and the next, the relation between them 
being discussed in Chaptsr IV The present chapter coutaius the class i ca l 
method of which the development is due mainly to Clerk Maxwell and 
Boltzmann (see § CO below). 


Tlie definition of demt^, 

11 There is no diflSculty in defining the density of a continuous sub- 
stance. If we take a small volume «, enclosing a given pomt P, and denote 
by m the mass of matter contained within this volume, then the assumption 
of continuity ensures that as the volume v shrinks until it is of infinitesimal 
size, while still enclosing the pomt P, then the ratio tnjv will approach 
a definite limit p, and we define the density at the pomt P as being the 
value of the hmit p 

Again, when, as m the Kmetic Thooiy, the matter is composed of discrete 
molecules, there js no dilBcully m definmg density if the matter is homo- 
geneous and if also it can be supposed that there is an infinitely great 
quantity of it. In this case, we take a volume F and suppose M to be 
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the mass enclosed within it The homogeneity of the matter now ensures 
that as V is mcreased mdefinitely, the ratio MjV will approximate to 
a definite limit p, and, as before, we define the density of the matter to 
be the value of the limit p. 

The gas of the Emetic Theoiy will, in geneial, be neither continuous 
nor homogeneous It will theiefoie be impossible to frame a general 
definition upon the model of the two foregomg definitions, since to do this 
we should have to suppose the element of volume to become infinitely great 
and infinitely small at the same time But with leference to the actual 
conditions of natuie this objection is not serious We can find an element 
of volume which may, without appreciable eiior, be supposed to be mfimtely 
great m comparison with the distance between neighbouring molecules, and 
at the same time infinitely small compaied with the scale of variation of 
density of the gas For instance, the density of a gas may generally be 
supposed homogeneous thioughout a cube of edge equal to one millimetie, 
while such a cube is large compaied with the scale of molecular structure, 
containing, as has alieady been mentioned, about 2 75 x 10^*^ molecules m the 
case of a gas under normal conditions of pressure and temperatuio 

The ratio of the mass contained in an element of this kind, to the volume 
of the element, will give the mcbss-density of the gas If we substitute 
number of molecules whose centre is contamed in” for “mass contained 
in,” the definition gives the molecular-density of the gas We shall find it 
convenient to denote the mass-density by p and the moleculai -density by v. 
If m IS the mass of each molecule, we have 

p^mv . • , ( 1 ) 

It vnll be seen that this definition of density is not logically perfect, but 
it will be admitted that it is adequate for practical use The diflSoulty of 
obtainmg a logically perfect definition has been discussed by Bui bury* A 
similar difficulty is of common occunence in statistical woik. considei, for 
instance, the statement “the density of population in paits of London is as 
high as 105 per acre ” 

12 If O IS a volume throughout which the density is sensibly constant, 
the number of molecules of which the centres are contamed within this 
volume would, if the foregoing definitions weie logically perfect, be Slv* As 
the definitions are not peifect, we must examme within what limits the 
statement is true, that the number of molecules is Q.v It is ceitamly not 
literally tiue, for neither €l nor v will in general be integers, while the 
number of molecules whose centres are contained in the volume £1 must 
necessaiily be mtegral In the language of the theorv of probability the 
statement may be taken to mean that thp “expectation” of the number 
* S H Bmbury, Kmctte Theory of Oases, p 3. 
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of molecules in the region in question is Q,v. Any appeal to the theory of 
piobability imphes that a cert.un amotmt of knowlodgo is given, while we 
remain m ignorance of the lemaining laets In this jiarticnlar e-i^e, what is 
known is that the molecular density throughout the legion il us i/, wlut is 
not known is the position of the individual molecules of thu g<is 

With this understanding it will be permissible to say that the number of 
molecules in an element of volume dasdydz selected at tandom is vdjrdtjdz 
What IS meant is that the piobability of finding tho ciuitio ol a molecule 
inside this element of volume is vdmdyda. 

The definiUm of the Law of DistnbiUwi of Vchrities, 

13 The difficulties of tho last two sections recur when wo attiuiipt to 
define the law of distiibution of velocities In fact at pi<‘s<‘nt wo may 
consider that a molecule possesses six cooidmates — the cootdin<it(>,s in h|).ico 
of its centre of gravity which we denote by y, e, and tho conosponding 
velocity components, which we shall denote by u, v, w. In tho last two 
sections we were vutually discussing the law of giouplng of tht' coordi* 
nates (e,y,z, we now have to discuss tho law of giouping of tho lolomties 

«, V, w 

Let us take some fixed imaginary point us oiigm, and draw from this 
point a system of Imos to lepiosont in magnitude and (lirection the velocities 
of the different molecules of tho gas. JRofoiiod to orthogonal axes the 
coordinates of the extremity of any line will bo «, % w, tho components 
of velocity of tho corresponding molecule A discussion of the law of distri- 
bution of velocities IS exactly equivalent to a discussion of tho law of density 
of these points. 

Subject to the limitations mentioned above (§ 12), ‘we can define tho di'iisity 
of these points in the manner ahendy explained If we doaoto this diuislty 
by T, then, on our former understanding, we can say that tho number 
of molecules of which the velocities ho between w and « -(- dit, « and v + rfv, w 
and w + dw, is rdudvdw, where t is the “density of pomts at the point «, v, wf 
We shall find it convenient to replace t by Nf, where iV is the total number 
of molecules of which the velocities have been represented. When it is 
necessary to specify the point u, v, w at which f is measured, we shall wiito 
f(u, V, w) instead of / 

To avoid the continual repetition of these hnuts, let ns agree to say that 
a molecule of which the components he between w and u-fdu, « and w+ito, 
w and w + dw IS a molecule of class A. 

14. The total number of molecules of class A is therefore 
Nf(u, V, w) dudvdmi. 



12-16] 


The Method of CoUisiom 


17 


and since there are N" molecules altogether, it follows that the probability 
that the velocity of a molecule selected at random shall have components 
lymg between u and u + du^v and v + dv^w and w + dwiB f{% v, w)dudvdw 

In accordance with the definition of § 12, we can say that the number of 
molecules belonging to class A which are found within the element of volume 
dxdydz selected at random is 

vf{Uf V, w) dudvdwdxdydz (2) 

Interpieted literally this statement is unmtelligible for dwdvdwdxdydz is a 
small quantity of the sixth order , mterpreted m the sense already explained, 
no exception can be taken either to its intelligibility or tiuth. 


The assumption of Molecular Chaos. 

15 Let us imagine that instead of the element dxdydz having been 
selected at random, we had supposed it to be an element m the immediate 
neighbourhood of a second molecule of which the components of velocity 
were known to he between and and v'+dt;', v/ and w' + dii;', 

let us say a molecule of class B We are no longei justified in saying that 
the probability of finding a molecule belonging to class A mside this element 
IS given by expiession (2) If all the molecules of class A were distributed 
at random, and then those of class B were independently distributed at 
random, the statement would be true enough But if the gas is movmg m 
accordance with the dynamical conditions of nature, it is quite conceivable 
that, for mstance, molecules possessmg nearly equal velocities might tend to 
flock together. If this weie so the probability we are discussing would be 
greater than that given by expression (2) when the velocities of the two 
molecules of classes A and B were nearly equal , m general, it would depend 
on v', w' as well as on u, v, w 

In the case which is discussed m the present chapter — that in which the 
molecules are hard elastic spheres — it is usual to assume that the molecules 
having velocity-components lymg within any small specified limit are, at 
every instant throughout the motion of the gas, distributed at random, 
independently of the positions or velocities of the other molecules, provided 
only that two molecules do not occupy the same space The legitimacy of 
this assumption is not self-evident Indeed, nothmg but a discussion of the 
dynamical equations which determme the motion of the molecules can decide 
whether the assumption is true or not Such a discussion will be given m 
Chapter IV and the assumption will be proved to be justifiable, for the 
present we shall be content to make the assumption, without discussmg its 
vahdity 
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The changes p'oduced hy Oolhsions when the Molecule'^ me 
Mastic Sphetes 

16 The state of a gas is folly known, ftoin tlio statiKlioal point of viow, 
when the density and the law of distribution of vc'locitioh at ovt'iy point of 
the gas are known The mam pioblem of this chapter, wliicli w<‘ now piooccd 
to attack, is to soaich foi a steady sUte le a state in which the (h'nwty and 
law of distiibution of velocities lomaiu the 8.uno at eveiy point ol I lie gjw 
throughout all time. 

We begin by discussing the simiilest case Not only an' tho iiioh'pulos 
supposed to bo haid iigid spheres, but we suppose that tho <oct<‘rn.il physical 
conditions are the same at oveiy point of space, and tluit tin* gas iills inliniU) 
space The last of those assumptions is a tomporary one, which enables us to 
consider sopaiatcly the olciiimts of tho piubloiu which aio intrixliieial by 
the piesence of a containing vessel. 

Undei the conditions now postiilati'd, wo may clearly bi'gin by aMsuming 
the gas to have the same molecular density v and tho same l<iw of distri- 
bution of velocities / at every point of spaci* )Sine.e there is nolbing to 
distinguish tho chffoiont regions in space, this unifbrmily in space will 
obviously bo maintoinod throughout all tune, but tho actual lorin of tho 
function f will change with the tune 

17 The first pioblem is to find an eapiessioii foi tho changi> in tho 
number of molecules belonging to class A (defined on p 16) which oocuia 
duimg an mterval of time dt Since tho motion of the inoh'cules is on<‘ of 
uniform velocity except when collisions take plao<>, it appc'aiw that molecules 
can only enter or leave class A through tho occurrence of collisions. Wo 
begin by considering molecules which h'avc class A through oollisions 

Lot us consider a special kmd of collision which wo shall call a collision 
of class eu This is to be defined as a collision in which the throe folluwiiig 
conditions are satisfied : 

(i) One of the two colliding molecules is to be a molecule of class A. 

(u) The second colliding molecule is to bo of class B (defined on p 17). 

(ill) The direction of the line joining the centre of the fonuw molecule 
to that of the latter at the moment of impact is to bo such that 
a hne drawn parallel to it from the oontio of a fixtxi sphere of 
umt radius to the surfece of this sphere moots tho surface inside 
a small element of area da, this element being such that the 
direction cosmes of a Ime drawn to its centre fiom the centre of 
the sphere are f, m, n. 
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The number of molecules of class A is vf(u, v, w) diidvdw per unit volume, 
and each of these is capable of takmg part in a collision of class a Let a be 
the diameter of a molecule, and imagine a sphere of ladim <r diawn round 
each molecule and concentric with it As the molecule moves, the sphere is 
to move so as to lemain concentric, but is not to rotate with the molecule 
If a collision of class a occurs, the centre of the second molecule — that of 
class B — must lie on this sphere at the moment of impact, and fuither, smce 
condition (ni) is to be satisfied, must he withm a small element of suiface of 
area a^dco In figure 1, the sphere of radius o- is drawn thick The other 
spheres represent the two molecules just befoie and at the instant of collision 



Supposing that a collision of class a takes place, we see that before collision 
the second molecule must have been movmg lelatively to the first with a 
velocity of which the components, except for infinitesimally small quantities, 
were u' v' •-v, w' — w , let us say a velocity F in a direction X, jm, v 
Hence at an infimtesimally small time 8t before collision, the centie of the 
second molecule must have been upon a small element of area obtamed 
by moving the element from an initial position upon the surface of the 
sphere through a distance FS^ in a direction —X, — fi, —v. If, therefoze, 
a collision is to take place within an interval dt the centie of the second 
molecule must.Ut the begmmng of this interval, have been inside the cylinder 
which IS described by moving the original element through a distance Vdt in 
this same direction 

The volume of this cylinder is equal to its base multiplied by its height 
The foimer is the latter is Fd^ cos 9, where 9 is the angle between the 
axis of the cylinder and a perpendicular to the base. The diiection cosmes 
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of the axis axe -X -fi, -v, those of the peipoxMhcnlar to the base are of 
coarse I, m, n, so that 

cos ^ = — + nz') .. (J{) 

The volume of the cylinder is theiefoic "For^cesdeiad^ so that lor any single 
molecule of class A, the piobahility that the ccntio of a molecule of elahs B 
shall he within this cylmdor at the beginning of tho interval iZf is, in 
accordance with § 15, 

v/{u', V, w') daidv'dw' Fer* cos ddmdt. 

This, then, is the probability for each nvolcoulo of clasM A that a eollision 
of class a shall occur during tho interval dt Tho nuinbor of moleoulos of 
class A IS j/(m, V, io) dudvdw per unit volume, so that tho “expectation” of 
the total number of colhsions of class a which occur m time dt pur unit 
volume will be 

«>)/(“', d, w') F<t*oos ddudvd/uidu'dv'dvf'dadt (4) 

18 We now consider a second type of collision, class 0, This is to 
be a type of colhsion thiough which a moloculo enters into class A, and 
IS to be defined as a collision in which tho tliruo following conditions are 
satisfied 

(i) After the colhsion, one of the molecules is to bo of chiss A. 

(u) After the collision, the second molecule is to bo of class B 

(ill) The direction of the lino of centres at imiiact is to satisfy the same 
condition as for a colhsion of class « (p. 18). 

The velocities before tho collision can be found without trouble. For tho 
relative velocity can be divided into two parts — tho one in the common 
tangent plane through the point of contact of tho spheres, and tho other 
along the hne of centres Of these, the former remains unaltorcd by tho 
colhsion, while the latter is reversed in duection, but remains unaltered m 
magmtude Now the normal relative velocity after impact must, in virtue of 
the three conditions satisfied, be the same as for a colhsion of class a before 
impact. It must, theiefore, be V cos $ We have, by equation (3), 

Fcosd = - F(Z\ + m/t+ni/) 

= Z (m — «') + m (o — «') + a (w — «>'). 

Let «, V, w and W be the components of the velocities of two 
molecules such that after a collision along a hne of centres liavmg direotion 
cosmos I, m, n the velocities axe u,v,w and < tf, w', then by what has just 
been said we must have 

5=« —IV eosO^u — —u') + lm(v —d) + ln(w — «/)} ...(5), 
a'—i^ + lV cos d=u'—{l*(u' — u) + lm{i/—v') + ln(v/ — w)} ...(6). 
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The number of colhsions per umt volume, such that before collision the 
components of the velocities he between u and u 4 etc , and u' and 
11 ' 4 dm', etc , and such that the third condition of p 18 is satisfied by the 
Ime of centres at impact is, by comparison with expression (4), seen to be 

% w)f (u' v', W) Ftr’ cos 0 dudmd^'dmf dm' dM dw dt (7) 

19 These colhsions will all belong to class /8, provided that the hunts 
determmed by dm, dm, etc , are such that the values of u, v given by equations 
(6) and (6) he withm the appropriate limits u and u 4 du, v and v 4 dv, etc 
To obtain the whole number of colhsions of class ^ we must mtegrate ex- 
pression (7) over all values of S, v, etc, such that the values of u,v, etc, he 
withm these hunts 

To do this we need only consider the ratio of the two products of diffei- 
entials dudvdivdu'dv'dw' and dudmdmJadv: dv' d0 We use Jacobi’s theorem 
that 

dudmdMdm' dm' dmd => 4 ^dudvdiodv! dt/ d/u/ ( 8 )» 

where A denotes the determmant 

du 3u du du dU 

du’ dw’ du" W' W 

dv dv dm 

du’ dv' dw’®*®’ 


Using the values given by equations (6) and (6) we find without trouble 
that A = — 1 The numerical value of A, w^ch is all that is required, may 
m fact be seen without actual calculation Foi since equations (6) and (6) 
aie Imear as regards the velocities, the value of the above determinant cannot 
depend on the velocities Also since the relation between the velocities 
before and after collision is, on account of the reversibility of the motion, a 
reciprocal relation, it is dear from equation (8) that the only possible values 
for A are i; 1. 

Hence, smce the ratio m question must necessarily be positive in sign, 
equation (8) becomes 

dudvdmodm/ dm' dm/ = dudvdwd/u'dv'd/uZ (®)> 

and expression (7) may be wntten m the form 

% w)/(u', W) F<r*cos ddudAidwd/t/ dn/du/ dvodb. . (10) 

If this number of collisions is exactly to mclude all of class the values 
of du, dv, dm, du', d®', du/ must be those which occur in the specification of a 
collision of class a (p 18) and therefore those which occur m expression (4) 
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20 Suppose that oj.pres8ion (4) is. summed ov»ir all possible classes of 

which can occur bo a molecule of class A Or, •what is the same 
thing, suppose that expicssion (4) is integiatod ovoi .ill possible v.iluos of 
)/', v', w' and ovei all clonients of spherical suit.ice da) foi which a collision js 
possible Obviously the quantity obtained in this way will repieseiit the 
total numboi of molecules of class A which enter into collision in the iiiU'rval 
dt* So also expression (10) integiatod thiongh the same i.uige of values 
gives the total numbei of molecules of class A winch emeigo fiom collision 
dunng the same intoival 

The net gam to class A in the intoiwal di is therefoio the difleieiice of 
these two integrals, and this is 

ifidudvdwdtjljjJ(ff~'~j(y')Vc^co8ddtt'dv'(lw'(la . ...( 11 ), 

m which arc wiitton foi /(it,v,w), f(u','d,v/), f{u, v, in) and 

/ (a', v', itf) rcspeobivoly 

21 The number of molecules which belong to chiss A at the beginning 
of the interval dt is known to have been vfdudvdw pi'i unit volume, whilst 
the number at the end of this intoival may be supposed to bo 

v(/+ 


di^ dudvdm. 


The gam to class A is therefore 

v^^dAJkdvdwdt 


Equatmg this quantity to that given by expression (11), wo obtain the 
equation 

0« “ " ///// ^ dw'dtfdwf (12) 


The condition for a steady state is that df/dt shall vanish for all valu<>s of 
u, V and w. No progress can however be made by equating the right-hand 
side of equation (12) to zero the problem of determining the steady state 
has to be attacked in a diffeient manner. 


The H-theorem, 

22 Consider the quantity E defined by 

if = jj l^/log/dudvdw (18), 

m which the integration is to extend over all possible values of li, v, w, so that 
H IS a pure quantity and not a function of u, v, w This quantity depends 

* Not the total number of oolhsions m which a moleonle initially of class A is mvolvody since' 
oolhsions for which both moleonles are of class A are counted twice. 
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solely upon the law of distribution of velocities and therefore remains un- 
changed so long as this law remains unchanged Hence a necessary condition 
for a steady state is given by dHldt= 0 We proceed to evaluate dHjdt m 
the general case. 

After an inteival dt the value of /log/ correspondmg to any specified 
values of u, v, w will of course have changed into 

/log/+|(/log/)d#, 
or, what is the same thmg, into 

/log/+ (1 + log/)|(£^<. 

dn 

Hence the mcrease in H, which may be written dt^ will be given by 

^ -h log/) ^_^dudvdw^ dt (14), 

and if we substitute the value of dfjdt fi:om equation (12), this becomes 
=vjjj j'JJJ 1^(1+ log/) (ff' — j/') cos 0 dudvdwdu' dv'dw'da> (15) 

23 Equation (13) regards jET as the sum of a number of contributions, 
one fiom each class of molecule, and in this equation class A is taken as the 
typical class. If we had chosen class B as the typical class, we might have 
written S in the form 

s=jjjf log/ du'di/chi/ (16), 

aad the mereaae m H, instead of being given by equation (14), would then 
have been given by 

^=/// (1 + log/)|^d«Wd«/' (17) 

To evaluate the nght-hand member of this equation we need to know the 
value of dfidt Now equation (12) regards the change in / as the sum of a 
number of contributions, one irorn every class of collision m which either of 
the molecules either before or after impact is of class A, and the typical 
classes of collision are taken to be classes a and fi. In a similar way we can 
express dfjdt as the sum of a number of contributions, one firom every class 
of colhsion in which either of the molecules either before or after impact is of 
class B The typical classes of collision may again be taken to be classes a 
and y8, and if this is done we obtain for dfjdt an expression similar to that 
given for dfjZt in equation (12), except that accented symbols replace un- 
accented, and vice versa. In fact molecules of classes A and B exchange 
rdles. 
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If we now substitute this value foi a//9< in equation (17) wo obtain 
{(£ equation 15) 

^ iff' ^ dudvdwdiif dv'dw'dto, 

an equation which is of course the same as (15) except that accented and 
unaccented symbols aie interchanged If we add togethei the two values 
for dH'di which have been obtained, we have 

^ == -Ji; jjjjjjjj (2 + ^ogff) (//' ~ ff') Fcr« cos Bdudvdwdib' dv'dw'dfo ( 1 8) 

This equation expiesses dHIdt as the sum of a numbei of contributions, 
one from every possible class of collision The typical class of collision is 
taken to be class % in which 


become changed mto 


u, V, w, u', v', v/ 
u, Vj W, u\ W 


If we use the same equation, but take as the typical collision one of clfiss 
/3, m which 

u, V, w, u', v\ ^ 

become changed mto 

% % Wi u\ v\ w\ 

we obtain, as a still different form for dHJdt, 

VtT^QOB0dudvdwdufdv'di(/d(», .(19). 

Equation (9) enables us to replace the product of the first six difforontials 
on the nght-hand of this equation by dudvdwdu'dv'dw', and if wo add this 
modified value of dE/dt to that given by equation (18) we obt<un 

§“^''//////// ra><ioaedudvclwdu,'dv'dio'd<^ 

( 20 ). 

Now (log^'-Iog//') IS positive or negative according os ff' is greater 

« 18 ^ ^//' and is therefore always of the sign opposite to that of 
// Hence the product 

aog#'-iog/if')(//'-j5^), 

mt serais neeessmly negative Since Fcos 0. the relative velocity along 
^ hne of before impact, is necessarily positive for evenr fyl of 

o! integrand of equation (20) is alwa^ Either 

or seta Hence equation (20) shews that dS/dt is eithei^egative 
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The Solution for a Steady State 

24 In order that the gas may be in a steady state, it is necessarj, as 
has been already said, that dHfdt shall be zero Now equation (20), as we 
have seen, expresses dHfdt as the sum of a number of contributions, one from 
eveiy type of collision, and each contribution is either negative or zero Hence 
foi dHfdt to be zero, each contiibution separately must be zeio In othei 
woids we must have 

foi eveiy type of collision 

This condition has been seen to be necessary for a steady state Equation 
(12) shews that it is also sufficient, for if it is satisfied then dffdt = 0 for every 
value of u, V and w The problem of determining the steady state is there- 
fore 1 educed to the problem of obtaining the solution of equation (21) We 
shall find it convenient to take logarithms of both sides, and write the 
equation in the form 

log/+ log/' = log/+ log/' (22) 

26 Let % be a function of the velocities u, v, w, such that when two 
molecules collide, the sum of the %'s appropriate to the two molecules before 
impact IS equal to the sum of the two %'s after impact Smee % is, by 
hypothesis, a function only of u, v, w, the value of % will remain the same for 
eveiy molecule except when it is altered by collision We may theiefore 
say that % is defined as being capable of exchange between molecules at 
a collision, but is mdestiuctible, 2% remains the same thioughout the motion, 
where 2 denotes summation which extends over all the molecules of the gas 

It IS clear that a particular solution of equation (22) is 

log/=X- 

Fiiither it will be seen that the difference between % and the most general 
solution of (22) is such as to satisfy the conditions postulated for % Let 
%i, % 2 , % 3 , be mdependent quantities, each satisfying these conditions, and 
let it be supposed that there are no other such quantities, then the most 
general solution of (22) must be 

log/= «iXi + a2j6 + «8X» + (23)» 

in which «!, 02 , Ogj are independent and, so far, arbitrary constants 

Fiom the dynamics of a collision we know that there are four quantities 
which satisfy the condition in question namely, the energy and the three 
components of Imear momentum These give four forms for % a fifth is 
obtained by takmg % equal to a constant, and it is obvious that there can be 
no others For if there weie any additional form possible for %, there would 
be five equations giving u, v, w, u', W m terms of w, v, w, u', v', w', so that 
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- - S' « w' would be determined except for one unknown Thor<- must 
IZZXZ ^owns, as the direction of the line of centres .s unknown 

The general solulaon of equation (22) is therefore seen to be 

log/= axm («* + «’ + «»•) + ^ 

The constants «3, «• I’® 

wntten in the form 

log/* a,m [(« -%)* + (»- »o)* + (w - w.)*] + <*«, 
or if we still further change the constants, 

m which A, h. tk. v„ w. are new arbitrary constants 

26 Bv siwmK different values to these five constants wo obtain all the 
steady staL which are possible for a gas The diffment yaliu^ ol the con- 

stante depend upon the different values of ^X»> J «' ’ "P™ 

the total^eigy, momentum and mass of the gas Wo proceed to dotor- 
mine the relations between these constants and the conesponding pliyaical 
quantities 

The value per umt volume of any quantity x summed ovm all tho 
molecules is given by 


I • 

Xx = vJJ K«-«o)*+(w-wo)OdudwdW . . .(20) 


If we write 


U *2^0 — * Uy 
^ - t;o = V, 


w— ^0= w, 

this becomes transformed into 

tx=»J//x.de-»»<“*+'^+w^dudvdw 

and if we further transform variables according to the scheme 

U == c sin 5 cos ^ 

^s=C9m08in<f> 


W = c cos 0 


the equation becomes 


2^ =5 1 ; jJJ sin ff dffdtffdc 


... . (27), 


(28), 


,..(29). 


If we take %= 1, 2% is the number of molecules per umt voluuui, and is 
therefore equal to v, i^uation (29) accordingly becomes 


l = 4f7rudL f e~^*^(^dc, 
J 0 
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and since the value of the integral is known* to be this gives the 

relation 

(30) 

Next put = u in equation (27) We ohtam 

S,u = vAf e"*““’urfu f e~^’^^dv f 

J —00 j -00 J —00 

and the nght-hand vanishes, since the value of the first integral is zero 
Hence 2u=0, or, what is the same thing, 

2u = 2«o = 

Thus ibo IS the mean value of u, and is therefore the ir-component of the mean- 
velocity of the gas Similarly Vo, Wq are the y and z components of this 
velocity 

Lastly, let us put % = u® + v® + w® If we substitute this value in equa- 
tion (29) we obtain 

2 (u® + V® + w®) = 4!7rvA f 

J 0 

The value of the integral on the nght-hand is known* to be and 

this leads to 

2(u* + v*+w>) = |4y/ 

or, on substituting the value of A from equation (30), 

2(u> + v»+w») = ^v 01) 

The kinetic energy per unit volume of the gas is («? + v* + «>*), and smce 
2u = 2v = 2w = 0, we have 

(u^ + + v^) *= ■Jwi2 ((u + Mo)* + (v + »#)* + (w + Wo)®) 

= ^2 (u® + V* + w* + tto® + + Wo*) 

= ^V + ip(Uo® + «0* + Wo®) (32), 

where p is the mass-densily of the gas, given by equation (1). 

We have now determined five relations between the unknown constants 
and the density, kmetic energy and momenta of the gas It appears that for 


* For the value of this and pir mlftr integrals, see Appendix A at the end of the booh 
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given density, kinetic energy and momenta the values of the constants are 
umque, h bemg determmed by equation (32), Wj by the momenta, and 
A by equation (80) Hence there is only one steady state poshiblo loi given 
values of the density, energy and momenta. 


Qas m a closed vessel 


27 This completes the determination of the steady states of an infinite 
mass of gas. We have next to consider the modifications mtioduccd wlicn 
the gas IS confined m a closed vessel. Supposmg the walls of this vessel to 
be absolutely rigid and elastic, we shall shew that the law ot distil butiou 
aheady found m equation (25), namely 

*• ' ***\n*i)f 

will stdl represent a steady state, mdependently of the shape of the coiitammg 
vessel, provided that this vessel is moving with a velocity v^, 

To piove this we consider the collisions of molecules with u single small 
element of the wall of the containmg vessel. Let this element bo of area d8 
let the direction cosmes of a line drawn perpendicular to it bo /, in, w, 
Conader the class of colhsions such that the components of velocity of the 
colliding molecule before impact he between 


u and u+du,v and v+dv, w and w + cZw ... .(St), 
As before, let aU such molecules be called molecules of class A. Lot us, as 

^ a fixed point 0 as origm and nqirosout tho 

5 ^ tte diff^ent molecules in magnitude and direction by a system 

^ A will bo Lrc- 

“Side a coitain small 

^gnl® pi^elepip^— the rectangular paxallelepipod of which tho ortho- 
gonal coordinates lie within the limits (84) (see fig 2 Opposite). 

ff. ’^ 7 ^ "“'■“■‘I' »' 

’I!: rs/n “ 
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molecule is of class G Then we have seen that a molecule of class A is 
changed by collision into a molecule of class 0, and from symmetiy it is 
obvious that the converse is true 

The number of molecules of class A which collide with the element dS in 
time dt is equal to the number of molecules of class A which lie withm a 
ceitain cylmder at the beginning of the mteival dt Similarly the number 
of molecules of class 0 which collide with dS m the same time dt is equal to 
the number of molecules of class 0 which he within a second cylmder at the 
same instant 


w 


CIA 



Fio 2. 


The former cylinder is of base d8 and of a height equal to the distance 
described by a molecule of class A in time measured normal to the element 
dS The second cylinder is of the same base dS, but of height equal to the 
distance described by a molecule of class C m time dt measured normal to dS 
Since the normal velocity is the same for a molecule of class A as for one of 
class 0, the heights of these two cylmders are the same, and since their bases 
are the same, their volumes will be the same 

The density of molecules of class A m the first cylinder is, in accordance 
with equation (33), 


dudvdWy 
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and since m fig 2 the coordinates of P aie u, v, w while those of B ate 
«o> *'o> “'oj ■'F® faf'Ve 

JSp9 = (a _ 2,^)9 + („ _ v,f + (w- Wo)*, 

and the density of molecules of class A m the first cylindei is 

X volume of a (135) 

Similarly the density of molecules of class B in the second cylmdei is 

volume of ^ (30) 

Xow jRP = RP\ and the volume of a has been seen to bo equal to the 
volume of ^ Hence the two densities (36) and (36) are equal Since the 
two cylmders have also been shewn to be equal it follows that the number 
of molecules of class A which colhde with the element d8 in the inteival dt 
is equal to the number of molecules of class 0 which do the same thing 
Each of the former molecules is changed by collision from a moloculo of 
class A to one of class 0, and each of the lattei horn a molecule of class 0 to 
one of class A Hence the number of molecules of class A remains unaltoiod 
by collisions with the element dS The same is of couise tiue of ovoiy otliei 
class of molecule, and of every other element of the surface of the conlcuning 
vessel, whence we see that the whole law of distribution is unalteted by the 
presence of the walls, or, m other woids, that the law of distribution (33) 
represents a steady state 

Ii now appears, however, that theie are only the two constants A and h 
at our disposal m the case of a gas enclosed m a vessel which is oithei at lost 
or movmg with a known velocity w,, and these two constants aio of 
course connected by the relation (30) By varymg these coustauis wo are 
enabled to assign to our gas diffeient values of the total energy, or, spoakine 
physically, different temperatures Similarly by vaiying v wo are enabled to 
assign different densities to the gas. 


Moiss Motion and MoleculciT Motion, 

» We have seea ttat the most general “ steady state ” possible consists 
am^n ^mpoimded of a mass-motion and a moleculai-motion The 
^^ofaon has velocity components v,. the molecular-moliou has 

‘y”fr 

1 u u + V and. v + dv, w and w+dw is the inimboi of 
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Hence we may suppose the molecular velocities distributed acoordmg to 
the law 

^urfvdw (37) 

If we adopt the scheme of transformation (28) we may replace the velocity 
of which the components are u, v, W by a velocity of magmtude c, m a 
direction which makes an angle 9 with the axis of z, and such that a plane 
through this direction and the axis of z makes an angle ^ with the axis of x 
The law of distribution (37) now becomes 

^ gjn dddd<j>do (38) 

This shews that the velocities of molecular motion are distributed equally in 
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all directions m space The law of distribution of the magnitudes of these 
velocities independently of their directions m space is found, upon integration 
of expression (38) with respect to 6 and to be 

4i7rAe^^^^''c^dc (89) 

The law mdicated by expression (37) can also be written in the form 
A (40), 

shewmg that the distributions of u, v, w aie independent. 
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In fig 3, the thick hne is the curve 

•nhiie the thin hne is the curve 

y-e-^. 

The factor 2 is introduced in the foimer equation m older that the two 
curves may have the same area, namely ^ ^ir The foimei aiive sh('ws the 
gioupmg of the magnitudes of the velocities independently of their duoctions 
m space, the latter that of the magnitudes of a single component 

29 Equation (32) expresses that the total energy of a gas may bo 
regarded as the sum of the energies of a mass-motion and a moleculai -motion 
In the language of the older physics, one would say that the toUl onoigy 
■was partly kinetic and partly thermal In the language of the Kmetio 
Theoiy, both energies are equally kmetic 

Let us suppose that the containing vessel, which has so f<u been moving 
with a velocity of which the components are Mj, v^, w#, is suddenly biought 
to a standstilL This "will of course destroy the steady state of the gas, but 
after a snfScient lame, the gas will assume a new and diffoient steady state 
The mass-velocity of this steady state will obviously be nil, and tho oiu'i gy 
wholly molecular The individual molecules Have not been acted upon by 
any external forces except in their impacts with the containing vusHuJ, and 
these leave their energy unchanged The new molecular energy is thcictoio 
equal to the fotmOT total energy. These data enable us to detoniuiiu tho 
new steady state In the language of the older physics, ono would say that 

suddenly stoppmg the forward motion of the gas the kinetic energy of this 
motion had been transformed mto heat In the language of the Kinetic 
Theoiy, we say that the total kmetic energy has been ledistiibutod, ho os now 
to be wholly molecular. 

An mterestong region of thought, although one outside the domiim of 
pure Kmetic Theoiy, is opened up by the consideration of tho procesflcs by 
whidi this new steady state is arrived at To examme the simplest case, 
let us suppose the gas to be contamed m a cubical box, and to have boon 
moving ongmally m a direction perpendicular to one of the sides. Tho 
hydrodynamical theoiy of sound is capable of traemg the motion of the gas 
toiughout all tam^ subject of course to the assumptions on which the theory 
18 based The solution obtamed to the problem ficom the hydrodynamical 
standpoint is that the oiiginal motion of the gas is perpetuated in the form 
of plane waves of sound m the gas, the wave fronts all being perpendicular to 
the migmal direction of motion This solution is obviously very different from 
that amved at by the Kmetic Theory For instance, the solution of hydro- 
dynamics mdicates that the original direction of motion remains differentiated 
from other directions m space through aU time, whereas the solution of the 
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Kinetic Theoiy indicates that a state is soon attained in which there is no 
differentiation between directions m space. 

The explanation of the divergence of the two solutions is naturally to 
be looked for m the differences of the assumptions made The conception 
of the perfect non-viscous fluid postulated by hydrodynamics is an abstract 
ideal which is logically inconsistent with the molecular constitution of matter 
postulated by the Kinetic Theory. Indeed we shall m a later part of the 
book be able to shew that the actual viscosity of gases is simply and fully 
accounted for by their molecular structure If we introduce viscosity terms 
into the hydrodynamical equations, these equations will lead to a solution m 
which the ultimate state is one m which there is no mass-motion in the gas 
On the hydrodynamical view, the energy of the ongmal motion has been 
" dissipated ” by viscosity On the Kinetic Theory view, this energy has been 
converted into molecular motion In fact the Kmetic Theory enables us to 
trace as molecular motion, energy which other theories are content to regard 
as lost from sight. 


Gas devoid of Mass-motion. 

30 In what follows we may be content to neglect the complication of 
mass-motion We shall suppose that the whole motion of the molecules 
consists of its molecular motion of components w, v, w, and we shall put 

+ = (41) 

Then we have seen (equations (25) and (30)) that out of N molecules 
under consideration, the number having a velocity with components between 
u and u + dw, v and v -f dv, w and w -|- dw is 

A 

^ <“*+»’+«»*> dudxdm (42), 

while the number havmg a resultant velocity between c and c -i- do is 

(43) 

The mean velocity of all the molecules will be the average value of c, 
and may be denoted by & It is given by 

“VCfl-Am) 

It is convenient to mtroduce a velocity (7, defined as being such that the 
mean value of is equal to The mean kmetic energy of translation of a 
molecule is then and the total kinetic energy per unit volume of the gas 

3 


J G 
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IS \vm.G* or \pQ^, it is the siume as though the mass p weie moving forward 
with a velocity G 


g 

Bkom equation (31) vG^ is equal to v, so that 


— 

2hm 

(45). 

In terms of G, the average velocity e is given by 



(46) 


Thus the kinetic energy (and, as we shall see, the pressure also) is the 
same as if each molecule had a velocity G equal to 1 086 times the avuiage 
velocity 

31 It IS frequently convenient, in obtaining rough appioximations to 
the solution of a physical problem, to assume that all the molecules have 
exactly the same velocity, and m order that this velocity may be consistent 
with the actual values of the piessure and of the kinetic eneigy, this uniibnn 
velocity must be supposed to be (7 

Some idea of the amount of enor mvolved m this approximation may bo 
obtamed from a study of fig 3 Smee (7* = 3/(2Am), and since hn is taken 
equal to umty m drawing the curves of fig 3, the appioximation amounts to the 
assumption that the whole area of the curve is collected close to the o-lttwip po 

®=/y| = 1225. 

The approximation is thus seen to be a very rough one# 

32 It IS sometimes required to know the number of molecules which 
at jmy instant have a speed greater than a given speed Cb Out of a total 

of N molecules the number which have a speed in excess ol c. is bv 
fiamula (43), • «» 

and, on int^p^tion by parts, this becomes 

^ . 

In terms of the probabihty integral, or error function defined by 
erf 

tjir 
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this number becomes 

N ^erf X + ^=. (47), 


where a? = (Am)i Co = >y/| j . 

Fiom a table* of values of erf x, it is easy to calculate the number of 
molecules either having velocity greater than any value Cq, or within any 
range Cq to Ci The general run of the numbers to be expected will be 
sufficiently seen by an inspection of the curves of fig, 3. 

Number of Collisions, Mean Free Path, etc 

S3 We shall now use the results which have been obtained to calculate 
the total number of collisions per umt volume of gas The number of 
collisions IS not affected by the mass-motion of the gas, so that we may 
continue to take this mass-motion to be zero 

In expression (4) we found the number of collisions of class a occurring 
per unit time to be 

v^f(u, V, w)f{u\ w) cos 6 dudvdwdu^dv'dv/ day . . . (48), 

and the problem of determining the total number of collisions amounts to 
mtegrating this expression over all values of the variables when/(t^, v, w) 
has the form appropnate to the steady state, i e , when 

/(«,»,«;)= . . . .(49) 

In expression (48), V is the relative velocity and 0 is the angle between this 
velocity and that of the line of centres If ^ is the azimuth of the line of 
centres referred to any defimte plane through the direction of the relative 
velocity, we may, m expression (48), replace da by sm6ddd<p Since collisions 
can occur for all values of ^ and for all values of 6 from 0 to w/2, we must 
mtegrate expression (48) from ^ = 0 to ^ = 2w and from 0 = 0 to ^ = w/2 
Performing the mtegrations, and substituting for /(«, v, w) from equation (49), 
we obtain 

Va^dudvdwduWdw/ (50), 

as the total number of collisions m which the molecules before collision have 
velocities lying within the usual limits dudvdwdu*dv'dw' 

Let us now suppose that the variables are transformed to new variables, 
given by 

u = J(w + w')^ 0 L^u* — u, etc., 

* Values of 1 - erf x are given in the fourth column of the table m Appendix 

3—2 
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«, that n V w aie the componente of the velocity of the centre of giaiaty 
motoJ*. «.d A T the oompmeate of the vdoaty of the 
molecule relatively to the first. We have 


h i =1 
-1, 1 ’ 


a(ii. «) _ 
a(M, mO 

dVLdvdmdad^dy = dudvdw&u! daf dv/. 


80 that 

Hence from expression (50) the number of collisions for -which the new 
Tanahles he withm a range dadvdwdadfidy is 


Vo^dadvdvrdadfid^ 


(51), 


in which we have 

v*=(i^-uy‘+(‘d-vy+(td-wy^<^+0‘+ •f, 

+ <5^ = U» + M'S + ,(» + + «)» + «/* = 2 (u» + v« + w*) + i (a* + ^ + 7®)> 
or, if we write u*+v^+w®=c®, 

cJ® + c'* = 2c® + iF« 

Let us again transform vanahles according to the schemes 
11 = o sm 0 cos a=V sm yfr cos 

V = o sm ^ sin ^8 « F sm sm 

w — c cos 7 = F cos 

In order that n, v, w may have aJl possible values, 6 must range from 

0 to TT, ^ from 0 to 27 r, and o from 0 to oo • If, however, we give a similar 
range to the new variables in the second scheme of transformation, we shall 
he countmg each collision twice over For a colhsion m which «, /8, y have 
given values can, by merely changmg the rdles of the two molecules, be 
regarded as a new collision m which the signs of a, y are altered This 
source of error can be eliminated by hmitmg the integration with respect to 
^ from 0 to 7r/2, instead of from 0 to w. Hence we obtain, for the number 
£>r which c hes between c and o + do, while Fhes between F and F + d!F, 

c^F^dodF 

Integrating with respect to c from 0 to oo , the number of collisions for 
whiih Flies between F and F + dV is 

or r*dr (62)p 

a result which will he required later. 
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If we finally integrate this firom F=Oto F=oo,we obtam for the total 
number of collisions 


. , /27r 

V n/ffi 


. ... (53), 


an expression which, on using relation (40), may be replaced by 




There are v molecules per unit volume, and each collision termmates two 
free paths Hence the v molecules describe 

(64) 

free paths per unit time. 


The average duration of a free path is accordingly 

1 


(55) 


The distance described per unit tune by the v molecules occupying umt 
volume IS vo^ and this distance is the aggregate of all the free paths, of which 
the number is given by expression (64) By division we find as the length 
of the mean free path 


_ 1 ^ >7071 

V27rz/(r* 


. ( 66 ) 


If the average is taken in any other way, the result is of course different 
We might for instance average over all the free paths which are bemg 
described at a particular instant of time 


Tait* took a particular instant of time, and defined the mean free path 
as the average of the distances descnbed by each molecule between this 
mstant and the mstant of its next collision. He calculated as the value of 
the mean free path defined m this way, 


6^. 

irvc^ 


•»••• *•••• (57). 


the factor '677 ansmg from an mtegral of which the value cannot be 
calculated in fimte tenns We shall return later to the actual calculations 
by which this result is obtained. 


From the results obtained m this section the numerical values given in 
§ 8 can be calculated without trouble. 


* Bayal Soe Edm Trans xmn p 74 (1886). 
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Apparent IrreversMity of Motion. 

34 When a gas is not in a steady state, it follows from § 23 (p 24), 
that dHIdt must he negative. Some wnters have interpreted this to mean 
that if will contmually decrease, until it reaches a minimum value, and will 

“ to ever.te A m.t.o. «t to tod -ould however 

b, dj.^mo.117 meve,s.ble, end th»efore mconotoent ,.th the dy„„ 
eonelonn of motion from wh.oh it (nofesscs to here hem deduced As will 
aunear later (cf ^ 70—73), the truth is that we have at this point reached 
thfhmit withm which the assumption of molecular chaos leads to accuiate 
results The motion is, in point of fact, strictly reversible, and the apparent 
meversibihty is merely an illusion mtroduced by the imperfections of the 
statistical method. 
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THE LAW OF DISTRIBUTION OF VELOCITIES {(mtifmS) 

II The Method of Statistical Mechanics. 

Th C<mcq>Uon of a Qmralmi Space 

85 In the kst chapter it was twice found convenient to represent the 
three velocity coordinates % v,w of a, molecule, hy a point m space of which 
the coordinates referred to three rectangular axes were u, v, w. The principle 
involved is a useful one, capable of almost mdefimte extension, and will he 
laigely used both in the present chapter and elsewheie in the hook 

The space of nature possesses three dimensions, hut just as it is open for 
us to represent any two coordmates in an imaginary space of only two dimen- 
sions, so m the same way we may represent any four coordinates m an 
imaginary space of four dimensions Similarly if a dynamical system is 
specified by any number n of coordmates, we can represent these coordinates 
m a space of n dimensions, and the various pomts in this space will coire- 
spond to the vaiious configurations of the dynamical system 

In the piesent chapter, we attempt to find the law of distiibuhon of 
velocities hy a method which consists essentially m regarding the whole gas 
as a single dynamical system, and in representing its cooidmates in a single 



Let us suppose that the gas consists of a great number N of exactly 
similar molecules, enclosed in a vessel of volume fl At the outset we shall 
suppose these molecules to he elastic spheres of the kind already desenhed 
Each molecule will possess six coordinates, the three positional coordinates of 
its centre referied to three fixed rectangular axes m the containing vessel, 
and the three components of the velocity of its centre resolved parallel to 
these three axes We shall denote the separate molecules hy the letters 
A, B, C, etc, and the six coordmates of molecule A will he denoted hy 
aia, ya, A«, «a, »a, w* The whole gas may accordmgly he regarded as a single 
dynamical system possessmg QN coordinates, namely, 

ya> ‘la, ««» Wfl, Xt, % Zh Vb, WJ, »e, ■ etc .. (68). 
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We can suppose this dynamical intern represented m a generalised space 
of 6if The configuration of the system m which the coordinates 

are those given by (68) will be represented by a single point in this space, 
namely the point of which the coordinates referred to QN rectangular axes 

are those given by (68) 

36 In this way every possible configuration is represented by a point, 
but It does not follow that every pomt represents a possible configuration 
For instance if as before the diameter of each molecule is <r, then a configu- 
ration in which 

(«»— ®j)’+ (yo~yd)*+ (^«~ ^ •** •• 

IS physically impossible because it represents a configuration in which the 
centres of molecules A and B are separated by a distance less than <r — a con- 
figuration, therefore, m which parts of these two molecules occupy the same 
space We must therefore suppose the region in which the inequality (69) 
IS satisfied to be excluded finm our generalised space If we shut off all such 
regions, found by substituting fiir a, 6 m (69) the sufSxes coiiespondmg to all 
possible pftiTB of molecules, we see that every point in the space which is loft 
will represent a system which is physically possible in so far that no two 
moleoifies overlap 

There is still the boundary to be considered For a configuration to be 
physically possible it is necessary that the centre of each molecule shall be at 
a normal distance finm the boundary which is greater than the radius of tho 
molecule. Thus all parts of the space must be excluded which do not satisfy 
equations of the form 

(®a. y®. etc ) 

^(«%.y6.«j)>io- etc I 

whoe 4> {m, y, ^) is the shortest normal distance from (c, y, z to the surface of 
the endosmg vessel 

37 If we exclude all the regions just mdicated, it is clear that any 
pomt m the ^ace which remains will represent a configuration of the system 
of molecules which is physically possible In the course of the motion of the 
ga% this oomfiguration will give place to other configurations, and by tracing 
out this series of configurations m the generalised space, we should obtain a 
“path* indicating the motion of the gas By startmg from a great number 
of points, and toemg the motion backwards as well as forwards, the whole 
qwee can be mapped out mto paths m this way. Since the motion of the 
gas IS completdy determmed when all the coordinates (68) are known, it 
follows that through any pomt there is one and only one path, two paths can 
never mtersect Also, of course, the paths are jfixed m the generalised space ; 
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the motion of a gas, starting from given values of velocity and position 
coordinates, is always the same These paths are identical with the 
"trajectories” of abstract dynamics 


The Motion in the Generalised Spacem 


38 The general nature of these paths can be seen without trouble 
A collision either of two molecules, or of a molecule and the boundary, occurs 
when, and only when, a path meets one of the surfaces of the regions 
excluded in § 36 Now between collisions every molecule moves with uniform 
velocity in a straight line. Thus if at time ^ = 0, the coordinates of a system 
aie 

Vat ^d» w/, d?/, yd 9 zdi "^d '^d * • ( 61 ), 

the coordinates at time t, assuming that no collision has taken place in the 
inteival, will be given by 


SOa^Ojd+udt, Va^yd-^vdt^ etC, 

"Oa = vd, etc 

To find the equations of the path described by the representative point m 
the generalised space we eliminate t, and so obtain 


^^-^d ^ Va-yd _ , 

v,d vd 

Wa — wd etC. 


. (62), 


and since these equations are linear they are of course the equations of a 
straight line We therefore see that the paths in the generalised space are 
rectilinear except when they meet the excluded regions Along the lecti- 
Imear parts of any paths, all the coordinates Ua, v®, Wa^ Ws.. etc, maintain 
constant values, and any senes of paths for which these constant values are 
the same are all parallel. When a representative pomt, moving along one 
of these paths, meets a boundary of the excluded space — corresponding to a 
collision — it must be supposed to move along this boundary until it reaches 
the point of which the coordinates are those of the system after collision, and 
then to start from here and descnbe the new rectilinear path through this 
point 


39 Now in the gas of the Eanetic Theory, we do not know anything as 
to the coordinates of the individual molecules of the gas the problem we 
have to attack is virtually that of finding as much as we can about the 
behaviour of a dynamical system, without knowmg on which of the paths in 
our generalised space its representative point is moving 

Our method is therefore to start an mfimte number of systems, each 
system being a complete gas of the kmd already specified, so as to have 
systems starting from every conceivable configuration, and movmg over 
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every path We then investigate, as far as possible, the motion of this sones of 
systems, m the hope of finding features common to all Or, what comos 
to exactly the same thmg, we shall imagine our generalised space filled 
with a dust of pomts, so dose together that they may be regarded as finming 
a contmuons fluid, we shall suppose the different points of this dust oi fluid 
to move along the paths m the generalised space as stream-lines, as directed 
by the dynamical equations of the gas, and we shall then examine the 
motion of this fluid 

It IS obvious that the imtial distiibution of density of this fluid m<iy bo 
chosen qmte arbitrarily We therefore choose that the mitial distiibution 
shall be homogeneous The advantage of this choice is that the fluid remains 
homogeneous throughout its subsequent motion. This result follows Horn a 
general theorem which will be proved later (§ 86), but we now pioceed to 
give a separate proof for the special case at present under considei.ilion 


40 It has been seen that throughout tho motion which talcos place 
between two collisions, all the velocity coordinates m#, v®, n„ do, 
remam constant for any smgle path 

Consider a senes of systems startmg simultaneously with the same values 
of these velocity coordinates, but havmg positional coordinates lying between 

and cua + dsna, and y* + dya, and z^ + dz^, 
a%anda!j + (&i etc 

Let these systems move for a time di, and let it be supposed that no 
eolhsion occurs during this mterval Then it is clear that at the end of the 
mterval the vanous position^ coordinates will have values lying botwoon 

®a + Madt and a?® -l- Uadit + d^a , etc , etc , 
while thd velocity coordinates of course remam unaltoied 

Hence the element of generalised space occupied by these systems roiiiauis 
unaltered m shape, size and onentation, but has in the course of tho tiiiu' dt 
moved parallel to itself a distance u^dt paiallel to the axis of as^, v^dt pamllcl 
to the axis of etc It follows that the density of the fluid which occupies 

this dement of generalised space has remained constant through this iccfci- 
Imear motioii 


Just as lectilmear motion leaves the velocity coordinates unchanged 
while altenng the positional coordinates, so a collision leaves the positional 
^rinates mi^mged while altermg the velocity coordinates There are 
two ^ of cdlmons to he discussed-colhsions between molecules and 
the boundaiy, and collisions between pairs of 

former, consider a collision between molecule A and 
tte boundary this leaves aU the coordinates unchanged except v. 
Oonsidermg a senes of ^tems in which before collision aU the coordinates 
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except Ufti ^ay have the same values for each member of the system, whilst 
Ua> Va, Wa lie between Ua and Va + dua, Va and Va + dvay Wa and 
we see that after collision all the coordinates will remain unalteied except 
Wffl, %, Wa, while these will he within a new set of limits Now m fig 2 
(p 29) we may suppose the formei limits represented by the parallelepiped a, 
in which case the latter set will be represented by the parallelepiped /S 
These parallelepipeds have been shewn to be equal in size although m the 
piesent case the orientations are not the same This proves that the size of 
the element of volume of generalised space occupied by the series of systems 
now under consideration is unaltered by a collision of molecule A with the 
boundary, and hence that the density of the fluid may be supposed to lemam 
unaltered 

The case of a collision between a pair of molecules may be treated m 
the same way If the molecules are A and B, all the coordinates remam 
unaltered except ita, Va, Wa, wj, •Oh, w^, and the same result as before follows 
at once from equation (9) if we change the notation so as to replace % v, w 
by Ua, Va, Wa and v', w' by v^, For this equation shews that 
duadvadwadui^dvhdwi remains unchanged by the collision, so that the 
element of volume in the geneialised space remains the same, and therefore 
also the density of the fluid inside it 

Examining the motion of any small element of fluid m our generalised 
space, we have now proved that the density of this element remains unchanged 
by steady motion and by collisions, t e , remains unchanged throughout the 
whole motion of the gas It follows that if the whole generahsed space is 
filled with fluid initially homogeneous, then this fluid will remam homo- 
geneous throughout the entire motion Or, agam resolving the fluid into a 
dust of representative points, we have seen that there is no tendency foi these 
points to crowd together, or to spread apait. 

41 It has already been remarked that the stream-lines along which the 
fluid moves are permanently fixed in the generalised space This fact, 
combmed with the result just proved, shews that the motion of the fluid we 
are discussmg is a “ steady-motion " in the hydrodynamical sense 

One further feature of this motion must be noticed. If we denote the 
total kmetic energy of any system by E, so that 

+ + ) (64), 

it IS clear that E remains constant throughout the whole length of any 
stream-line When ^ is a constant, equation (64), regarded as a relation 
between the Cartesian coordinates of a point in the generalised space, expresses 
that the point hes on a certain locus (of dimensions 6N — 1) in this space 
It follows, then, that the motion of any element of the fluid is confined to 
that member of the family of loci constant, m which it started. 
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To otfain some idea of the disposition of this &mily of loci m our 
gmieralised space, we noface that 2Efm is the square of the peipendicular 
distance from 

or, what is the same thing, from B=0 Hence the loci enclose one another, 
being m feet a ^tem of tubular surfaces of which the cross-seetions 
are sphencal loci of SN dimensions The tubes do not extend to infinity 
along their length For we pass along a generator of a tube by varying 
^a, ya, «% • stc, and none of these coordinates can become infinite, 
because each molecule of the gas is supposed to be contained in a finite 
closed vessel The surfiices JSI= constant are therefore fimte closed surfeices 
mlihe generalised space, the surfece E = ao alone being, m the limit, infinite 
and enclosmg all the others 

Hence the motion of the fluid m the generalised space is one of circula- 
tion m closed surfeces, and, in particular, there is no motion of the fluid across 
the boundary at inflmty 

42. Similarly, if there were any other quantities Xi> X* * functions of 
the coordinates m the generahsed space, which remained constant throughout 
the motion of the gas, then the motion of the fluid m the generalised space 
would be confined to the lom 

Xi = constant, = constant, etc ... (65) 

The only quantities of which we know, other than the energy, which 
remam constant over a collision between any two molecules, are the three 
components of linear momentum, lOie three moments of an gi^lar momentum 
and the number of molecules m the gas , of these the components of momen- 
tum both Imear and angular are in general changed by a collision between a 
molecule and the boundary, and the number of molecules m the gas is not 
a fimebon of the coordmates in the generalised space Thus in general the 
enmgy is the only quantity of which we know, satisfying the conditions in 
questioQ. 

An exception to this may occur if the vessel containing the gas is a 
figure of revolution, havmg its mtenor surfece perfectly smooth For then 
tiiere is always a component of momentum which is not changed by a collision 
l»twemi a molecule and the boundary, namely, that parallel to a tangent to 
tile containing vessel at the pomt at which the colhsion takes place. In this 
then, the moment of momentum of the whole gas about the axis of 
%nra of the containing vessel remams constant throughout the motion 

It wffl. howeva be cemvenient to defer the consideration of special cases of 
tlufil type Tinfcil Chapter V. 
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The FarUiton of the Oeneraltsed Space — Posvbumal Coordinaies 

43 We have supposed the volume of the contaanmg vessel to be fi 

Let us now suppose the vessel divided up m a number n of “cells" each of 
the same volume so that n® = fl. These cells will be referred to as cell 1, 
cell 2, , respectively The different possible configurations of the gas may 

be classified according to the number of molecules of which the centres fe.ll 
within the different cells As a typical class, we consider a class such that ai 
molecules have their centres in cell 1, in cell 2, and so on Let this class 
be referred to as class A. We proceed to examine what pioportion of the 
whole of the generalised space represents systems of class A. 

Let us, for the present, suppose that the ladius of the molecules is vanish- 
mgly small, so that those parts of the generahsed space excluded by the 
conditions of § 36 may be neglected Then the representative points of 
systems which are such that the centre of the molecule A hes within a single 
specified cell, — is restricted to a range a> out of the whole volume 12 ot 
the containing vessel — will clearly occupy a fraction eoJH of the whole of the 
generalised space Since nay = f2, this may be written rr^ If two molecules 
A and B both lie within specified cells, the representative pomts occupy a 
fraction rr^ of the whole, and so on Thus if each of the N molecules lies 
withm a specified cell, the representative pomts will occupy a fraction nr^ of 
the whole of the generalised space 

Now the number of different ways m which the N molecules can be 
assigned to the n different cells, so that the system shall belong to class A, 
defined as above, is 

-7 - T- : (66), 

m which, smee the total number of molecules is -BT, 

OSj + "I" ^8 "f" + 

It follows that the representative points of systems of class A will occupy 
a fraction, say da» of the whole of the generalised space, given by 

- . . .. ( 68 ) 

Oj'aj'o,' 

Similarly the representative points of systems of any other class, say £, 
will occupy a fraction 6^ of the whole of the generalised space, given by 

^ ivt 

. bn'' 

The sum of all such expressions must of course be equal to unity 

44 We have already supposed If to be great, we now suppose that 

Oj) o»> separately are very great This enables us to express (68) m 

a simpler form, by using the well-known theorem of Stirlmg, 


L* p'> 




,(69) 
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On taking logaiithms of both sides, this becomes 

L* log^>i = ^Iog27r+(^ + |)log2>-p (70). 

p-oo 

Tating logarithms of both sides of equation (68), 

<f=« 

Iog^« = logJ">- S logflj '-iT'Iogn, 

tfal 

and in the hmit, when Oi, ag .. N are all infinite, this may, m vntue of 
equation (70), he replaced by 

log ffa = i log Stt +( jr+ J) log iV-- 

- 2 {ilog2ir + (fir, + J)loga,-aJ- JVlogii. 

S^l 


Now lot * JV, so that X(a, + i)=>ir+ ^n, and hence it will be found that 
the forgoing equation may be transformed mto 

Iog^. = glog«-?Lziiog2xxV-T(«, + J)log^* .... (71). 

It IS convenient to write 




(’72), 

so that ffg, the fiaction of the generalised space which repiesents systems of 
class A, is given by * 

0a = (2wJ\r)-5(»-« (73)^ 

^ e^I^on which, it wiU be noticed, involves the a’s only through the toim 
/Cff in the exponential ® 

exmme the way in which 0^ vanes for the different classes of 
equaSr(7^ “ sufficient to study the vanations of if, given by 

For the mom^t, let Oj, a,, be regarded no longer as inteffcrs but ji« 
contmuous variables, subject only to condition (67), ^ ' 

<*1 + a, + = JT 

SZ'”* W 

+ («,. 

( 76 ) 
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equation (75) shall all be equal, and this m tom requires that Oj, Oj, shall 
all be equal 

Thus there is only one set of values of the a’s for which K is stationary, 
and it is given by 


the quantity Njn being obtained from relation (74) 

We next examine how K vaiies for values of a near to these values An 
adjacent set of values will be 

N N 

ffli — — + 0 , aa=— +aj, etc (78), 

where the a’s are small compared with Njn, and 

+ =0 (79), 

in Older that equation (74) may still be satisfied 

For this distribution of molecules in the different cells, we find for the 
value of Ka, from equation (72), 




naA 

T)' 


Smce N and ^ are both veiy great, and log is very small. 


we may replace - + i by and so obtain 
n z n 




(80) 


1 fl m a 1 « 

~q\m) 




(81) 


From this it is clear that K vanishes when ai = as= =0, while for 
small values of the a’s, K is invariably positive Thus the stationary value 
which has been found for jST is a true minimum , further, as it was seen to be 
the only stationary value for K, it follows that K increases steadily as we 
recede from it, and so must be everywhere positive except at this minimum 

In the expansion (81), the ratio of each teim to the precedmg is of the 


Older of which is small so long as a is small compared with Njn 

Thus for small values of a, Ka is represented by the first term of (81) 
When a becomes comparable with Nfn, the terms in (81) all become of the 
same order of magnitude, but NE is now of the order of magnitude of iST/zz, 
and so is very great For such values of a, therefore, is vamshingly 

small, so that given by equation (73), is also vamshmgly small Thus 
arrangements of molecules for which the a’s are comparable with Njn only 
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occupy aa mfimtesimally small part of the generalised space. For all the 
lemamder, the a’s are small compared TOth Jl/n, and if], is given by 




* ft 


(82) 


■2jrT‘ 

46 The number of distributions of molecules for which iViiT is less 
than some assigned value JUTc, which is itself not infimte, will bo ei^ual to 
the number of sets of mtegral values of Oi, cb , . , such that (cf equation (82)) 

ZN'^K 

«»*<-—' . . . («3). 

while the sum of the a’s vanishes 

Imagine to be Cartesian coordinates in a space of n dimensions, 

then mtegral values of the a’s occur at the rate of one per unit volume. 
The sets of values fer which «i+a, + . a,j=rO, all occur m tho plane of 
which this IS the equation It is a plane through the ongin having direction 

cosmes n~^, n~^, . iT^. Thus sets of integral values m this piano occur at 
the rate of n~i per unit content of this plane. If 4 is the content of that 
part of this plane in which mequahty (83) is satisfied, then the number of 
sets of values for which we are m search is 

The quantity A w(<£ equation (83)) clearly the content bf a sphoro (or 

circIe)of(»-l) dimensions and of radius Its value is accoidingly 

r \ n ) 

The number sought, namely the number of distnbutions for which K is 
less thou Kf, IS or 

^(«-i) 

..(84) 






V. n j 


which K lies between E, and Eo+dE is found to be 

^ 

Mifitiplying this by 6 pyen by equation (73), we find as the 
niolecules for wSt C^/euTa^ ^ '' 

j^(»-i) 
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It 18 easily verified that the integral of this from ^=0to^=oois equal 
to unity, as of course it ought to he (cf § 43) Thus expression (86) gives 
the law of distribution of values of ^ in the generalised space, or, to put 
the same thing in another way, it expresses the chance that a system selected 
at random from all the representative points in the generalised space shall 
have a value for K intermediate between and K^ + dK 

If a IS written for NK, the law of distribution (86) becomes 



. . . . 


while X IS from equation (82) given by 


X 


1 >7 » 


( 87 ). 


. . ( 88 ) 


48 Clearly expression (87) only has appreciable values when x is 
finite the contribution to the whole integral which is supplied by infinite 
values of x is infinitesimal The mean value of x is 




(89) 


Thus for all except an infinitesimal fraction of the systems represented 
in the generahsed space x, or JfK, is fimte, so that K is zero Also the 
mean value of x for all systems is ^(n-1), so that the mean value of K is 


Hence for all except an infinitesimal fraction of the systems 2a/ is com- 
parable with so that each a* is comparable with ~ , and the mean value 

of any single a® is 


If p IS the mean density in the gas, and if m any cell the density is 
p (l-h S), then S = oLnjN from equations (78). Thus m all except an mfini- 

tesimal fraction of all the systems is comparable with ^ , and the mean 
value of S® is - ^ - . 


To sum up, we have discovered a very strong tendency towards an equal 
distribution of density In all except an infinitesimal fraction of the systems, 
the variations of density in the different cells will only be of the order of 
1/JV of the whole Since we are supposmg N to be so great that IjN may 
be neglected, we may say that m all except an infinitesimal fraction of the 
systems theie is uniform density throughout the gas 


J Gt 


4 
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49 Let the each of volume a, nov become mfinitosimal and 
w'mmrqa with the different elements of volume dxdydz m the gas The 
molecular density y, m the whole gas is equal to NjCl, «md the 
molecular density v, m the sth cell is such that 

a, = v,daidydz 

As m § 45, we may neglect the difference between a, and o» + and may 
accordingly replace equation (72) by 

ir=i|a,log^ 



where the integral is taken through the whole gas* 

Thus K is the mean value of ^ log averaged through the gas When 

the variations from uniform density are small, so that v may be repliicod by 
*'o + tbe value of K becomes 

•• ” • 

as could also be seen from equation (82) Thus K is equal to the mean 
value of averaged through the gas, and so is a quantity which might 
naturally be taken to measure divergence from uniform density 

The ParMion of the Oen&raKsed Space — Velocity Ooordinaite^ 

60 We can mvestigate the partition of the velocity coordinates in a way 
similar to that used for the partition of positional coordinates. 

As m § 13, we take a three-dimensional space, and represent the velocity 
of each molecule by a pomt such that its coordinates in this space aro u, v, w, 
the components of velomty of the molecule In this way we got N points in 
this three-dimenmonal qiace, and their positions determine the velocities of 
all the molecules m the gas 

The now under consideration will extend to infinity m all directions, 
for the values of «, v, w for any molecule can vary from - oo to -f oo . We 

TO eTT’ ™«essary to take the regions at infinity into account. 

We^ ultimatdy be concerned only with systems m which the total 
kinetic energy of the JT molecules has an assigned value JB, and for these 
sterns there is an upper limit to the values of u, v, w, fixed by the 



51 


49 - 62 ] The Method of Statistical Mechanics 

circumstance that the energy of any one coordinate, or 

cannot be greater than E Thus if we put can suppose the three- 

dimensional space m which the velocity cooidmates are lepiesented, to be 
limited by the planes u=^±lv^±l,v)-±L And equally the original QN 
dimensional space can be considered limited by the planes = ± = ± 

Wa—±ls Wft — ± etc With these limitations, it is clear that the three- 
dimensional space is exactly suited to repiesent the velocity cooidmates 
of all systems m the dj^-dimensional space which are of the assigned 
energy E, 

61 The three-dimensional space, of volume may now be thought 
of as divided into a very gieat number n of very small cells, each of content 
m or dudvdw We consider a defimte partition of velocities, such that the 
number of points in cell 1 is Ui, in cell 2 is ag, and so on, where of course 

Oi + Oa-I- + an- N (92) 

This will be called a partition of class A 


We can shew, exactly as in § 43, that the systems of class A will occupy 
a fraction 6^ of the original generalised space of 6N dimensions, wheie (cf 
equations ( 68 ) and (73)) 



* ai^Oa^ an^ 

(93) 



(94), 

where 

r. 1 , 7M, 

(95), 


since the term J in equation (72) may be neglected m comparison with a. 
And, as before, the partitions which are commonest are those for which 
Ka IS least. 


52 If we proceeded to find which paititions were commonest m the 
whole GJV’-dimensional space, we should naturally be led to the same result as 
in § 46 But what we now want is to find which partitions are commonest, 
not for all the systems m the space, but only for those systems of which the 
energy is E 

When a molecule has its velocity components represented by a pomt in 
cell 1 , let us suppose its kmetic energy to be ei, when the pomt is m cell 2 
let the energy be € 3 , and so on Then the total kmetic energy of the F 
molecules will be Oiei -h 0263 + . -f- and this will, for the systems under 
consideration, be equal to E Thus we must suppose Oi, Ua, On limited not 
only by equation (92) but also by the equation 

CtjCi -f“ fl362 " 1 ” .f. • (^®) 

4—2 
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53 We proceed to find for what distnbution Ka is least, when the values 
of the a’s are subject to the restnctxons of equations (92) and (9(1) By 
vanation of equations (96), (92) and (96) we obtain 

iirsir„=T(iog5‘+i)H (97), 


$asn 

0= S Sa, 

®s=l 

s-n 

0= S eMt 


Thus the stationary values of K are given by equations of the typo 

log ■^* + 1 + X + = 0 (100), 

where X, n are multiplying constants 

The density of pomts m the three-dimensional u, v, w space may, as in 
§ 13, be denoted by t or Nf Thus we have 

o,= T® = Iffa = Nfdudvdvt, 
so that ^=n/«=/n', 

where the total volume 8P of the «, v, w space. 

Hence, changing the constants, equation (100) assumes the form 

f=Ae~^’“>, 

or, m terms of the coordinates u, v, v>, 

/(■a, V, w) sa ^ 

which agrees, as of course it ought, with the law of distribution alioady 
obtamed by the method of collisions m Chapter H 

, 1 1 ?^ ^ throughout 

an but an i^tesimal fraction of the whole of that part of the generalised 

q^ m which the mergy of the corresponding system is JS, tho law of 
distnbution of velocities is that given by equation (101). It does not seem 

mathematician will bo 

^6 to TO^ct them for himself, while the physiciet will probably not wish 
to De aetamed over them 

As in the ^ of the positional coordinates the law of distnbution of 
predicted from considerations of probability. 
“ *^® correspondmg to ^tems of 
^ Telocity coordinates «, v/w io the 

S. at rendom, subject only to the condition that their squares shaU 

stilts’ ** “ 
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66. The value of Ka is (of. equation (95)) 


in -which ^ =/Q', ^ = /® = fdudvdw, and 2^* = 1 Using these 

relations, we find 

K = log + j*jj/ fdudvdw, 

where the integral is taken through the volume Cl' in the u, v, w space, and 
Since y = 0 outside this volume, the integral may equally be thought of as 
extending through the whole space 

It now appears that except for an additive constant, K is identical with 
the JS of the method of the last chapter (cf equation (13)) The theorem 
proved theie, that H tended continually to decrease, is now seen to mean 
that K tends to decrease and therefore 6a tends to mcrease In other words, 
in its passage to the final state, a gas tends always to pass from the less 
probable to the more probable state, or, we may say, from the abnormal to 
the normal, where the most normal states are regarded as being those which 
occur most frequently m the BjST-dimensional space. 


66 The law of distribution of velocities expressed by equation (101) is a 
special case of the general law found for the "steady state” in the last chapter 
We are limited to this special case because we have, at the outset, supposed 
our containmg vessel to be fixed in space If, on the contrary, the vessel is 
moving in space with a velocity of components Uo, Vo, Wo the analysis of this 
chapter can be made to apply by supposmg all coordmates referred to moving 
axes, moving with a velocity of components Uo, Wq. In this case equation 
(101) expresses the law of distribution of velocities relative to these moving 
axes. The law of distribution of absolute velocities in space is therefore 
y — .. .. (102), 

which is the general law for the steady state given by equation (26) 

This law, it will have already been noticed, gives /=* 0 when w, w or w is 
infinite There is therefore the A posteriori objection to the analysis by 
which it has been obtamed, that if we divide all possible velocities mto 
"cells” in the manner of § 61, the number of molecules m some of these 
cells cannot legitimately be treated as very great The diflBculty is best 
met by taking a defimte velocity V such that those molecules of which the 
velocities do not satisfy the inequalities 

w<F, v<F, w<V 

form an mfimtesimal fraction of the whole If the velocities which satisfy 
these inequahties can be partitioned mto cells in the manner of § 61, so as to 
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satisfy the condition that the number m each cell is very great, then there 
IS no further difficuHy, and equation (102) will give the law of distnbution of 
velocities which are less than V The law now has no meaning for velocities 
greater than IF It is obvious, for instance, that the law expressed by 
equation (102) does not impose any upper limit whatever on the possible 
\iJues of tt, V and w for a single molecule, whereas m pomt of &.ct such a 
hmit IS definitely imposed by the energy equation. 

Molecules of jmvte swe 

57 It 18 obvious that it is m no way material to the analysis of 
§ 51 — 53, from which the law of distribution of velocities is found, 
whether the regions mentioned in § 86 are excluded from the generalised 
q»ce or not For the exclusion of these regions affects the velocity 
coordinates equally throughout Thus the law of distribution of velocities 
is the same whether the ^heres axe of fimte size or are infinitesimal It 
remams the same right up to the extreme lirmt ing case in which the spheres 
are packed so tightly m the containmg vessel that they cannot move. 


The Normal State. 


68 In the last chapter it was found, with the help of the unwaiianted 
assumption of molecular chaos 0 15), that the law of distribution expressed by 
equation (102) represented a "steady state” for the gas In the present 
chapter it has been shewn, without makmg any use of this assumption, that, 
except for an mfimtesimal probabihfy of error, a system selected at random 
from the generalised space will be m the state specified by equation (102) 
It will be convenient to refer to this state as the “Normal State” (cf below, 
§ 87). And when a result is certam except for an mfimtesimal probability of 
error, it will be convenient to speak of the result as "mfimtely probable ” 


If, therefore, a system is selected at random, it is infimtely probable that 
It will be m the “Normal State” Suppose that a system is selected at 
random, and then aDowed to move under its natural motion for a time t, 
what do we know now as to its probable state after a time t * The answer is 
provided by the theorem proved m § 40. The motion of aU possible systems 
m rejttesented m our generalised space by the motion of the supposed fluid 
Insrtetd of seleotmg a ^tem at random and allowmg it to move for time t 
we may allow the whole fluid m the generalised space to move for a time t 
md »lect a ^m at random after the motion has proceeded for a time t 
The the^m of § 40 proved the motion of the fluid m the generahsed space 
to be a st^y motion.” Hence seleotmg a lystem after tune t is the same 
thing as selectmg a ^m at time 0. and it is mfimtely probable that the 
system thus selected will be m a normal state. 
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69 This completes our information about the motion of the gas. At 
any instant it is infinitely probable that it is in a normal state In the 
course of the motion departures from the normal state will occur, but it is 
infinitely piobable that these will only occupy an mfinitesimal fraction of the 
time occupied by the whole motion. 

Theie is in theory a possibility of a gas contmuing throughout its motion 
in a state different from the normal Suppose for instance that the contain- 
ing vessel IS cubical, and that the molecules are started so that all move 
perpendicular to one edge along a system of parallel lines, no two of which 
are at a less distance than the diameter of a molecule Then it is obvious 
that the molecules will not leave the lines on which they start, and will not 
change their velocities In this case any law of velocities f{u, 0, 0) will be 
permanent, wheic is the velocity m the diiectxon of the paiallel hnes 

The analysis of this chapter bieaks down, it will be seen, because the 
supposition made in § 42 is no longer true, that there are no functions of the 
coordinates in the generalised space except the energy which remain constant 
throughout the motion For obviously we have ^^2= constant, = constant, 
etc , and Va = = 0, = 0, etc 

Our results shew that it is infinitely piobable that a system selected 
at random will not be of this special type The connection between the 
trajectories of such systems and the "peiiodic orbits” of abstract dynamics 
IS interesting, but cannot be discussed here We shall return to the dis- 
cussion of cases in which there are constants other than the energy in 
Chapter V. 


Hxstorical Note. 

60 The law of distribution of velocities which has been found both in 
this chapter and the preceding one was discovered by Maxwell, and is 
generally associated with his name It first appears m the paper already 
referred to (§ 9), communicated to the British Association in 1869. The 
original proof is now universally admitted to be unsatisfactory, but is of 
interest from its historical importance Except for a shght change of 
notation, the form in which it was given is as follows* 

“ Let N be the whole number of particles. Let u, v, w be the components 
of the velocity of each particle m three rectangular directions, and let the 
number of particles for which u lies between u and u + du be Nf (u) du, 
where f(u) is a function of u to be determmed 

** The number of particles for which v lies between v and v + dv will be 
Nf(p)dv, and the number for which w lies between w and w -I- dw will be 
Nf{w)dWf where f always stands for the same function. 

* J C Maxwell, Collected Woi ks, i. p 380 
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“Now the existence of the velocity u does not m any way aflfect that of 
the velocities v or w, since these are all at n^ht angfles to each other and 
independent, so that the number of particles whose velocity hos between 
u and u + du, and also between v and v + d/o and also between w and w + d/w is 

W (“) /(^) /(^) dudvdw 

If we suppose the If particles to start fiorn the ongin at the same instant, 
then this will be the number m the element of volume dudvdw alter unit of 
time, and the number referred to umt of volume will be 


“But the dnrections of the coordmates are perfectly arbitrary, and thoie- 
fore this number must depend on the distance from the origin alone, that is 

/(“)/(»)/(«') = ^ (m* + «* + w*). 

Solving this functional equation, we find 


f(u ) = 0 (li* + («»+««+«(>)» 

This proof must be admitted to be unsatisfectory, because it assimm the 
three velocity components to be mdependent The velocities do not, however, 
enter mdependently mto the dynamicsd equations of collisions between 
molecules, so that until the contrary has been proved, we should expect to 
find correlation betweei these velocities 


On account of this defect. Maxwell attempted a second proof*, winch 
after emendations by Boltzmannf and LorentzJ assumes the foim given 
m Chapter 11 It is however very doubtful whether this proof can 
any snpenonty on grounds of logical consistency or completeness over 
Maxweh’s original proof The later proof finds it necessary to assume that 
there is no correlatian between the velocity and space coordinates, while the 
earher proof ma»ly assumed that there was no correlation between the 
separate velocity components mter se. Iji each case the dynamical conditions 
^uaUy suggest correlation until the contrary has been proved, and it would 
be h^ to give reasons why one assumption of no correlation is more 
justifiable than the other. It should be mentioned that BurburyS was 
always of epimon that the later proof of Maxwell was not only lorioally 
^r'*’*S* led to an inaccurate result He mamtamed that corxSation 
ac^y takes place, except m the limiting ease of an infimtely rare gas 

^ of present and of 

the succeeding chapter. (Of § 69, mjm ) ^ 

* CoUeeUd Works, n p 43 

t Wtenar StUnngsher., icv p. 115 (1887) 

§ 8. H. Bnrbmy, Tie KmeUe Thetrf of Oates, Cambridge, 1899 
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A second class of proof of the law is represented by the proof which has 
been given in this chapter In this class of proof the aim is to deduce a law 
from general dynamical considerations As important examples of this class 
of proof may be mentioned a proof due to Kirchhoff, given in his lectures*, 
and one due to Meyer and Pirogoff, given m Meyers Kinetic Theory of 
Gases^, Both these proofs are found on analysis to depend upon a use of 
the calculus of probabilities which cannot be justified The proof given in 
this chapter was first given by the present writer in 1 903 J 

* Kirchholi, Vorle^ungen uber die Theone der Warmer p 142 

I Meyer, Kinetic Theoiy of Gases ^ Eng Trans by Bayneb, p 370. 

X Phil Mag v p 597 
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THE LAW OF DISTMBTJTION OF VELOCITIES (continued) 

COBPAKISON BETWEEIT THE METHODS OP THE TWO PBECBDIHO CHAPTERS 

61 The problem of the present chapter will be to consider the idation 
between the methods of procedure adopted m Chapters 11 and III 

The discussion of Chapter IE was based upon ceitain questions of prob- 
abihjy, and au answer to these questions was made possible and was ob- 
tamed by the help of the assumption of molecular chaos enunciated m § lU 

The discussion of Chapter HE also rested, although in a different sense, 
upon the theory of probability. The generahsed space filled with Ihud 
supphed a basis for the calculation of probabihties, and as the motion of the 
fluid was proved to be steady-motion, it followed that this basis was mdo- 
pendait of the time For the present, we continue to take this genoialised 
qiace as the basis of probabihty calculations The question “What is the 
probability that a system satisfies condition p will be taken to mean “Ifor 
what proportion of the generabed space is condition p satisfied?” The 
further question “Given that a system satisfies condition p, what is the 
jpbabihty that it also satisfies condition q?” will be interpreted to mean! 
“A pomt IS selected at random fiom all those parts of the generalised space 
m which condition p is satisfied what is the probability that at this pomt 
condition y also is satisfied And if v, is the total volume of that iiart of 
the s^ in which condition p is satisfied, and tbt of the space m which 
^dito 2 also IS satisfied, Ihe value of the probabihty required is of couwe 


- ■ (103). 

. J L” ^ 8p«» (« ay pKt of ,t to 


■ •• 


. .. ( 104 ). 
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Hence the condition that the piobahilities of p and q being satisfied may be 
regarded as “ independent’’ is that expressions (103) and (104) shall be equal, 
or, wiitten symmetrically, that 

H? . (105) 

V V V ^ ' 


Analysis of the Assumption of Molecular Ohaos 


62 The assumption of molecular chaos was tantamount to an assumption 
that two piobabilities might be regarded as mdependent. Equation (105) 
accordmgly enables us to test whether this assumption is legitimate or not 
relatively to our present basis of probability — ^namely, the generalised space 
filled with homogeneous fluid 

To do this, let us define condition p as the condition that a molecule 
of class A (defined m § 18) shall be found m the element dxdydz of the gas — 
m other words, that one of the JT molecules shall have coordinates lying 
between the limits 


X and x-\‘dx, y and y-^dy, z and z + dz) no6) 

i^and u-i^du, v and v + dv, w and w + dw) 

For certain systems this condition is satisfied by molecule A, and these 
systems are represented in the generalised space by that region for which 
lies between x and /c+da?, and for which similar conditions are satisfied by 
Vai ^his region supplies to Vp a contribution of amount 


///• 


docadoubdaig . duaduidug 


(107), 


■where the mtegration extends over all values of the vanahles -which aie not 
excluded by § 36, except in the case of yg, Zg, Ug, Vg, Wg, for -which the 
hunts are those given by (106). The integral may be written in the foim 


dcodydzdudvckajj ..dxidiHt j dutj due • •• (108) 


For other systems, condi-tion p is sa-tisfied by molecule B, and these systems 
again supply a contribution of amount equal to the above Faoh of the N 
molecules contributes in this -way to Vp an amount equal to that given by 
expression (108), so that -the total value of Vp is 


Vp=Ndetdydzdudvdwjj .daitdx» . J du^j du, . (109) 


The value of v, the volume of the whole space, is given by (107), if the 
integrals are - faj-VATi through all values of all the variables except those values 
excluded by § 36 This integral may of course be written in the form 
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aad from equatLons (109) and (110) we now find 
d^dydz\j.. dx,dx, .. 




JJj dXadXidXe... 


(ni) 


This vanishes through the last factor, for the obvious reason that when 
the molecules are equally likely to have all velocities, the probability is 
infimtely against a single molecule belonging to any specified oln-qa 

63 Let us now suppose that the velocities of the mdmdual molecules are 
given, and let us calculate the probability in this case that condition p is 
satisfied Let us suppose that the velocities of molecule A are known to he 
within the hmits 

«aand«a+SMa, v* and + Sii,, «»„ and + §«»« . . . (112), 
and that we have similar knowledge for the other molecules. Tho value of 
V, the whole space representmg systems for which the molecules have the 
given velocities, is given by equation (110) if the integration is from U) 

«« + Sa. for a, instead of from -oo to + oo, and similaily for tho other 
velocities 

Thus we have as the new value of v, 

jJJ dx^dxbdx^ (It 3) 

As before, the s;^tem8 for which condition p is satisfied by moloculo A 

ttose parts of the space v for which lies botwoen « and 
x + ds, aad simikr conditions are satisfied hr v z v u ii 

we legitimately may, that the 8«„, SvJ’stJJ of thriiimts (1 12) we 
^ven by (112) hes withm the range ti and u + du, and that similar 

di!d3diSu.Si, . jjjj (114), 

number of molecules capable of Sfo- +h “ ^“““8®— other words, the 
(114>-may be taken X ^ ^ “ «?««««« 


^f(u, V, w) d/udvd/u} 


(H6). 
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The product of expressions (114) and (116) gives Vp. From this and equation 
(113) we get 


^ = Nf{u, V, vi) dudvdwdxdydz 


//// ’ . 
mill • dy^dyj^dyc 


(116) 


64 Let us define condition q as the condition that theie shall be a 
molecule havmg its coordinates within the limits x* and a/ -^dx', etc The 
volume Vpq for which conditions p and q are both satisfied will consist of 
contributions firom different pairs of molecules In expression (116) we 
suppose molecule A to satisfy condition p. If molecule B satisfies condition 
q the corresponding contribution to vpqjv can be obtamed from the nght-hand 
of (116) by limiting the mtegration in the numerator to the range from x' to 
dx' as regards and to similar ranges as regards yi,, The number 
of molecules capable of taking the rdle of B is 

Nf{u\ w')dv!dv'djw\ 

Hence we obtain as the value of vpjv 


^ « Nf{u, % w)f{u\ w') dudvdwdu^ dv' d/uo' dxdydzdx* dy' dsf 

dXff djy^ ••• 

////]/■ • 


(117) 


The integration extends throughout all the values of the vaiiahles except 
such as are excluded by the conditions of § 36 In applying these conditions 
to the numerator, we must replace x^, y^y by y, ^ and xj,^ ya, ^6 by x' , y\ z' 
We therefore find, as we ought, that vanishes when the points x, y, z and 
X, y\ / are at a shorter distance than cr, or when either of them is at a 
distance from the boundary less than We also see that Vpqjv is not equal 
to the product of vpjv and vjv, so that the fulfilment of coniitions p and q 
cannot be treated as independent events. 


Infinitely Small Molecules, 


66. In the special case in which the radii of the molecules are vanish- 
ingly small, those parts of the generalised space which are excluded m § 36 
may be neglected. In the mtegrals of equations (116) and (117) the mtegra- 
tions with respect to the variables with different suffixes now become mde- 
pendent We may for mstance write 


jjjjjj... dx^dxtdxc ... dy^dyidyc ... « dx^dy^dz^ JJJdxtfdy^dzb . = 
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The other mtegrals caa he simplified in a similar manner, and we obtain 

f(u, V, w) dudxdwdcedydz ( 118 ), 

XJ £2r 

vji ^ ®) /(“’> dudvdwdu' dv' dm' dxdyd^tda/ d/jf d^ (119) 

Wilting V for Jf/fl we see that the nght-hand of equation (118) becomes 
identical with our former expression (2) (p 17) In other words, in the case 
in which the density is constant throughout the gas, the piobability that 
condition p shall be satisfied for a system selected at random, is equal to the 
probability calculated in § 14 

From equations (118) and (119) we have the important result 

( 120 ) 

V V V 

Thus the fulfilment of conditions jp and q are now independent events 
In other words, we have proved that, relatively to om present basis of piob- 
ability, the assumptwn of molecular chaos enunciated § 15 %s jmUftahle %n 
the case tn which the radii of the molecules me vanishingly small 

68 To justify the way m which this assumption was used m Chapter II 
we must go somewhat fuither In expression (4) we found a value which we 
supposed to be equal to the number of collisions of a ceitam class a. The 
actual value of this expression was, however, equal to 

(the number of possible collisions of class a) 

X (the probability of each collision happening) 

This quantity therefore expresses the probable number of collisions, the 
number which actually occur averaged over a large number of cases, or the 
"expectation” of collisions, but does not necessarily express the actual number 
m any particular case Looked at from another point of view, however, the 
quantity expressed 

= (the sum of a number of small elements of volume) 

X (the density of molecules of class B) .. • (121). 

Kow there was nothmg in the analysis of Chapter III to compel us to take 
the “cells” to he contmuous m space We may accordingly regard the first 
&ctor m expression (121) as one of these cells We now see in accox dance 
with the results of Chapter III that expression (121) not only gives the 
" expectation ” of molecules of class B m these elements of volume, but that 
it IS infinitely probable that it gives the actual number, to within an infini- 
tesimal fraction of the whole It follows that the number of collisions of a 
given type found m Chapter IH not only gives the most probable number of 
collisions, but that it is infimtely probable that it gives the true numb ex, to 
withm an infinitesimal fraction of itselfi 
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Molecules of fimte size. 

67 When the molecules are not vamshmgly small, let us denote the 
integral 


//// -dyidyc 


taken over all values of the variables which are not excluded by § 36, by 
I(b,c ) The value of the mtegral can only depend on y^, Za> 
since we have supposed the molecule A to be at the pomt x, y, z, we may say 
that J(6, c ..) IS a function of «, y, z only Equations (116) and (117) now 
become 


'is. 

V 


= Iff (tt, V, w)dudvdwda!dydz 


I (b,o,d 
I (a, b, 0 , d 


I 

) 


( 122 ). 


^ = IiPf(u, V, w)f(u', i/,it/)dudvdwdxdydzdu'dv'dv/daldy'ds^Y^^^-^^^ 

’ (123) 

Fiom equation (122) we see that the density of molecules of class A 
at x, y, z may no longer be taken to be 

vfiu,, V, w) dudvdw 

but must be taken to be 


where 


vif(u, V, w) dudvdw, 
I(a,b,c ) 


(124), 




a quantity which reduces to ^ , and therefore to v, when the molecules are 


mfinitely small In general Vi is a function of x, y, z hut it is not a function 
of V, w We may conveniently refer to Vi as the “effective molecular 
density ” at the point x, y, z When we require to specify the point a?, y, z 
at which is estimated, we shall replace vx by 


68 The “expectation” of the number of molecules in the whole vessel 
IS equal to the total number of molecules actually present in the vessel, 
so that 


dxdydz — I/O 


(126) 


Thus V is the mean value of V{z,y,z averaged throughout the vessel We shall 
see later the importance of the distinction between v^^y^z and v 

For the present the following pomt may be noticed In regions so far 
mside the containing vessel that the boundary may be regarded as fer 
removed compared with the molecular scale of size, the value of must 
be the same at every point, for there is nothmg to produce changes in v^z^y^z 
as between one point and another In a vessel of normal or large size 
(cf § 160 below) these conditions hold throughout the mterior, except for a 
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thin layer, close to the boundary, of which the total volume will be vanish- 
ingly small ‘in comparison with that of the whole vesseL It follows from 
equation (125) that va>,y,t will be indistinguishable from v throughout the 
intenor of the vessel, but may vary appreciably from v near to the boundary 
The evaluation of v-B.y,* for points near to the boundary is cained out m detail 
in a later chapter (cf § 202) 


69. Erom equations (122) and (123) we obtain 

Vp Vq Vya I (b,c,d ) I (a, o, d ) 
V v~ V l(o,d )I(a,b,o,d ) 


. (126) 


Hence, given that the molecule A is in position at y, z, the probability 
that a second molecule B has a position at not that which would 


be given by the assumption of molecular chaos, but is equal to thu> value 


multiplied by 


J (o, d ) / (g, i,o,d ) 
l(Jj,c,d )I (a, c,d ) 



a function which is symmetrical as regaids the as, y, z coordinates of A and 
B, and wlmdi is indejpendeni of tAe veloeiiies of the molecides JL and B 


Analysis of ihe H-them em. 

70 The assumption of molecular chaos (corrected, if necessary, in 
accordance with § 69) will therefore give correct results, provided it is 
mterpreted with reference to the basis of probabihty supplied by our 
generalised space, and provided it is understood that it gives probable, 
and not certain, results If we wish to obtain strictly accurate lesult^ the 
quanmties calculated from it must not be regarded as applying to a single 
^tem, but must be supposed to be averaged over all the systems in the 
generalised space which satisfy certain conditions For instan ce , the value 

of A given by equation (12) is merely the value of averaged thioughout 

aH those parts of the space for which the system has a given / So also wo 

must interpret the value of ^ given by equation (20) as an average value 

for taken ov» all qrstems m our space which have a given value for U 


^ Loi- us suppose 

^en from Chapter H (§23) it follows that dff/dt is 

o^tu averaged 
OTer all the ^st^ m our space which have this given / Now this 

3l a^nd svsLltf ^ hX Corresponding to any system there 

r^^e (rfZ fiSi coordmates wiU be the same 

as those of the first system and of which the velocity coordmates wiU be the 
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same in magnitude but opposite in sign Since / is an even function of the 
velocity coordinates, the value of f will be the same for each of these two 
systems and both systems are equally to be included m the average of dSjdt 
But the motion of the first system is exactly the reverse of that of the second 
system It would therefore appear as though the values of dHjdt must be 
equal and opposite for the two systems, so that the average of dHIdt for 
these two must be zero Since the whole of the systems corresponding to a 
given f fell into pairs of this type, it might be mferied that the average 
value of dHjdt must be zero 

72 The explanation of the apparent paradox is as follows From § 65 
it appears that dH/dt is the same thmg as dKjdti where K is given by 
equation (95) The law of distnbution of the £’’s for velocity coordinates is 
easily shewn to be of the same general form as that foi the positional coor- 
dinates given in § 47 In particular, it can be seen that, of the systems for 
which H has a value greater than some value Hi other than the minimum 
value for H, all except an infinitesimal fraction have a value for H which 
only differs infinitesimally from Hi If, theiefoie, we select at random a 
pomt at which the value of H Hi, it is infimtely probable that H will 
decrease as we recede from this pomt %n either direction along the trajectory 
through the point In other words, it is mfimtely probable that the value 
jBT — jffi IS a maximum value of H for the trajectory through the point. 

73 It may, perhaps, still be thought paradoxical that dHjdt is not zero 
at each of these maxima The explanation is that the variation of jff is not 
governed by the laws of the differential calculus, since this variation is not, 
strictly speaking, continuous The value of H is constant between colhsions 
of the molecules, and changes abruptly at every collision When the number 
of molecules m the gas is infinite, the mterval between successive collisions 
will become infinitely small, but in general the vanation in H will not be 
contmuous For obviously the differential coefficients of H vanish between 
collisions and become mfinite at every colhsion, so that H, regarded as a 
function of t as we follow any trajectory, will be a function of the well-known 
type which possesses an infinite number of maxima and mimma within a 
fimte range of the variable We can, however, “smooth out’* the curve 
obtamed for J7 as a function of t and m this way obtain the function JET 
as a continuous function of the time This is the H contemplated by the 
analysis of Chapter II But now we can also see that there is no reason 
to suppose that dHjdt will vanish when H attains a maximum value, but 
that on the contrary H will in general change sign abruptly at such a pomt 
It IS therefore clear that, averaged over all systems which have a given f, 
dHjdt will be negative except when y is the law of distribution for the normal 
state, m which case it is zero. This result is now m agreement with that of 
Chapter IL 
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CHAPTEE V 


GENEEAL STATISTICAL AIECHAlSriCS AND THERMODYNAMICS 

74. Two methods of obtaining the Law of Distribution of naolecnlar 
velocities have now been given and also a comparison between them These 
two methods have been limited to the consideration of molecules which may 
be treated as elastic spheres, exertmg no forces on one another except when 
in actual collision. There is a more general way of ti eating the question, 
which permits of the molecules being dynamical systems of the most general 
type, capable of any kmd of internal motion and exerting upon one another 
any forces we please This method will be explained m the picsent 
chapter 

With a view to ohtainmg results which will be required later in the 
development of the subject, we shall not limit the discussion of the present 
chapter to the problem referred to above , we shall consider the Statistical 
Mechanics ” of a perfectly general dynamical system, not in the least limited 
to consistmg of a gas The special applications of the present chaptei will be 
to a gas, while in later chapters we shall have occasion to apply the results to 
more general systems. 


Degrees of Freedom. 

75 The total number of independent quantities which need to bo known 
before the configuration and position of any dynamical or other system can 
be fully known, is called the number of degrees of freedom of the system It 
will he seen that this number depends on the motions, or capabilities of 
motion, of the parts of the system, and not in any way on the forces which 
produce the motion, it therefore corresponds to geometrical or kinematical 
properties of the system, and has nothing to do with the dynamics of the 
system 

For instance the position of a point free to move in space can he 
determined when three quantities are known, say x, y, z, the coordinates 
of the point, so that a pomt free to move in space has three degrees of 
freedom. The number of degrees of freedom of a rigid body will be six, for 
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the position of the body can be fixed \rhen six quantities are known, say 
x, y, z the coordinates of the centre of gravity of the body, and three angles 
6, <l>, ^ *0 determine the onentation of the body Similaily the number of 
degrees of fireedom of a pair of compasses will be found to be seven, of a 
nutcracker eight, of two ngid aims connected by a "universal joint” nine, 
and so on 

76 Numbers of degiees of fieedom are additive in the sense that the 
number of degrees of freedom of a complex system made up of a number of 
simpler systems is equal to the sum of the numbers of degrees of freedom of 
the constituent systems This becomes obvious on noticmg that a knowledge 
of the configuration of the complex system is exactly equivalent to a knowledge 
of the configurations of all the constituent systems 

For example, if atoms are regaided as points, each atom will have thiee 
degiees of freedom, conesponding say to a.y.z its cooidmates A diatomic 
molecule must therefore necessarily have six degrees of freedom These can 
be counted up m a variety of different ways, but the total must always come 
to BIX For mstance we might take the six degrees of freedom to consist of 
the three degiees of freedom of the centre of gravity to move in space, the 
two degrees of freedom of the Ime joinmg the two atoms to change its 
direction in space, and the one degree of frreedom aaismg from the possibihtj 
of the two atoms changing their distance apart 

In general, if atoms are regarded as pomts, a molecule composed of 
n atoms will have 3» degiees of freedom, while if atoms are regarded as 
rigid bodies capable of rotational as well as translational motion, a molecule 
composed of n atoms will have 8n degrees of freedom If elections are 
regarded as pomts, a cluster of n electrons will have 3n degrees of freedom 
If molecules are treated as points, a gas consistmg of F molecules will be a 
dynamical system having 3N degrees of freedom, while if each molecule has 
» degiees of frreedom, the gas will have nJV degrees of freedom 

77 In surgery, a jomt which has become so stiff as to be mcapable of 
motion IS said to be ankylosed Thus in ankylosis the human body loses some 
of its “degrees of freedom” The term has been mtroduced, with gieat 
convenience, into dynamical theoiy by Pomcar6 For instance we have seen 
that a pair of compasses has seven degrees of freedom , if the jomt becomes 
rusted so that the arms cannot turn, the number of degrees of freedom is 
reduced to six, as in any other rigid body, one degree of freedom has become 
ankylosed So m the diatomic-molecule, regarded as made up of two pomt 
atoms, the number of degrees of freedom is six But if the two atoms are, 
under any conditions, so closely bound together that their distance apart 
cannot be changed, the number of degrees of freedom is reduced to five, 
the sixth degree of freedom is ankylosed. 


5—2 
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The Motion op a Genebal Dynamical System 

78 In theoiy the motion of any dynamical system may be tiaced out, 
^hen the mitial configuration of the system and the initial velocities of the 
different parts of the system are given Statistically, the motion can be 
evammed by a method similar to that already adopted in Ohaptei III 

Consider any system having n degrees of freedom Let ji, . q^ be 
coordinates specifjung the configuration of the^system Then the lates of 
mcrease q^, js, of these quantities will specify the velocities of the 
diffeient parts of the ^stem, and it will be possible to trace out the motion 
of the system if we are given the mitiaJ values of the 2n quantities 

qn,quqi> qn (128) 

The total energy of the system will be a function of the above 2n quantities 
It IS convenient to mtroduce the momenta pi> jP 2 » Pm defined by 

dE 

= etc (129), 

these momenta being, of course, functions of the 2n coordinates and velocities 
(128) In all ordinary cases under consideration ^ will be a function of the 
second degree in the velocities q„ g„, so that the momenta will be 
linear functions of these velocities 

The 2n quantities (128) may now be replaced by the 2w quantities 

9n,Pi,Pt, p» (130) 

When the values of these quantitios are known at any instant, the configuration 
and velocities of the ^tem ate known at that mstant and may thoiofoie be 
traced throughout all time 


79 In general we shall be concerned only with the study of self-contained 
conservative systems in which there is no dissipation of energy For the 
moment however, we shaU not limit ourselves to conservative systems, we 
the motion of the ^tem is subject to dissipation of energy 
at a rate 2F, where F is a quadratic function of the velocities 

K the ^tem obeys m its motion the ordinary dynamical laws the 
equations of motion of the system are the well-knZn ^nations 

dp, __ag 8F 

dt .(131), 

dq, dE 

dt dp, (132), 

m whiA F is to be expressed as a function of the o’s and n’s while the 
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there is no dissipation of energy, l'=0, and the equations 
well-known equations of fiamilton 

dp, _ 
dt ~ dq, 

dq, _ dB 
dt ~ 9p, 

Representatton vn, a Generalised Space 

80 In Chapter HI ^ 35, 36), the motion of a system consisting of a 
number of elastic spheres was represented m a generalised space of the 
appropnate number of dimensions It is convement to imagine the motion 
of the present more general system to be represented in the same way 

We accordingly imagme a 2n-dimensional space constructed, for which 
the 2n-Tanables 

?i. qa, Pi. Pa. P« (136) 

are orthogonal coorchnates Then any one point m this space will represent 
one definite set of values of g,, j,, p„, and so will represent one defimte 

“ state ” of the system, as determined by one set of coordinates of position and 
velocity As the dynamical system changes its state, the representative pomt 
will describe a continuous curve in the 2n-dimensional space 

The motion of any representative pomt m such a curve will be detenmned 
by equations (131) and (132) These equations are seen to express the com- 
ponents of velocity (^. ^. • of repiesentative pomt, m terms 

of the coordinates of the pomt Clearly, then, these components of velocity 
are uniquely determmed for any given pomt, so that there can be only one 
curve through each pomt m the space 

Alan the components of velocity, as given by equations (131) and (132), 
are functions of the coordmates only, so that the curves determmed by these 
equations may be thought of as permanently fixed m the generalised space 
We can imagiTiA all possible curves of this kmd mapped out m the generalised 
space, and this imagmary 2n-dimensional chart will enable us to follow out 
the motion of the dynamical system, starting firom any imtial state that we 
please 

All the conceptions of the present section are illustrated m the detailed 
case already worked out m §§ 36 — 38 

81 What we wish to study is not the motion of the system startmg from 
any one set of initial coilditions, we wish rather to find statistical properties 
of the system, which shall be true for all motions, no mattw what the 
particular state from which the system starts It is therefore convement 
to imagme the whole of the 2?i-dimensional space filled with moving pomts. 


reduce to the 

(133) , 

(134) 
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each descnbing its own curve, as determined by equations (131) and (132) 
These points will be supposed to be so thickly scattered m the space that 
they may be regarded as forming a contmuous dust or duid, exactly as beioze 
m the special case of § 39. 

The number of these representative pomts per unit volume of the 
generalised qiace will be denoted by t, and this will measme the density 
of the imaginaiy dust or fluid 

As the representative pomts move on their paths, the points foiming any 
small continuous group might conceivably dose in upon one another, m 
which case t would mcrease, or they might separate out from one another, 
m which case t would decrease The changes which are to be expected m t 
are exammed in the analysis which follows 


82 Consider any small rectangular element of volume in the g<‘nt‘rahsed 
space of content do equal to dp^, dqn, extending fiom p, to pi + dpi, 
Pi to Pi+dps, etc The number of representative pomts inside this element 
of space at any instant is rdv 


Pomts are streaming m or out of this element across each of its Eicos 
Let us consider the flow across the pam of oppsite faces, perpendicular to the 
axis of Pi, for which p, has the values pi and p, + Let the aioa of each 
of these feces be dS, so that c^id8=dv 

The pmts which cross the fece p, have a compnent of velocity given 

by equation (131) normal to the fece, so that the number of pomts which flow 
across the face mto the element dv m tnrtA dt will be 


T^dSdt .. 


036 ), 


this quantity bemg of course negative if the flow is outwards Similarly the 
number which flow m across the opposite fece is 


•T^dSdt,.. 


... (137) 


The two quantities (136) and (137) are not equal and oppsite, for the 


or again 




.(138), 


MIS ofp,.^ ^ perpendicular to the 
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There are similar gams to he evaluated by considering the flow over 
each other pair of faces, and the total gam, being equal to the sum oi ail these 
contributions, is 

“ f 

This must be equal to the gam to rdv m time dt, and theiefore to 


;^(Tdv)dt, so that 
dt 


dr 






9?* 


(140) 


Here ^ represents the rate of increase of t inside a fixed element of 
ot 

Dr 

volume. Let ^ be taken to represent the rate of increase m t as we 

Dr 

follow the group of points m its motion Then, since represents the 
rate of increase of a function of pi, pz, qn. 


j Dt _ ^ ^ , 9^!. ^2 

Di'^ 


4.^1 

"^dqn dt 


dpi dt dp^ dt 
3t ^ f3T 3 t ) 

It follows that equation (140) can be put in the form 




(141) 


(142). 


this being moiely the hydiodynanucal equation of contmuily m the 
2 n-dimensional space 

The values of q, are given by equations (131) and (132), so that 
8 p, yjg d‘F dq, 

9i>* 9p»9?* ^<9?/ 9?, 9p,8ff,’ 

and therefore ^ 0^3) 

9p. 9g, dptdq» '■ ' 

Thus equation (142) reduces to 


Bt ~ 1 ^t^q. 


(144). 


and this is the required equation, givmg the change in the density t as the 
cloud of representative pomts moves on its way 

It 3aJ^ 

83 It IS readily shewn that 2 ^ g— must always be positive, except m 

the special case m which F^O. For, smce F is supposed expressed as a 
function of the g’s and g’s, we have 


5 9>F 


dq^ '=••• 5 * d*F d‘B 


n±fi\ 
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— 0*J?' 

Equation (144) she-ws that the value of S pom* m the 

generahsed space must be mdependent of the special choice of axes at that 
point By a bnAnr transfonnation. we can change the p’s so that E becomes 
a sum of squares only, say while has a general quadratic 

value, say F=i%S.a^+S^y,tq,qt The value given by equation (145) 
now becomes 


I d^F 
1 


= ■ • 


(146). 


SinfA E and F must necessanly be positive for all values of the variables, 
all the a’s and S’a must necessarily be positive or zero, and therefore each 
member of equation (146) is positive or zeio 

Smee all the a’s are necessarily positive and not zeio, the only way in 
which can be equal to zero is by all the id’s vanishing, and this in turn, 
since F cannot be negative for any values of the variables, demands that all 
the remauung coefficients m F should vanish, so that F= 0. This proves the 
required result. 


Non-conseevaxivb System 


84. For any system for which F is not equal to zero, equation (144) 
shews that r must contmually mcrease, m other words the pomts which 
form any cluster m the generalised space will, as the motion piogresses, 
contmually crowd closer and closer together 

The dissipation-fanction F of equation (181) is defined to be half the 
rate at which energy is lost by dissipation, so that 



... .(147), 


a result which can also of course be deduced from equations (131) and 
(132) directly. 

Since F is supposed positive, this equation expresses that as the repre- 
sentative pomts move m the 2ra-dimen8ional space, they contmually pnAo 
fi»m higher to lower values of B Thus the motion of the pomts is one 
m which T always mcreases while B always decreases, it consists of 
a movement of concentration upon the pomts m the generahsed space 
at w^cih B has certam minim um values, these pomts bemg by the 

condition F®* 0 No matter how the representative pomts are started m the 
generalised space, they will after a sufficient time all be concentrated at 
these qiecial pomts. 

This result contains the solution of the problem of finding the ulti- 
mate final state of any dynamical system whatever, except only in the one 
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special case in which there is perfect conservation of energy In this case 
tie condition 0, which in general determines the final restmg places of 
the representative pomts, is satisfied throughout the whole of the generalised 
^ce, and the result just obtained becomes useless. 


C0NSBBVA.TIVB System 
lAOumlle's Theorem 


85 For a dynamical system which is perfectly fiee from dissipation of 
energy, F = 0, and equation (144) reduces to 



(148) 


This result, first enunciated by Liouville, shews that when the motion 
of a dynamical system is governed by the equations of Hamilton ((133) and 
(134)), the density of any cluster of representative pomts remams unalteied 
as the motion progiesses Thus there is no tendency for the representative 
pomts to crowd mto any special region or regions m the generalised space 
A paiticular mstanoe of this general theorem has been worked out m 
detail m § 40. 

86 This result shews that the problem of searchmg for the final state 
of a system must now be treated m a different manner from that followed, 
for the case of a non-conservative system, m § 84 

Imagine that a system is found invariably to possess a certain property 
(eg maximum entropy) after bemg left to itself for a sufScient time 
This might A prion be expected to be for one of two reasons either that 
the points in the representative space tend to crowd mto those regions 
of the space for which the property is true, or else that the property is 
true for the whole of the space For conservative systems, luouville’s 
theorem excludes the first possibility, the second reason must therefore 
be the true one We are therefore led to search for properties such as aie 
true for the whole of the generalised space 

This set of ideas must however be examined somewhat more in detail 


Normal Properties and, the Normal State 

87 Let us fix our attention on a certain property P, which is such 
that the system under consideration possesses this property m some states 
but not m all 

Smoe the system now under consideration is supposed to be a con- 
servative system, the value of N will remain the same throughout the 
motion the representative pomts will move on the surfoces ^ = constant 
m the generalised space Let us confine our attention to that part of the 
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generalised space ■which represents systems having energy close to some given 
value of E, say systems of energy between E and E + dE And let us 
suppose that of this region, a volume Fi represents states in which the 
system possesses the properiyP, while a volume Fjiepiesents states in which 
the system does not possess the property P. 

Choosing coordinates of position and momenta for the system at random 
IS the same thmg as selectmg a pomt at random from the whole of the 
generalised space. Choosmg coordmates at random subject only to the con- 
dition that the energy shall he between E and E dE is the same thing 
as selecting a point at random from the region of the space for which the 
energy hes between E and E+dE It follo'ws that if a system of energy 
between E and E+dE haa its coordinates assigned to it at landom, the 
piobabihty of its possessmg the property P •will be 


W, 

W^+W, 


(149) 


A different problem is that of ezamimng what is the probability that a 
^stem imtially selected at random subject only to the condition of its eneigy 
bemg between E and E -t- dE shall have 'the property P after following out its 
natural motion for a time i Let us suppose the thm shell m the geneialisod 
space which hes between the surfaces E and P + dP to be filled with a cloud 
of representative points, so close together that they may be legaided as 
forming a contmuous fluid, and let these points be distributed imtially so 
that the density of this fluid is uniform Then each of these points has an 
equal chance of representmg the system selected imtially at random. Let 
this cloud of points move for any time t, m accordance with the equations 
of motion of the system Then from the conservation of eneigy, it follows 
that the pomts will at the end of the time t still he between the builaces 

Pand P-fdP, and from the equation ^ = 0, it follows that the flmd will 

still be of uniform density The number of points which, after time t 
repi^t systems possessmg the property P will accordmgly be a fraction 

Fi+V* therefore the same fraction measuies the piob- 


abihty that the system shall possess the property P after time t. 

It follows Aat if a conservative system is found always to possess the 
pTope% P a^ a sufficient time has elapsed, this can only be because 
the ratio F, . F, is infimte The foUowmg defimtions will be convement 


DBFINimONS 
will he ceiled a nor 


A P which is such that the ratio F,/F, is infimte 

mm property of the system 


A system wh-uh possesses aU the normal properties of which 
wul be sand to be m 'Qie normal state 


vt IS capable 
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87 - 89 ] 

So long as a system is thought of as having only a finite number 2?i of 
coordinates, it is natural to expect the ratio corresponding to any 

property P to have a finite value, but as soon as 2n is made infinite, it is 
not surpiising that W^jW^y which will in geneial be a function of w, should 
become infinite or zeio 

88 We are now in a position to answer the question as to what is the 
final state to be expected m a conservative system 

The system will be capable of possessing certain properties Pj, Pg, Pj, 
These properties will, in geneial, change with the time, some of them very 
slowly, some more quickly, some with extreme rapidity We may suppose 
that the property Pj may in general be expected to change m a time 
comparable with ^i, the property Pj in a time comparable with Uy and so on 

After a timo t which is very large compared with all of the quantities 
, the system will have had ample time to change all its properties 
The influence of the initial conditions will m a sense have disappeaied, the 
representative point in the generalised space will have had time to move 
away from the special regions in which it may have started, where any 
normal property does not hold The system may therefore be expected to 
possess all the noimal properties, and therefore to be in the normal state 

89 A complication can arise from the possibility of the system having 
properties which are not capable of change at all, or for which the time of 
change is infinite. 

For instance, if a system is perfectly self-contained and subject to no 
external influence, its angular momentum must of necessity remam always 
equal to its initial value Thus the property of the system having an angular 
momentum lying between certain limits is one which the system cannot 
acquire with the lapse of time , either the system will possess this property 
at starting, or will never possess it An exanunation of the generalised 
space will shew that one value of the angular momentum, namely zero, is 
common to all of the generalised space except certain mfimtesunal regions — 
for this property of having zero angular momentum, the ratio WijW^ in the 
notation introduced m § 87 is infinite But unless the system happens to 
have staited with zero angular momentum, no time will be sufficient for this 
value of the angular momentum to be acquired Thus the having of zero 
angular momentum, although a normal property of the system, is not to be 
regarded as an essential of the normal state , it is not required by the 
definition of the normal state, for it is not a property of which the system 
18 capable. 

On the other hand if the system is capable of varymg its angular 
momentum, then the property of having the normal value for its angular 
momentum must be regarded as one of the properties of the normal state 
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For iT'atj.Tinflj lefc the system be a gas enclosed m a fixed closed vessel 
Except in very special cases, such as that refeired to m § 42, the gas can 
change its angular momentum, and it is easily seen that the possessmg of 
zero angular momentum is one of the normal properties of the system 
in the final state of the system we must expect the angular 
momentum of the gas to be zero 

90 One property which can never be changed m a conservative system 
is that of having a certam value for the energy Foi this reason, m defimng 
the normal state, we considered only systems having a specified amount of 
energy, namdy eneigy between E and E-¥ dE In the same way if the 
system has other quantities or properties which are invariable, account must 
be taken of this mvanability m specifying the normal state The vanous 
comphcations which may arise m this way are somewhat difficult to discuss 
m general terms, but are not difficult to treat m particular cases, as the 
vanous examples which occur in the present book will shew. 

The Normal Pa/rMion of Energy 

91 The normal properties which may be considered first are those asso- 
ciated with the partition of energy 

If the 2» coordinates of position and velocity (135) are now denoted by 
^ 1 , 62, . 0 tn, the eneigy E will be of the geneial form 

E^f { 62 , 62 , 62 a) . .. (150) 

Let us however suppose that the energy E can be divided mto separate 
and distinct parts E^, Ea, . , such that E^ depends only on one group of 
coordinates, say 61 , 6 ,, 6 ,, E^ depends only on another group, distmct 

firem the former, 6 ,^ 2 , ^(+a> > and so on Also let it be supposed that 

each of these groups contains a number (s, t, ) of coordinates which is so 
great that it may be treated as infimte Then 

E^Ei'¥Ei+ ,=f 2 { 62 , 6 a, 6 i)-\-ft{ 6 ,^ 2 , 6 t^, ^^)H- .. (151) 

Let us define the property P as being possessed by the system when 
there is a certam partition of energy, namely one m which 

E 2 hes withm a small range to -I- dE-i, ) 

Ea „ „ „ EaioEa + dEa,0\Xi] " 

Then the volume T7i of the generjahsed space, within which the property P 
holds, IS given by 

^1 = /// • de^ (163), 

where the mtegrai^tion is taken throughout the region defined by the 
conditions 

(^i> ••• ^#)< Pi+d-Bi .... (164), 

(166), 

and so on* 
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The integral Wi may be wntten in the form of the product 

Wi = (Jf ..Jdffiddi de,)(Jf Idd^+rde^ .de^t)( .) ..(156), 

in which the first mtegral has to be taken withm the limits specified by 
(164), the second mtegral withm the limits (155), and so on Clearly the 
fiist mtegral m the product can depend only on Ei and dEi, and so must 
be of the form Fi(Ei)dEi Similarly, the second must be of the form 
dEt, and so on Thus we must have 

Wi = Fi(Ei')Fa(^E^ dEjdEg ... (157) 

It would now be possible to attempt to evaluate the ratio Wi/Wa (cf § 87), 
but it will be easiest to attack first the simpler problem of findmg for what 
values oi El, Ea, the ratio Wi/Wa has its maximum value In other words, 
we shall search for the most probable partition of energy without at first 
attempting to prove that it is a normal partition 


92 Smce Wi + Wa represents a constant space for all partitions of 
energy, namely the total space for which E hes withm fixed hmits E and 
E+ dE, it follows that Wi/Wa will be a maximum when TTi is a maximum 
If El, Ea,... refer to that particular partition of energy which makes Wi a 
maximum, then B log Wi will vanish when Ei, Ea, are subjected to shght 
variations BEi, BEt, .. provided these variations are subject to the condition 

BEi + BEa + *= 0 (158), 


expressing that the total energy remains unalteied Thus we must have 


SEi + BEa+ .. = 0 

C&j&i ClfJtu2 


( 159 ), 


for all values of BEi, BEf, . which satisfy relation (168) 

Replacmg BEi by — BEa — BEa — equation (169) becomes 
|^(S) - 

+ -0 (160), 

and, since this must now be true for all values of SEz, SE^, , we must have 

d log F 1 (El) _ d log F I (Eg) _ (161) 

clEi dE^ 

The solution of these equations, together with 

jB^ = j&i + JEg + ( 162 ), 


will give the most probable partition of energy for a system of assigned total 
energy E ^ 

For uhe moment we shall not attempt to prove that this partition of 
energy represents a normal state we shall assume this provisionally, and 
prove it later tor the special cases in which it is of importance 
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Thermodynamics, Entropy and Temperatme* 

93 Let us put 

P^log[F,(E,) F,(E,) ] (163) 

Suppose that a quantity dQ of energy is added to the system fiom outside 
Since the system is supposed conservative, the effect of this must be to increase 
the total eneigy of the system fi.om EtoE+dE, wheie dE=dQ, and m doing 
so, it may be supposed to mcrease Ei, E^, to E^ + dE^, E^ + dE^, , wheie 

dEi + dE2 "f" • — dQ (164) 

We shall suppose that before and after, and also duiing, the addition of 
heat, the partition of energy is alwaj^ the most piobable, so that equations 
(161) are tiue at every instant. 

The change produced m P is, from equation (163), given by 

= ( 165 ) 

From equation (161), the coefficients of dEi, dB^, in this equation have 
all the same \alue. Call this h, then 

dP=k{^dE^ + dEi+. ) = MQ (166) 

This shews that MQ is a perfect differential, or m other words that ^ is an 
mtegiatmg moltipher of the differential dQ 

94 From general thermodynamical theory, another mtegiatmg multipher 
of the differential dQ is known, namely where T is the temperature 
measured on the thermodynamical scale If ^ is the entropy we know that 

(167), 

this IS m feet the simplest expression of the Second Law of Thermodynamics 
The circumstance that both k and l/T are found to be mtograting 
moltiphers of the differential dQ does not of course justify us m identifymg 
i with l/T. It does enable us, however, to estabhsh a simple relation between 
them 


96 The energy E of the system will m general depend on a number 
of variables ij, f, specifying the physical state of the system or of its 
different parte Thus the amount of heat dQ which must be added to 
produce any specified change must be of the form 

dQ = Ld^ + Mdt) + Ed^ + (168), 

(<£ equatbn (446) below for a specific mstance) and we shall have 

* dP=kLd^+kMdij+kEd^+ (169) 

Hence we must have '' ' 


kL> 


‘dr 


kM^ 


dn‘ 


etc 


(170). 
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hibrodmtion of the Temperature 


Similarly, from relation (167) we obtain 

L _ d<f> M _ d4> 


““ « , etc* 


It follows that 


T af T~d7,’ 


(171). 


(172). 


ap ^ ^ 

d<i> d4> 

^ ^ 0? 

the value of each fraction being kT Fiom this it follows that theie must be 
a functional relation between P and <}>, say P =/(^) On substitutmg this 
value of P into equation (172), this equation becomes 


*=4/'(<^) 


(173), 


where /'(^) stands for expressing the relation between the two m- 

tegrating factors k and 1/P. 


96 The quantity k is, however, the value of each of the fractions in 
equation (161), Thus equation (173) gives the value of Pi 

m terms of j,f (<p), and so on for P„ P,, ... The value of Pi would obviously 


be changed by a change in temperature, but it could not be altered by a 
change in which the temperature T remained unaltered while the entropy 
was changed by nn alteration in some parts of the system not involving that 
of energy Pi. Thus Pi cannot be changed by changes in and therefore 
k as given by equation (178) cannot be changed by changes in tj). It follows 
that f(<f>) must be a constant 


Let this constant be denoted by ^ , then k = 


BT’ 


97 Equations (161) now become 

d log Pi (P,) _ d logP,(P,) __ 1 
dPi “ dP, BT 

while the relation P =f(4>) becomes 

P = ^ ^ + a constant 

Thus the entropy is given by 

^ = BP + a constant 
or again, on comparmg equations (168) and (157), 

^ = P log TT, + a constant 


(174), 

(176) 

(176) , 

(177) 
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98 'This last result throws a flood of light on the meaning of the analysis 
of the last few sections It shews that the partition of energy which is most 
iiValy —^L d for which TTi IS a mammum — is exactly that which makes the 
entropy a maTiTmim If we like to assume, as a general physical principle, 
that every system tends to a final state m which the entropy is a m iximum, 
then this state must he that for which TFi is a maximum, and must therefore 
be given hy equations (174(), If this assumption is made, it follows at once 
that the configuration for which TTi is a maximum is also one foi winch 
Fi/Fa IS mfimte, and therefore is the normal state as defined in § 87 But 
this assumption need hardly be made, for, as we shall see (§ 103), a du'oot 
proof can he given m dl cases which are of physical impoitanco 


Equipa/rhtion of Energy 

99 Equations (174) give j& 2 , . completely m teims of the tempoia- 
ture, but they can only he solved m the special cases in which the functions 
Fi(Ei), etc can be evaluated, and of these the only case which is of any 
physical importance is that m which is a homogeneous quadratic function 
of the coordmates mvolved. This covers the case of Ei bemg kinetic 
energy, or the potential energy of small displacements from a position of 
equilibrium, or the energy of any type of isochronous vibration 


100 Let the coordinates which enter m Ei be supposed, as m § 91, to 
be a m number, and let Ej be given by 

Ei=fi(9i,9i, d,)=Ca5i* + CiB0a»+ .. + 2cis^i^a+ . . (178) 

Th^ Fi{E^dEi IS by defimtion the value of the mtegral 

SS fdejdea d6, (179), 

taken over all values of 6^, d,... 6, for which /i(0i, 0*, . 6,) Uos between E^ 
and + 

By a Imear Ixansformation of the old coordmates, new coordinates 
•• can be obtamed such that the value of Ex m these coordinates is 

Ex = a + ... + ^/) (180), 




and if IS the modulus of this transformation, namely 

value of the integral (179) will be ^ 

II • I d<f>2 




<i>,y 


the 


(181) 


The value of this integral, taken for all values of the variables for which 
* "b ^ . . + ^,*) IS less than EhIb equal to /t times the volume of a sphere 

of radius m a space of a-dimensions It is therefore 

^ r (Js + 1) \ a j 


(182) 
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By differentiation with respect to the value of the integral, taken foi all 
values of for which «(^* + ^a* + . . + ^i‘) hes between Ei and 

Ei-^dEi, IS 

(183), 

and this is precisely the quantity which has been called F^(E^dEi. Thus 
we have as the required value of Fi{E^, 


The most probable partition of energy is given by equations (174), so that 
in this most piobable partition, is given by 

dlogF^jE;) 1 
dB^ ^RT 

leading at once, on using the value of Fi(Ei) just found, to 


(185), 


Since we have abeady supposed « to be a very great number, the difference 
between ^6 - 1 and i$ may be neglected. Also for all the parts of the eneigy, 
say jBi, Es, , for which the energy function is quadratic, the most probable 
values of the energy may be evaluated in the same way, and so we jSnd that 
the most probable partition of energy is given, as regards those parts of the 
energy for which the energy-function is quadratic, by the equations 

E^^lsBT, Ei = itRT,eto . (186), 

where Sy t, • . are the number of cooidinates concerned m the quadratic 
functions Ej, jE^a, .... 


101 It is now possible to prove that, as far at least as' these parts of the 
energy are concerned, the partition of energy expressed by equations (186) is 
not only the most likely partition, but also expresses a "normal” partition in 
the sense of § 87 , that is to say, this partition is infimtely moie probable than 
any other. 

102 Let El, B^, . specify the most probable partition of energy as given 
by equations (186), and let Ei + €i, E^ + ej, . specify any other partition of 
energy corresponding to the same total energy Then we must have 

€i + €2 + = 0 . . (187) 

The general value of Fi is seen from equations (167) and (163) to be 

Wj^e^dEidEa . .. . (188), 

while the whole value of Wi + Fa will be 

Wi+Wa^jj .0 ^ dsidci (189) 


3 a 


6 
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For the partition of energy JEi + ei, + 

P = Sl0gFx(^?i + 6,) 


where Pe is a sum of constant teims not involving 6i, ej, and so is the value 
of P for the paicition of eneigy Pi, Pi, ... Expanding the logaiithm, we 
obtain 


P-P, = t 


BT 


{i-i 


isBT 



and in vutue of relation (187), the first term m this sum vanishes, leaving 


P-P. 


-t 


s{RTf 




r{My 


. .. (190) 


It has already been seen that the only stationary value of P is given by 
6i=es=. =0 This makes P = Po, and an inspection of the iight-hand of 
equation (190) shews that this value is a true maximum It follows that the 
nght-hand of equation (190) is negative for all values of the e’s 


As we recede fi:om the value e, = ^ = = 0, it is clear that P — Po becomes 

fimte as soon as becomes comparable with */$ RT, with »/t RT, and so 
on. For such values of Sj, Sj, the first term ot (190) is infinitely greater 
than any of the succeeding terms, and the value of P — P# reduces to 


P-Po 2 


8{RTf 


. . (191) 


For values of e^, «„ .. greater than these P — Po becomes equal to — oo , so 
that e~^ vanishes m comparison with e~^o. 


It Mows that the whole value of the integral (189) comes fiom a small 
range of values surroundmg the values ^ = es= =0, le the values of 
Pi, P*. .. given by equations (186) Thus the mtegral (189) reduces to the 
nght-hand member of equation (188), the small range dEi being comparable 
with V«.PP, the smaU range dP, bemg comparable with ^/t RT, and so on. 
These small rang^ are of course small m comparison with the whole values * 

of Pj, i^, . ; thus dPi IS comparable with ^ , dPg with , and so on. 

NS ijt 


Witii sudi vrfues for the small ranges dPi, dPj, . , the value of + Fj 
given by equation (189) becomes identical with the value of Wi given by 
eq uatio n (188). Thus we have Fj/Fj in finit e, shewing that the partition of 
eneigy now undw consideration is a normal property of the system. 


We tove accordmgly shewn that those parts of a system, say Pj, P*, . , m 
winch the enei^ is of quadratic type, wiU necessarily tend to the partition 

2^«gyspecified by equations (IBQ). These equations express the Theorem 
« Eqmpartition of Energy : 
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The energy to be eapected for my part of the total energy which can he 
eccpi eased as a sum of squa/tes is at the 7 ate of ^RT fo 7 every squared term in 
this pait of the eneigy 


103 The proof that the remaining paits of the system, if any, m which 
the energy is not of this type, will necessanly tend to the paitition of energy 
gi\en by equations (174) is more difficult In place of equation (191), 
we have 




3MogP,(P,) 

9AV 


and the sign of the teims on the right must necessarily be a matter of 
uncertainty so long as the form of the energy-function remains unspecified 
It IS, however, clear that the arrangement of the loci Pi = cons , — cons , etc , 

in the generalised space must, in eveiy case, be of the same general type as 
that in the simple case just considered, from which we may infei that P- Po 
must, m the more general case also, be of negative sign It again follows 
that Fi/TTa must be infimte, so that the most probable partition of eneigy, 
as expressed by equations (174), is now seen to be a normal pioperty of the 
system 

We accordingly see that every system must pass to a final state in which 
TTi, and therefore also the Entropy, is a maximum In this way we obtain 
an analytical pi oof of the second law of thermodynamics, which may now 
be regarded as being on a mathematical, instead of on a purely empirical 
basis. 


Law of Distribution of Ooordmotes 

104 Not only will there be a normal partition of energy, but there will 
also be a normal way for the separate coordinates to be arranged so as to give 
this particular energy This has already been found in Chapter III for the 
simple case of a gas composed of molecules which behave like hard elastic 
spheres A similar method may be apphed to the more geneial problem 

Let us suppose that part of the dynamical system under consideration 
consists of E similar umts, which we may think of as molecules for definiteness, 
each unit possessing p degrees of freedom, and therefore having its state 
specified by 2p quantities <f>i, 0 ,, these being cooidinates of position 

and their corresponding momenta, as in § 78. 

Imagine a generalised space of 2p dimensions constiucted, having 

<f>i, 

as oithogonal coordinates Then the state of any molecule of the system 
can be represented by a smgle pomt m this space, namely the pomt whose 
coordinates are equal to the coordinates ^ 1 , ^ 3 , ^ specifying the state 

6—2 
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(2 e velocity and positional cooidinates) of the molecule The states of all 
the molecules can be represented by a collection of points in this space, one 
pomt for each molecule The problem before us is that of finding the law 
according to which these points are distributed m the space 

Let T denote the density of points m this space— the quantity which we 
are trymg to find — so that 

Td^^d<f>, (192) 

will be the number of points (or molecules) such that ^ lies between <pi and 
between ^ and so on. 

Thus T IS a function of ^ 3 , . 

106 Following the procedure adopted in §§ 43, 50, let the whole space be 
divided up into n small rectangular elements of volume, each of equal size o), 
and let these be identified by numbeis 1, 2, 3, . Let us fix our attention 
on a special distnbution of pomti^ which is such that the numbei of pomts 
m elements 1 , 2 , 3, - are reflectively Oi, Ug, Og, Let any distribution of 
points givmg these particular numbers Oi, a^, as, . be spoken of as a 
distribution of class A. Similarly any distribution of points giving anothei 
set of numbers 61 , 62 , hi ••• may be spoken of as a distribution of class B, 
and so on. 

Each pomt m the original generalised space of § 80 will coiiespond to 
a complete distribution of pomts m the space now under consideiation 
The distnbution corresponding to some of these onginal points will be a 
distribution of points of class A, corresponding to others it will be a distri- 
bution of class B, and so on. We proceed to evaluate the volume, say 
of the original generalised space which is such that the pomts m it represent 
systems for which the distribution of coordmates is of cl^s A. 

This volume is readily seen to be gfiven by 

jyi 

la iliiB expression the first fector represents, as already m § 43, the 
nnmher of ways in which it is possible to distribute the JT points repre- 
sentin^ 'tjie 2f different molecules, between the n different elements, subject 
only to tile condition of the final arrangement bemg of type A. The 
remammg fector, say X, given by 

(194) 

zepresents tiie volume of the generahsed space which corresponds to each 
one of thm arrangements, bemg coordinates of parts of the 

system other than tiie N molecules under consideratiom If we write 



Oi'Os'Os'... ’ 


(196). 
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and use a similar notation for a system of class B, etc, then the volumes 
Fb, are given by 

= etc (196) 

Using Stirling’s Theorem, as m § 44, we find 

log = (F + i) log F - J (m - 1) log 27r - V (a, + J) log a , . (IST), 
and if, as m equation (72), we put 

^. = :^3”(*. + i)log^* (198), 

this gives as the value of Qj, (of equation (73)) 

(27rjy)"* (199) 

Smce Wj, = Xdj., etc , it is clear that F^ is proportional to 

The most probable partition of energy is obviously obtained by making 
a maximum, and therefore K a mmimum, foi different values of 

dl, d^i * 

As in § 45, we find for the variation of K 

+ ( 200 ) 

The variations Soi, Soj, . are not independent They are necessarily 
connected by two relations, and m some cases by more Of the two relations 
which are certain, the first expresses that the total number of molecules is 
equal to the prescnbed number AT, it is therefore expressed by the equation 

T8a, = 0 (201), 

•=i 

which 18 obtained on variation of the equation 

Ta, = iy (202) 

«»i 

The second relation expresses that the total energy of the N molecules 
18 equal to the allotted amount JS’i. Let denote the energy associated 
with a molecule represented by a pomt m cell 1, so that e, is a function of 
the coordinates of the first cell Let e, be the energy associated 
with a molecule represented by a point m cell 2, and so on Then the 
total energy of the N molecules, when the disti^bution of coordinates is of 
dass A, will clearly be Oiei + Oie, + , so that we must have 

% . (208), 

«-i 

and on variation of this we obtam the relation 

2 e»8a**s0 

•-1 


( 204 ) 



86 GmeroA Statistical Mechames cmd Thermodynamics [oh v 


If there are othei relations they will m general be derived from equations 
of this same type, expressing that the total of some quantity ft, summed 
over all the molecules will have an assigned value The mtegial equation 
will be of the form 

.. (206), 

and uhe corresponding relation between the quantities Scti, Sots, will be 

2 /AaSag = 0 .. (206). 


In many problems there will be six equations of this type, the diffeient 
ft’s representing three components of hnear momentum, and thiee com- 
ponents of angular momentum We may, however, be content to take one 
relation as typical of all, and shall suppose it to be given by the equations 
just written down. 


FoUowmg a well-known procedure, we now multiply equations (201), 
(204), (206) by undetermined multipliers js, y, r, and add coirespondmg 
members of these equations and equation (200) We obtain 

and the maximum value of Z" is now given by the equation 


Smce Oi, Og, . are all supposed to be large quantities, the teim gl- may 
be neglected, and we obtam 


- (1 +l>) - (ge, + r^c.) 
jy-e e 


(207). 


If T IS the quantity defined m expression (192) the value of a, will be 
T®, where T refers to the s-th cell Equation (207) becomes 

T =s e“ 

nao * 

and smce equation (207) was true for every cell, this equation will hold for 

all values of .. Changmg the constants, this equation may be 

rewritten 

m which the one typical quantity /t is now replaced by the actual senes of 
qnmitities /ij, ft,,... Usang this value for t, the law of distnbution of 
cocadmates (cf expression (192)) is seen to be given by 


( 209 ) 
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In the particular case m which there are no constant quantities except 
the eneigy, this i educes to 

(j 6 d^i d<f>2 . ( 210 ) 

106 Suppose that certain of the cooidinates, say enter 

into the eneigy e only through their squares, so that the value of e is of 
the form 

where 4> does not involve .#>*, but only 0,+,, ^ Then the 

law of distiibution may be wiitten in the form 

(e-^^‘**d4„)e-^^d<}>.^r d<f>^ 

This shews that there is no correlation between the distiibutions of 
4>a, '^6e law of distribution of any single coordmate, say is 

of the form 

( 211 ). 

the constant being determined fiom the condition that the mtegral, taken 
from ^ = -00 to ^ = + 00 , shall be equal to umty 

The mean value of the contribution from <f>i to the energy is 



and similarly for the other cooidinates The mean value of 

IS accordmgly and smee this has also been seen to be equal (cf equations 
(186)) to ^sRT, we must have 

2AJ?2’ = 1, 

expressmg the constant h in terms of the temperature. 

Of the coordmates <}>„ which enter the energy only through 

their squares, three may always be taken to be the velocities u, v, w The 
results obtained in this section may accordmgly be expressed by the 
equations 

= = = = — ( 212 ) 

expressmg the theorem of equipartition of energy m a new form. 
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Examples of Distribution of Coordinates. 


Qas with infinitesimal haid spherical molecules 

107. As a first instance of the nse of the formulae just obtained, we may 
apply them to the case of the gas already considered m Chapter II, in which 
the molecules are infinitely small haid elastic spheres, the external physical 
conditions bemg the same at every point of the space occupied by the 
gas Such molecules have only three degrees of fieedom, representing then 
freedom to move m space, so that the 2p cooidmates ^ 2 , reduce to 
the six coordmates u, v, w, a?, y, z The number of molecules which at any 
instant will be in collision will be mfinitesimally small, so that the potential 
energy of the gas, arising out of the elastic forces at collisions, will always be 
infimtesimal, and so maybe neglected m comparison with the kinetic eneigj^ 
The total energy of the gas may accoidingly be supposed given by 

•• . (213), 

so that € in formula (209) may be put equal to (u® + 4- vfi) We may 

further take /ti, pz the thiee components of linear momentum to be 
identical with mu, m% mw, and the three components of angular 

momentum to be given by 

P 4 —m(yw^zv) etc. 

Thus the law of distiibution is found to be 

iudvdwdxdydz (214) 

The quantities C> h, r^, r,, r«, r*, r*, as yet uudetermmed, can be 

evaluated from a knowledge of the total number of molecules, the total 
mieigy and the total momentt^ by the method already used in § 26 


108. JTo masa-rotaiioa. In the commonest case in which the gas has no 
motion of rotation as a whole, each of the three components of angular 
momentum of the whole gas must vanish, and this is easily seen to lead tc 
the conditions v. = t# = r, = 0 The law of distribution is now seen to be 

^ 216 ) 

This can also be expressed in the form 


l)e-^i<>^^»-^^<>^^ndu(hdtoda>dydg (216), 

m whi^ B, to, are new constants, mid it is easily found that the corn- 
pro^ of the total momentum of the N molecules are ITmu,, Nmo^. Nnm„ 
so tbat are the components of the velocity of mass-motion of the 
“ “ S ^ cmnimstanoe that «, y, s now occur only through the 
differentials d^dydz, shews that the law of distribution of velocities is 
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the same at every point of the gas On leplacmg DO, by A, where fl is the 
whole volume of gas, the law of distribution of velocities alone is found to be 

^g-ATOC(ie-Wo)H-(t7--Vo)^(ic--Wo)^ (217), 

agreeing exactly with foimulae (26) and (102), and incidentally identifying 
the h of this chapter with the h previously used 

109 No mass-motion. When there is no mass-motion Wo, Wo vanish, 
and the law of distribution (216) reduces to 

(218), 

agieemg of course with (101), on putting (711 = J.. 

110 Eoste'inal field of force. Let the molecules be acted on by an 
external field of force, such that a molecule at a?, y, z has potential energy 

^ being a function of a?, y, z but not of u, v, w Then, m addition to the 
kmetic energy expressed by equation (213), the molecules have potential 
energy 2%, and the total eneigy is 

^ = 2 + + (219) 

The value of e in formula (209) may now be taken to be 
\m + 2;2 4. ty®) + % 

In the case m which there is neither mass-rotation nor mass-motion, the law 
of distribution of coordinates becomes 

(7g-ftm(u*+i;3+ui*) e^^dudvd/bodxdydz (220) 

This formula shews that at every pomt of the gas the law of distribution 
of velocities is simply 

^udvdw ( 221 ), 

and so is identical with that already found for a gas not mfluenced by an 
external field of force Integratmg with respect to % v, w, formula (220) 
becomes 

( 222 ), 

givmg the law of distribution with respect to the a?, y, z coordinates This, 
however, is simply the law of distribution of density m the gas If p is the 
density m the element dxd/ydz, expression (222) must be the same as 

^dxdydz, so that 

(223), 

where po is a constant given by po = 0 /^ and so is the density at pomts 
at which X = 9- 
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Let the different types of units be distinguished by the suffixes a, y, , 
and let the various types of aggregates which can be formed out of them be 
mdicated by the suffixes . . «/3y, , etc The aggregate «yS is of 

course formed of the two simple umts a and ^ m combination, and so on 


Some convention or defimtion is necessaiy to deteimme the exact stage 
at which the separate units are to be considered replaced by the aggregate 
^em, or vice versa Let two units not influenced by each other have 
energi^ Ea, Ef, so that the energy of this pair of umts is E,. + Ef. As 
the umts approach withm one another’s influence this expression for the 
energy of the combmed system will not m geneial be adequate, we must 
add to it certain cross terms depending on the coordinates of both units 
Daaote these by then the energy of the system, say will be 

E^ = E.^E^ + W^ (236) 


We say that the umts a, jS lose then identify as separate units, and 
that the aggregate comes mto existence as soon as "Wap becomes appreciable, 
and similarly for the reverse process Thus aggregation takes place as soon 
as Wcfi attains to a value which differs appreciably from zero , dissociation 
takes place as soon as fells to a value which does not differ appreciably 
from zero 


116 We ahfl-11 suppose the number of units of type « not m combination 
tobeJTa, and amilarmeamngs attach to ATp, Ifap, Napy, The total 
number of umts of type a, whether m combination or not, will be taken to be 
91^, and similar meanings are assigned to 91a> etc. As motions and changes 
teke place in the whole ^tem, the quantities Nt,,Np, . N^py, . vary, 

owmg to the occurrence of dissociations and recombinations, but the quantities 
9t«, Sty remain permanently the same. By a process of pure counting, we 
am\e at the equations 

F^-¥F^ + N^y’k-.,.-¥iN„ + Fapy+ (237), 

Fp-{- F,p-\rFpy+ . + 2 + JToaY + . ••• (238) 

For the F^ separated systems of type a, we shall suppose the law of 
distribution of the coordinates of the system to be denoted by 

)^(^> )> so that the number of these systems having cooidinates withm 

a range d^, d^, . will be 

F (^» ) d<f>id<f>f , , . (239), 

and tfaiSk revertmg to a notation already used m § 13, will also be denoted by 

i*(^, ^2 ) •• *• * • • (240), 

so that Similar meamngs will be attached to the symbols 

ffy Vjf, .. Tap, etc. We have, from the meanmg of the law of distribution, 

JJ' —If 
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so that ) ^ 1 ^ (241) 

To save printing we shall denote the right-hand member of this eq^uation 
so that oui equation becomes 

S.-fr. 

and equations (287), (238), etc, become 

% =J*'r» H^.s +/t/^ + ... + ^s/s + (243). 

Throughout all changes, the quantities SH., %, remain unaltered, the 
eneigy also remains unaltered, and if this be denoted by its value is 
given by 

® . • ■+^^tt^Taj8 + (244). 


116 Let us agree to adopt the artifice explamed m §§ 50, 105, to limit 
the variation of the coordmates of the various types of molecules to a 
finite range Let us divide up the possible lange of coordmates for a 
smgle molecule of type a into equal "cells,” the possible range for a smgle 
molecule of type ^ mto equal cells, and so on The range for a com- 
pound molecule of type will then be cells, if for the moment we 

regard any combination of an a molecule with a ^ molecule as a compound 
of the ayS type If we only regaid these as foimmg a double molecule when 
the mtermolecular foice exceeds a certam amount, then it follows that 
double molecules can only occur m ceitam of these cells, and not m all 
— it does not at piesent matter m how many. 

Let us now considei a special class of system — class A — which there 


are 


ofj, fta single molecules of type a m the respective t?* cells, 

A • if » ^ if 9i 99 99 

(,^0)ii (®^)2 * double ,, „ 99 „ ,, ,, » 

and so on 


(246), 


Each arrangement of molecules which form a system of class A will be 
represented m an element of the generalised space which forms a fraction 

] 

(n»'‘)-*^“‘(».«/j)^‘^ 

of the whole Using equations (237), (238), etc this becomes 

(246X 
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Now the number of ways of distributmg the rdles of the various con- 
stituent molecules so that conditions (245) are satisfied is 


Oi' «*’ A' A' 


... (247) 


Here the factor > is the number of ways m which the 9l« poimanent 
constituent molecules of type u can be pei muted vnter se, Uj • is the number 
of ways m which the molecules m the fiist of the cells can bo permuted 
%ntet se, and so on Expression (247), then, gives the number of elements 
which represent systems of class A Multiplying expressions (247) and (246) 
together, we find that the firaction of the whole generalised space which is 
occupied by systems of class A is 


1 . 

®i' 


(248). 


117 The value of A just found is a generalised foim of that given 
by expiessron (68) If we pioceed as in § 44, usmg Stilling’s Theoiem 
[equation (69)] in the foim 

Lt log p t = i log (27re) + (p + ]r) log^ , 

e 

we obtain log 0a = C?- S (a, -j- ^) log - 2 (A+ i) log — * - . 

where C7 IS a constant depending on the constants Sla, Va, ... Fiom 

this equation it follows that the normal state is obtained by making a 
miDimum, where 

^=-J*rAog'^+J*Tplog-^+ +J*r^logI^ + (249). 

The variation of is subject to the energy equation (244) and to 
equations of the type (242) expressing the permanency of the separate types 
of permanent molecules If we vary equation (249) and add the variation of 
equation (244) multiphed by an undetermined multipher X, and that of the 
equations of the type (242), (243) multiplied by /a., , we obtain 

^ =^og Ta + \E^+ y».) St. + .. 

+JhogT.f+ KB^ + 11^ + fjt^) Stop + ... 

-^ogT„+ \B^ + 2/*.) St„ + 


•••» 
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and the condition that shall be a minimum is given by the systems 
of ecjuations 

log Ta + + /t, = 0, etc, 

log t „/3 + XjE'.jj + /*, + = 0, etc , 
log T^a + XjE'„ + 2/4. = 0, etc, 
etc 

Changing the constants /*«, , and substituting for Eap, these 

equations lead at once to the equations 

Ta = 

Tp = 

Tap =45c“®*('®a+-®;S + ’*ap) 

etc 

In general, for the multiple molecule a/3y . we have 

Tapy =ABO ) (251) 

These formulae not only give the laws of distnbution for molecules which 
are capable of aggregation, but also for ordinaiy molecules m collision or 
exerting force upon one another in any way 

118 From the well-known formula in attractions 

Tr=i jjjpVdmdi/dz, 

where p, V are density and potential at the point ai, y, z, it follows that we 
can write TTo/sy m the form 

=i(X« + 3(> + Xy+ )' 

where ^ potential of the molecule of type a. m the field of mtei- 
molecular forces arising firom the other molecules, and so on. Hence m 
equation (251) we may write 

T«/»y = (252), 

wheie as etc (253) 

We may therefore regard the piobability of a combination of molecules 
havmg any specified cooidinates as the product of the probabibties of the 
constituent molecules having the appropriate coordinates, if we take the 
probability of a molecule of tjrpe « having its coordinates within the usual 
range d^id^i .. to be 

(254). 

Since the quantity x* does not involve the velocity coordinates it is clear 
that the analysis of § 106 can be made to apply to this case, and hence that 
the result expressed by equation (212) is true, even when intermolecular 
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forces are taken into account Thus we see that the law of distiibution of 
velocity coordinates is unalteied by the presence of intermoleculai fuices, and 
that the law of equipartition of kinetic energy remains valid independently 
of the existence of such forces. 

In particular the law of distiihution of velocities of molecules in collision 
with one anotha: is the same as that of jGree molecules It is frequently hut 
erroneously assumed that molecules which have penetiated a certain diatnuA^j 
mto one another’s fields of force will, on the average, have less kinetic energy 
than coirespondmg free molecules Our analysis has shewn that this is not 
the case. 

Of course a single molecule which moves mto a position in which its 
potential energy is % will m so doing, lose kmetio eneigy but what is 
often overlooked is that the molecules which do this were not oiigmaJly 
average molecules , they were selected molecules, being those of which the 
kmetic energy initially was gieater than % Initially their kinetic eneigy 
was greater than the average the work done against repulsive forces just 
uses up this excess of energy The matter is perhaps understood most 
dearly by noticing that the motion of a swaim of molecules into a lepulsive 
field of force lessens the density but not the mean kmetic eneigy (or 
temperature) of the swaim (cf § 110) 

Before leavmg the subject we must notice the similaiity between the 
effects of an mtermolecular and an external field of foice If mstead 
of being the potential of a molecule of type a m an mtermolecular field of 
forc^ had been the potential in a permanent external field of foice, then 
the law of disfcnbution of molecules of type a would, by § 110, be exactly 
the same as that e^iessed by (254), except that jc. would have been replaced 

hy 2x.- 


Maxwell’s tbbatment of the Pabmtion of Enbeot. 

119. The doctrine of the equipartition of energy m a wstem of molecules 
o vaiying ma^ was discovered and enunciated by Waterston* m 1846, 

Se ^ doctrine m 

mverselJ^ media* the mean square molecular velocity is 

law of thfT’T f ® molecule This is the 

fcion fcivw** ^ sto^^t of a very important theorem. The demonstra- 
^ Wver.. can hardly be defended.” Exactly the same theomr^ 
ug^it forward mdependently by Maxwell m 1869, m the Bntish Association 

* JPML Trans OLzzzm, p 1, 
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paper alieady referred to He states the proposition '' Two systems of 
molecules move in the same vessel, to piove that the mean vis- viva of each 
particle will become the same in the two systems ” The question was again 
brought into prominence by the publication of a paper by Boltzmann in 
1861t 1^ 1^'^^ Maxwell also published a paper on equipartition in which 

he legaided the whole question fiom a somewhat different standpoint]: In 
what follows we shall tieat the question fioni Maxwell’s point of view, the 
only difference being that the mathematical analysis can be put much moie 
concisely by the help of the conception of a generalised space. 

120 We again consider the dynamical system of n degrees of freedom 
already specified in § ‘78. Its configuration is determined by 7i cooidmates 

^ 7 i> ^255}, 

and the n coi responding velocities 

- in (256). 

The kinetic energy L will be a quadratic function of the n velocities (256), 
and theieJtoie also a quadratic function of the n momenta 

Pi> Ih, • Pn (257) 

defined by the equations (cf equations (129)) 

= etc (258) 

It IS kaowzL to be possible to tionsfoim this guadiafcic functioii into a sum 
of squares of the form 

£ = (OilJi* + Cs%* + ... + OnVn) (259) 

■where the 9?’8 are lineai functions of the momenta (257), and aie moreover 
such that the modulus of transfoimation is unity, that is to say 

8 (^]i Ws) ^?n ) _ j (260) 

3 (jPi. Ps, Pn) 

The quantities 171 , are spoken of as “momentoids” Since L must 
necessarily be positive for all configurations of the system, it is clear that 
each of the coefficients c„ <Sa, c„ must necessarily be positive 

* ** niustraiions of the Dynamical Theory of Chases,*’ Phil^ Mag Jan and July, 3860 
Collected Works^ i p 378 

t “Stndien ubei das Gleiohgewioht der lebendigen Kraft zwisohen bewegten materiellen 
Panidien,” Sitzungsher der K Akad Wien, iwin 

$ “ On Boltzmann’s Theoiem on the average distnhution of energy in a system of material 
pomtb,’* Camb Phil Trane xn. Collected Woike, n p 713. 
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We may accordingly express the energy E of the system m the foim 

E=V+L (2611 

= F+ ^ (CiYi + <l2Va* + + OnVn) (262), 

where Fis the potential energy, and function of the q’a only, and Ci, Cj, c„ 
are also functions of the q s only 

121 We ahftll now represent all possible configurations and velocities of 
this system in a ^ace of 2«-dimensions, having 

?i. • • ?«. Vu Vii> Vti (263) 

as coordinates. In virtue of relation (260), it is clear that any assemblage of 
systems wiU be represented m the present generalised space by fluid of the 
same density as that by which it was represented m the foimer generalised 
space of § 81. If therefore the fluid m the present space is taken to be 
imtially homogeneous, it will remain homogeneous throughout all time*. 

The volume of the generalised space for which q^, q^ . jn li® withm 
specified ranges dq^, dq^ . dg«, while rji, rfa f)n Aav® all values such that 

^<j&o,isgivenby 

dqidqt (264), 

where ijg . ijn have all values subject to 

(hYi + + + OnVn < 2 {Ea — Y) (265) 

The integral is a Dinchlet Integralf of which the value is known to be 

c„)-n2^.-2r)i» (266) 

Differentiating with respect to Eq, we find that the volume representing 
Interns for which ji, q^ he withm the same range as before^ while E 
hes between E^ and E^ + dE^ is 

Uq,dqa. (o,(j, c„)-i(2^,-2r)l«-l (267). 

If we introduce a new condition that is to lie between rjn and Tjn + di/jm 
the alterations necessary to transform expression (267) to suit the new 

* This treatment seems to obviate, in a simple maimer, a ontioism which has often been 
urged against Maxwell’s oiigmal proof. Maxwell takes ooordmates m which the kinetic energy 
IS already expressed as the sum of sguares, and assumes these to form true Lagrangian oo 
oidinates Unfortunately it is not always possible to find oooxdinates satisfying these conditions 
!Fo take the simplest case, the kinetic enei^ of rotation of a rigid body can be expressed as a 
sum ci squares in many ways, bat m no case are the coordinates true Lagrangian coordmates 

ibr instance, we write 

2L = Aujf+B<af + Cwj*, 

we know that I etc , are not true Lagrangian coordinatea. 

+ Williamson, Integral OahnOus, p. 320, 
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conditions will consist in writing w - 1 for n, 2EQ-2V-CnVn for 2Eo^2V 
and introducing the new diffeiential Making these alterations the 

expression becomes 

_J(»-i) 

dqndEd^jfi, ^ {OiOz Cn~.j) i(2So“2F’— • (268) 

The ratio of this expression to (267), on replacing a/tt by r(-|-), is found 
to be 

Ti^n) (2E, - 2F- , i . 

This IS the fiaction for which ijn lies between rjn and «;»+ of all the 
systems for which gj, g, g„, E he within the specified small ranges Wnte 

SO that Kn IS the kinetic eneigy corresponding to the momentoid then 

u - 

and therefore expression (269) becomes 

Vm (E,-V- Kj(^-^) dK^ 

r(i^i-i)r(i)' (^,-F)i("-2) Vir„ ^ ’ 


122 

qi, q» 


The mean value of Kn averaged over all the_system8 for which 
g„ and E he within the specified ranges, say Kn, is theiefoie 


r(i«) fx..«-r(g._ r- ^ , 


of which the value, after integration, is found to be 

En^ElZl (271), 

Kb 

so that from symmetry _ _ 

E,^K>= =K„ (272) 

In words, this result states that, averaged through all those parts of the 
generalised space in which qi, ga ?» E have specified values, the energies 
of the various momentoids are equal By addition, it follows that, averaged 
through all parts of the generalised space for which E has a given value, 
the eneigies of the various momentoids are equal 


123 Formula (269) expresses the law of distribution of Vn, and 
formula (270) that of Kn These formulae assume special forms when n 
IS very laige 

When n is very large, 

r (i»)> = r (i« + i) r (in - i) = i (» - 1) {r (in - i)}\ 

7—3 
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so that 


r(in) 


- /— 
i V 2ir' 


1 

Piittin<y so that « is the value of each expression of the 

^ n 

equality (272), the law of distaibution (270) reduces to 

1 




3 * X dKn 


(273), 


which IS easily seen to be identical with the law of distribution already 
obtained (ci equation (211)). 


124 The result leached in § 122 is Maxwell’s main result If we wish it 
TO apply to the motion of dynamical systems, we must suppose an assemblage 
of systems started with eneigies intermediate between the nanow limits 
E, and Eo+dE, m such a way that their density m the generalised space 
IS uniform, %e, so that all values of the coordinates and momenta which aie 
consistent with the energy lying withm the specified limits are equally 
probable The separate systems have of course no mteiaction one with 
another. It then follows that initially and throughout all time the mean 
energies of the \anous momentoids are equal 

By addition over all possible values of the energy, we can amve at the 
lesult that lor an assemblage of systems having all possible values for the 
cooidmates and momenta, provided only they are started so that the initial 
density m the generalised space is uniform, the mean energies of the various 
momentuids are equal 

We can, however, obtam a result more general than this The motion 
m the generalised space is confined to the loci i&== constant, so that if we 
take an imtial distiibution of density t in the generalised space such that 

.. ... (274), 

where <j>{E) is any function of the energy, then this distribution is a 
permanent distribution, le^ equation (274) is satisfied throughout all time 
And by addition of the result obtained in § 122, it follows that m this 
assemblage the mean values of the energies of the various momentoids 
are equal 
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ConUnmty of path 

126 The weakness of Maxwell's method lies m the fact that it deals 
only with the average properties of all the systems repiesented m the 
generalised space and gives no information at all as to the pioperties of 
any single system Attempts have accordmgly been made to extend oi 
modify Maxwell's result so that instead of applying to an aveiage taken 
over all systems, it shall apply to the motion of one system averaged thiough 
a great length of time. It is obvious that this extension of the result cannot 
legitimately be made without fuither assumption of some kind For m- 
stance it may be that the path of the single system is entuely confined 
to a certam definite region of the energy surface on which it is moving, and 
m this case it would obviously be fallacious to calculate the time-average 
by integrating over the whole surface The assumption which is usually 
made, m order to make the extension to a time-aveiage possible, is that 
generally known as the assumption of continuity of path It is “ that the 
system, if left to itself, will, soonei or later, pass thiough eveiy phase which 
is consistent with the conservation of eneigy”*. Loid Rajleighf points out 
that “if we take it quite literally, the assumption is of a seveiely restrictive 
character, for it asseits that the systems, staitmg fiom any phase, will 
traverse every other phase (consistent with the energy condition) be/o7e 
retuimng to the initial phase As soon as the initial phase Is recovered, 
a cycle is established and no new phases can be reached, however long the 
motion may continue ” 

It is, however, pretty clear that the assumption cannot be justified, if 
taken quite liteially It is known that in connection with eveiy dynamical 
problem, there are an infinite number of re-entrant paths — ^the “periodic 
orbits" of astronomy — so that obviously a system on one of these paths 
will never reach the phases outside the one particular path, while a system 
not on one of these paths can never reach the phases represented by points 
on them. 

This objection might be met by arguing that the re-entrant paths only 
form an infinitesimal fraction of the whole, and that it is quite conceivable 
that all the phases outside these re-entrant paths form a single path If 
this were so, it would be immaterial, for a system on this smgle path, 
whether we averaged over the whole energy surface, or only over the path 
This defence, at any rate at fiist sight, does not seem very plausible It 
reqmres us to suppose that the paths are all re-entrant, but that one of 
them IS infinitely longer than all the others added together It must also 
be noticed that there are dynamical systems in which all the paths are 

* MaatweU, Collected Works^ n p 714 

i* ** The law of partition of Kmetio Energy,** JPhil Mag* [6] xlix p 111, 1900 
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re-entrant and of finite length, as for example occurs in the case instanced 
by Lord Eayleigh (I o ante) of a particle describing an orbit about a centre 
of force, the law of force bemg 

126 An escape might conceivably be made possible by assuming that 
the system does not contmually traverse a smgle path undisturbed, but that 
by the agency of external forces it is at times removed ficom one path to 
another If the action of these external agencies is sufficiently fortuitous it 
may be that it is legitimate to suppose that the system passes thiough all 
phases on the energy surface A warning must, however, be entered as to 
the nature of the agencies which may be legarded as fortuitous The 
essential elements of the question may all be represented by the simple 
case of a billiard ball moving on a smooth billiard table Here the impacts 
of the ball on the cushions are not fortuitous In fact the cushions may be 
replaced by a field of repulsive force which becomes mfiinite at the cushions 
and vanishes elsewhere, and the motion of the ball is now undisturbed motion 
m this field of force Again, if the system consists of two billiard balls 
movmg upon the same table, the collisions between them cannot be regarded 
as fortuitous, because the impulsive forces between them at colhsions can 
be treated as a special case of a continuous system of foices acting between 
them Obviously the same consideration covers the case of a gas of the 
most general kmd movmg undisturbed by external agencies, in a closed 
vessel of any kmd. 


Extension to time-averages, 

127 If Maxwell’s assumption were tiue, the extension to the time- 
aveiages of a smgle system would follow at once* For the assemblage 
of systems represented m the generalised space will all pass through the 
same stages m succession, so that the time-average for any smgle system, 
when the average is taken over a sufficiently long time, is exactly the same 
as the tune-average averaged over all the systems. But Maxwell’s result 
gives this time-average averaged over all the systems For, as regards 
averages taken over all the i^stems, equations (271) and (272) are true at 
every mstant^ and so are true when averaged over a long time. Hence, ^/ 
of palit may he assumed, these equations are true for the time- 
average of a single system averaged over a very long time. 

If, however, Maxwell’s assumption is untrue — and it must be borne m 
mmd that no smgle system has yet been discovered m which it is not 
untrue— there seems to be nothing to be said m justification of deducmg the 
equahty of the time-averages from the theorem of § 122. The mam pomt to 
be noticed is that if the i^stems are subject to fortuitous disturbances, there 
is no reason for supposmg that a homogeneous distribution of density m the 

* Of Lord Ba^leigh, PhnU Mag [5] igT.Tr p lOg 
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generalised space (or, more generally, a distnbution satisfying equation (274)) 
■mil be permanent, or, conversely, that the permanent state will satisfy the 
condition expressed by equation (274). And if this is not so, the attempted 
extension to time-averages fails entirely 

128 It may nevertheless be tiue that for fortuitous disturbances of a 
special type the distribution expressed by equation (274) lemains pei- 
manent, and it may also be that the converse is true, and that the only 
permanent distribution is that represented by equation (274) For instance, 
if a gas consists of an infimte number of molecules, we can select one 
smgle molecule fiom the rest, and regard the remainder of the molecules as 
the dynamical system, while the smgle molecule plays the part of the 
fortuitous disturbing agency. The distuibances are not foituitous in the 
true sense, but since the single molecule collides only with an infinite number 
of diffeient molecules m turn, it might be legitimate to regaid its action as 
foituitous And agam the energy of the system is not constant when the 
single molecule has been removed from consideration, but it might be legiti- 
mate to neglect the deviations of energy which are mfimtesimal in compaiison 
with the whole 

In the following sections a treatment of equipartition and law of distribu- 
tion m a gas is given, which is the outcome of the tram of thought just 
sketched out. The investigation, however, is not based on the somewhat 
doubtful assumptions which have just been refeired to, it is based upon the 
assumption of molecular chaos, of which the legitimacy has been established 
m Chapter IV of the piesent book We shall consider only the case of a gas 

An alteenative treatment op the Partition of Energy in a gas 

129 We shall suppose a gas to be composed of a number of exactly 
similar dynamical systems — the molecules We suppose that each molecule 
IS surrounded by a sphere of molecular action of diameter cr, these spheres 
bemg of such a size that two molecules exert no action upon one another 
except when their spheres inteisect. 

When the spheres of two or more molecules intersect, an " encountei ” is 
said to take place, lastmg until the spheres agam become clear of one another 
The mdividual molecules are now to be the systems under discussion, and 
the "encounters” are to play the part of the fortuitous agencies which 
disturb their motion Each molecule is to have n degrees of freedom, in 
addition to the three degrees of freedom represented by the motion of its 
centre of gravity m space, and the possible states of a smgle moleciile are 
to be represented m a space of 2n-f 3 dimensions, of which 2n represent the 
mtemal coordmates and momenta of the molecule, and the remanding three 
represent the velocities of the centre of gravity. 
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Binary Encounters. 


130 TTe shall begin by considering binaiy encounters only. That is to 
sav, we woik on the hypothesis that the event of a spheie of moleculai action 
being inteisected by two other spheies simultaneously is so lare that it may 
be neglected 

We treat this case as follows As soon as an encounter begins between 
uwo molecules their existence as single molecules is supposed to be abruptly 
terminated, and their lepresentative pomts are removed fiom our generalised 
space of 2/1 -f 3 dimensions Durmg the progress of the encounter the two 
molecules together will be supposed to form a new dynamical system— a 
double molecule This system will be specified by 4?2r + 9 independent co- 
oidinates, for the internal coordmates of each constituent molecule, six 
for the velocity and position of the centre of giavity of one molecule lela- 
tnely to that of the other, and thiee foi the velocity of the centre of gravitj 
of the whole system m space Hence any such system can be repiesented 
by a pomt m a space of 4w 4- 9 dimensions We shall not, however, require 
the whole of this 47i + 9 dimensional space If x, y, x\ y', sf are the co- 
oidinates of the centies of the two molecules, the condition that an encounter 
IS beginning or ending is 

+ (2T6), 


In the 4/1 + 9 dimensional space this equation will be the equation of a 
ceitain “surface” B (of dimensions 471. +8), and the representative points of 
all double molecules will be inside B We shall find it convenient to denote 
each double molecule by im)o representative points, smee the r61es of first and 
second molecule can be allotted in two different ways 


Let Tj be the density of lepiesentative points in any small element of 
volume m this new space, and Ti the density m the ongmal space of 27 i + 3 
dimensions. Then the necessary and siifficient conditions for a steady state 
are 


C?T2 

dt 


= 0 . 


(276), 



(277), 


m the latter of which the change in tj mcludes that caused by the formation 
and dissolution of double molecules. 


131. To detennme the relation between Ti and t^, we make the assump- 
tion of 1 16, namely, that the gas is in a state of molecular chaos Having 
made this assumption we proceed to calculate the number of encounters of a 
given kind which occur in an interval cfe. If ... are the internal 
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cooidinates of a molecule, the number of molecules pei umt volume for which 
lis l'3»> u, V, w he within a range 

d^id^2 d^mdudvdvf (278), 

will be Tidfidfa d^tadudvdw 

Hence, as m expression (4), the number of collisions m time dt for which 
the coordmates of the fiist molecule he within the range (278), and those of 
the second within a similar range m which the vaiiables aie <^^/>Anted, while 
the Ime joinmg their centres meets a umt sphere m a given element of 
surfiice da, will be 

TjTj'Fff^cos^dlidft d^itid^'d^s d^'^dudvdwdu'dx'dw'dadi (279) 

This number of colhsions must however be equal to the numbei of double 
molecules which cross a certain element of the sur&ce 8 in the 4n + 9 dimen- 
sional space m time dt, and this number will be 

06 

Ts^ d8dt (280), 

where d8 is the element of the surfece 8 representing collisions of the type 

m question, and ^ is the velocity in this space at the element of sur&ce d8 

measured mwaid along the normal The equation of the surfece 8 bemg 
equation (276), we may clearly suppose the normal to be the shortest distance 
from to 

®— a/ = 0, y— y'=0, sr — y = 0, 

and therefore wnte 

€»=(«- ®')* + (y — y')* + (^^ - ^)®. 

Thus ^ = ^^g^(®-®')+ . = Z(«-«')+ “Fcosff . (281), 

where Z, »i, «, as m Chapter 11 (§ 17), are the direction-cosines of the line 
of centies The value of d8 correspondmg to colhsions of the type specified 
will clearly be 

d8=d^i d^mdudvdwd^i d^'^du'd/dd/u/a^da (282) 


06 

If we substitute the value for ^ firom equation (281) and for dS firom 


equation (282) mto expression (280), and equate the value so obtained to 
expression (279), we obtain, after dividing through by common multiphers. 


Tin' =n 


. (288) 


This equation may be regarded as givmg the densify r, at all pomts on 
the sur&ce £1 m the 4n + 8 dimension^ space, in terms of the densities at 
pomts m the 2n + Z dimensional space. 
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132 Since the systems repiesented in the 4w + 9 dimensional space are 
not acted upon by any external foices, we have, as in § 85 (equation (148)), 



(284), 


where DIJDt denotes differentiation with respect to the time as we follow the 
fluid m its motion. We may however write 


jDt 3 cZra 9^ dr^ 
Dt dt^ dt ds 


(285), 


where dr^ldt denotes the rate of mcrease at a fixed point, dsjdt is the velocity 
along a stream line, and dr^Jds is the increase of per unit length along 
the stream hne. In vntue of equations (284) and (276), equation (285) 
reduces to 



. (286), 


so that Tg must be constant along every stream line 

Let Ti, Ti' be the densities m the 27i + 3 dimensional space, at points 
occupied by the representative points of the two component molecules at the 
formation of a double molecule, and let ti, be the densities at the points 
representative of the same two molecules at the dissolution of the double 
molecule Then by equation (28S) TiTi'and TiTi'are the two values of at 
the two ends of a single stream hne in the 4 i 7 i + 9 dimensional space, and, 
therefoie, by equation (286), 

”” V 2 T 2 •••• ... (287), 

the same result, it will be noticed, as is obtained by the JET-theorem of 
Chapter II (cf equation (21)). 

Since xhe motion is dynamically reversible we may equally well take ti, t/ 
to be the densities at formation then Ti, t/ will be the densities at dissolu- 
tion, and the same result holds. 

From this it follows that m equation (277) the decrease m Ti caused by 
the formation of double molecules of any specified tmd is exactly counter- 
balanced by the increase caused by the dissolution of double molecules of 
the same kmd Hence m equation (277), dr^jdt may be taien to be the 
change m caused solely by the continuous motion of the fluid, and may be 
treated as r* has been treated, leadmg to the result that must be constant 
along every stream Ime. 


133 We have fonnd, therefore, that the eonditaons for steady motion, 
on die hypothesis of binary enoonnters, may be expressed as follows: 

(a) Throughont the 2n + 3 dimensional space, t, must be constant 
along eveiy stream Ime. 
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(yg) Throughout the + 9 dimensional space, must be constant 
along every stream line 

(<y) At every point on the boundary of the + 9 dimensional space 
we must have 

Ta = riTi' 

To these may be added a fourth condition: 

(S) At every point on the boundary of the 2^1 -h 3 dimensional space 
(ze at infimty) the flow across the boundary must be ml, this condition 
securing that steadiness is maintained without a supply of new systems fiom 
infinity 

These conditions are necessary and sufficient for steady motion. 

Ternary and Higher Encounters. 

134 By a simple extension of the method already explained, the 
possibility of encounters of temaiy and higher orders may be considered 
For instance, to take ternary encounters mto account we imagine systems 
of triple molecules, these being represented in a suitable space, m which 
the number of dimensions will be Qn 4- 16, namely 27i + 6 for each constituent 
molecule, less three for the position of the centre of gravity of the whole 
system The density m this space being r^, we have as conditions additional 
to those just given : 

(e) Throughout the 6n + 15 dimensional space, Ts must be constant 
along every stream hne 

(f) At every point on the boundary of the 6^4-15 dimensional 
space we must have 

T3 = T2T1. 


136 Encounters of higher orders may be similarly treated If is 
used to denote the density in the space of 2Kn 4 - 6 A" - 3 dimensions, m 
which jST-ple molecules are represented, the complete system of conditions 
for steady motion is 

( 1 ) Along every stream line in the 2En 4* 6H — 3 dimensional space 

Ts = constant . (288) 


(n) At every point on the boundary of this space 

Tjp = • . 


. . (289), 


m which Tay Tft refer to the two systems of molecules of orders a, h, of which 
the encounter results in the particular system of order JST which is repre- 
sented at the point m question (we therefore have always a + 6 = -Br) 

If encounters of all orders are to be taken mto account these conditions 
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must be satisfied for all values of K from ^=lto5!’=oo In the case of 
K—1, equation (289) must be interpieted so as to become identical with the 
condition (S) of § 133 

It will be noticed that if these conditions are satisfied for all values up to 
iT = 00 no hypothesis need be made as to the smallness of the radius of 
molecular action in companson with the fiee path The only assumption 
now made is that the gas is in a state of moleculai chaos 

Solution of Equations 

136 As before, let % be a quantity, a function of the coordinates of 
a molecule or system of molecules, such that throughout the undisturbed 
momon of the molecule or system, x DQ^amtains a constant value, and such 
that when two molecules or sj stems combme to form a new system, the of 
the new system is equal to the sum of the %’s of the component systems 
Speakmg loosely we may say that % is defined as being capable of exchange 
beuween molecules at a collision, but is indestructible 

Ihen a solution of equations (288) and (289) will be seen to be 

logT^ = 2% (i: = l,2, 00 ) . . (290), 

where 2% is the value of % for a AT-ple molecule, bemg by definition equal to 

the sum of the %’s of the K constituent molecules If %i, xz all the 

possible values of %, the most geneial solution is 

logTji: = 2(Ai%i + As%2+ ) . (291) 

As regards the number and meanmg of the %’s the question stands as in 
§ 106 and for the reasons there given we may, m the case of a gas which has 
no lua^motion, rejecc all except 

X^ = E, the energy of a molecule. 

Hence the solution becomes 

Ti = 


= .. (292), 

where S, E' . are the energies of the separate molecules, and W is the 
potential energy of the mtermolecular forces actmg between molecules, 
not now being mcluded m E and E' 

This solution agrees with that of § 117, and equipartition follows at once 
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Comparison of the 1m30 foregmng MethoJs 

137 We have now obtained the same result as that obtained in 
ITasweirs taeatment of equipartition, but in place of his assumption of 
continuity of path, we have made the assumption of moleculai chaos, or, 
more accurately, we have assumed that the number of collisions of a given 
kind IS that given by expression (279) It is infinitely piobable, but not 
ceitam, that this expiession will be accurate, so that it is infinitely piobable, 
but not certain, that (292) will be the solution in a steady state This is 
exactly the result ainved at before. 

138 It is of mterest to notice that it could have been predicted d p? ion 
that it would be necessary to supplement Maxwell's tieatment by some 
assumption of this kind 

This, as we shall now see, follows from the fact that the problem is 
a "statistical” pioblem, and not a dynamical problem of the oidmaiy type 
A dynamical problem may, in accoidance with accepted usage, be said to be 
one of statistical mechanics when the data and objects of inquiry are not the 
actual values of the vaiious cooidinates, but the law of distribution of these 
coordmates Since the data of a problem m statistical mechanics do not 
completely specify the dynamical coordmates of the system, we are, in 
a problem of statistical mechanics, discussmg an infinite numbei of dififeient 
systems at once, and without differentiation inter se The motion of these 
systems will naturally diveige in the course of time It may be that after 
the motion a single statistical specification can be given which coveis all 
except an infinitesimal fraction of the systems In this case a solution may 
be said to have been found to the problem It cannot be that a solution can 
be obtained which covers all the systems, the leason for this being that, even 
affcei the initial system has been fully specified statistically, there are still an 
mfimte number of undetermined vaiiables , and, by giving suitable values to 
these, we can obtain any chosen infinite number of relations between the 
coordmates of the final result, and can therefore cause this final result to 
disagiee with any single statistical specification It is theiefore clear that 
a statistical problem must always have an element of uncertainty in its final 
solution, although in virtue of the infinite number of the variables, this 
uncertainty may be represented by an mfibnitesimally small probability of 
error it may, in the terminology pieviousiy used, be “infinitely probable 
that the result is true 

We have found that the assumption of molecular chaos, on the other 
band, leads to a definite certam result, and not merely to one which is 
infinitely probable Incidentally, this circumstance enables us to trace out 
some of the inner significance of this assumption We see at once that the 
assumption rests on the supposition that the systems with which it deals 
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have at every instant a definite statistical specification It therefore just 
excludes those systems, an mfimtesimal fiaction of the whole, which waoder 
away fiom the statistical specification obeyed by the majority In other 
words, it imphes that any system under discussion has the statistical 
spemfi’cation of the majority, and therefoie naturally leads to a certain result 
iTigfa»g<^ of leading merely to one of mfimte probabihty. 

As regards Maxwell’s treatment of equipartition, enough has perhaps been 
said to shew that in deahng statistically with a gas, we can never aiiive at 
absolute certamty it is therefore impossible to reach any defimte result 
unless a loophole of escape from absolute ceitamty has been mtioduced into 
the premises on which we work. 
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PHYSICAL PROPERTIES TEMPERATURE, PRESSURE, ETC 
Temperature 

139 The preceding chapters have contained a feirly complete investiga- 
tion of the statistical dynamical properties of the systems under consideration 
The task before us now is to mterpret these properties, which so fer 
have been expressed almost entirely in purely mathematical language, in 
teims of the physical conceptions of temperature, pressure, etc We may 
first summarise and recapitulate the principal results which have been 
obtained 

In § 98 we had undei discussion a system of a very general nature, and 
it was there shewn that a quantity dQ of energy added to the system from 
outside had the effect of producing certain specified changes m the system. 
It was shewn that for all changes of this type, the quantity kdQ must be a 
perfect differential where ifc was a purely mathematical quantity, defined in 
terms of the constants and vanables of the system 

SO 

From thermodynamical theory, it is known that lURst, under the same 

conditions, be a perfect differential, where T is the absolute temperature on 
the thermodynamical scale. This does not entitle us to identify h with IjT, 

but we proved (§ 96) that there must be a relation of the form 

where R is a umversal constant In this way the physical conception of 
temperature is mtroduced and hnked up with the purely mathematical 
conceptions with which we have so far been dealmg. 

140 The next stage in the physical development is found m the proof 
(§ 100) of the equations 

etc .. (293), 

where is a part of the total energy which is represented by 8 squared 
terms m the general expression for the energy, and similarly Eg is the energy 
represented by t squared terms, and so oil These equations are only true if 
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s, . are very large numbers but we may legitimately state the result m 
the form that the average energy of each squared term is \B,T This lesult 
IS known as the Equipaitition of Energy It connects up the physical con- 
ceptions of energy and temperature, and assigns a physical meamng to the 
umversal gas-constant R 

Consider any X similar and separate units (molecules, atoms, etc ) of the 
system under discussion In the total energy of the whole system there will 
always be ZX squared terms of the form 

(294), 

1 

repiesenting the kinetic energy of translation of the ZN units This eneigy 
may be identified with the Ex of equation (293), in which case s must be put 
equal to ZX, and we have the equation 

= (29 5 i 

1 

The value of expression ^294^ may, however, be calculated m anothe± 
way It vras seen m the last chapter that, no matter how complicated the 
system may be, the law of distribution of the components of velocity u, v, w 
IS always the same as m the simple cases discussed m Chapter II, namely 
Maxwell’s Law, 

dudvdw 

Hence, for the complex system, the mean value of + foi all the 

X units will be^^os m equation (46), and the -value of expression (294) 
will be equal to thia multiplied by \mX Thus we have 

m;>) = ^ JV (296 ). 

and on comparing this value with that given by equation (295), 

^ = (297) 

Thus the mean value of each squared term m the energy, which has alieady 
been seen to be equal to ^RT, is now seen also to be equal to 1/4A, giving 
a physical interpretation to the quantity h which has appeared, so far as a 
mathematical multipher, in the law of distribution 

141 To sum up, if the mean value of for a number of umts each of 
mass m is denoted by z?, we have 

. . .. (298) 
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and the mean kinetic energy of translation of any single unit is given by 

= ^ = f JBT (299) 

These equations give, perhaps, the simplest interpretation of tempeiatuie 
in the kinetic theory It is of the utmost importance to notice that for the 
kinetic theory, temperature is a statistical conception , it is meaningless to 
speak of the tempeiature of a single molecule 


Equalisation of Temperature 

142 The fundamental necessity for a relation between h and T becomes 
clear on considering the way in which the quantity h was introduced into the 
laws of distribution It will be remembered that h first appeared in every 
case as an undetermined multiplier, multiplymg the energy equation of the 
system Different values of h must accordmgly represent diflferent values of 
the total energy, which is again the same thing as saymg that different A's 
correspond to different temperatures 

In § 113, we obtained the law of distribution for a mixture of two different 
kmds of molecules , it was found that the quantity h was necessarily the same 
for the two kinds of molecules the physical interpretation of this is now seen 
to be simply that the temperatures of the two kinds of gas must be the same 
If the gases were initially at different tempeiatures, they would finally reach 
a normal or final state in which the laws of distribution would be those 
obtained m § 113 , the \alue of h would be the same for the two substances, 
and therefore the temperatures would ultimately be the same Thus the 
process of attaining to the normal state would be physically accompanied by 
a process of equalisation of temperature 

The analysis of § 113 does not m any way require that the two sets of 
molecules should be those of gases actually mixed , they may be molecules 
(or atoms) of either gases or sohds the two substances may be actually 
mixed, or in contact, or entirely separate All that is required to establish 
the mathematical result is that it shall be possible for energy to flow from 
the one substance to the other If this is the case, there is only one energy 
equation for the whole system, and so only one value of h thus equalisation 
of temperature must ultimately ensue If, on the other hand, energy cannot 
flow from one substance, or part of the whole system, to the other, there will 
be more than one energy equation, namely one for each part of the system, 
and so more than one value of A, and more than one temperature m the 
final state 

In the next chapter we shall consider the process of equalisation of 
temperature from the point of view of thermodynamics and entropy 

j a 


8 
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Calculation of Peessube in an Ideal Gas 
Infinitely Small Molecules 

143 There aie in the mam two ways of introducing the piessure of a 
gas into our calculations, these bemg analogous to the two ways of deier- 
mmmg the law of distiibution The method which will be considered fiist is 
based on general dynamics , the second method, given m § 146, lests on the 
conception of detailed collisions between the molecules of the gas and the 
surface on which the pressure is supposed to be exerted In the first instance 
we gi\e the simple analysis appropriate to the case m which the molecules 
are supposed mfinitely small and exertmg only negligible forces on one 
another except when close together 


Determination of Piessure by the Method of General Dynamics 

144. For a gas, or any other aggregation of similar units, we obtamed in 
§110 the equation * 

where p is the density of the gas at any point, and V is the potential of an 
external field of force at the same pomt so that m F is the potential energy 
of a molecule of mass m 


The pressure p is connected with the density p by the well-known 
hydrostatic system of equations 


dx 



(301) 


On substitutmg foi p from equation (300), this becomes 


givmg on mtegiation 


dx dx 




2/im 


p^gr-2Smr 


(302), 


- P 
2hm 


(303), 


no constant of integration bemg added since p must vanish with p 


Using the equations ~ = (§ 11) and ^=RT (equation (297)), the 


2h‘ 


equation just found may be put in the simpler foims 

P=^ = ^ltT 

giving tihe pressnre in terms of the density and temperature. 


( 304 ), 
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Presmre in an Ideal Gas 
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145 Micdine of gases Foi a mixture of gases the total density p le- 
quiied in equation (301) is the sum of the paitial densities of the diffeient 
constituent gases Thus equation (302) becomes 

I fp — I \ ^ 


giving on integration p = 
or, again, as in equation (304 \ 


p + 


1 ^ 4 - 1 /' + 


= (v 4“ + ) mr 


The physical interpretation of these laws, as well as their extension to the 
cases in which the simple assumptions undeilying them are no longei valid, 
will be reserved for a later discussion In the meantime we shall see how the 
same laws can be derived by a calculation of the pressure exerted on the 
boundary of a containing vessel by the impacts of molecules colliding with 
this boundary 


Determination of Pressure iy the Method of Collisions 

146 In fig 4, let dS be an element of the boundary of a vessel 
enclosing a gas, and foi convenience let 
the direction of the noimal to dS be 
taken for axis of w 

Let there be v molecules per unit 
volume of the gas, and let these be sup- 
posed divided into classes, so that all the 
molecules in any one class have approxi- 
mately the same velocities, both as regards 
magnitude and diiection Let vj, Vg, 
be the numbers of molecules in these 
classes, so that i/i 4- 1^2 4- = v 

Let Ui, Vi, denote the components 
of velocity of molecules of the first class 
These molecules may be regarded as 
forming a shower of molecules of density 
Vi per unit volume, in which every molecule moves with the same 
velocity 

The molecules of this shower which strike dS within an interval of 
time dt will be those which, at the beginning of the mterval, lie within 
a certain small cylinder inside the vessel (see fig 4) The cross-section of 
this cylinder is dS, its height is Uidt, so that its volume is UidtdS The 
number of these molecules is accordingly v^UidtdS, 
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Before impact each of these molecules had momentum normal to the 
boundary of amount mwi , so that the momentum normal to the boundary of 
the whole group of molecules under consideration was mviU^dSdt Summing 
over all the showers of molecules which stnke the area dS in time dt, we find 
that the total momentum normal to the boundary of these showers was 

mdSdt%v^u-^, 

where the summation extends over all classes of molecules for which u is 
positive 

This aggregate momentum must, since the gas is in a steady state, be 
exactly reversed by collision The change of momentum produced by the 
pressure pdS on the area dS m time dt will accordingly be 

pdSdt — 2md8dt^Viik^ ... (306) 

The value of is the sum of the values of for all the molecules m 
unit volume for which u is positive, and this is clearly equal to Thus 

equation (306) may be written m the forms 

p = mvu^ = pu,^ (307) 

We have seen (§ 141) that 

mu^ = ml? = mw^ RT (308), 

so that equation (307) assumes the forms 

p^yC^^pRT (309) 

From equation (299) it appears that the total kinetic energy of translation 
m a umt volume is equal to f vjBT Thus, fi:om equation (309), 

The pressure %7i an ideal gas is equal to two-thirds of the h/netio energy of 
translaiion of the molecules per umt volume 

The second formula for p is identical with the formula (304) already 
obtamed. Before discussmg its physical meaning we may note that if there 
is a mixture of gases, the summation of equation (806) must be extended to 
all the types of molecules, so that the final result, instead of equation (309), is 

p = {v¥v'+ )RT . . . (310), 

agreeing with formula (305) 

If a volume v of homogeneous gas contains N molecules in all, then 
(y4-y' + ...)«=jr, and equations (309) and (310) may be combmed m the 
single equivalent equation 

pv^NRT ( 311 ) 

Before leaving this calculation, we may notice that it has not been 
necessary to make any assumption as to the way in which momenta or 
velocities are distnbuted in the various 'showers after reflection fiiom the 
boundary. 
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Knudsen has made the assumption that the directions of motion aftei 
impact are distiibuted without any regard to the directions of motion before 
impact, and that the number making an angle 6 with the normal to the sur- 
face is pioportional to co^OdO From this assumption he deduces certam 
properties which he finds* to be in good agreement with observations on the 
flow of gases The assumption m question has also been tested by R. W Woodf , 
who finds that it agrees very closely with expeiiment The exact law of 
reflection, although immaterial for the calculation of normal piessure, is of 
importance when tangential stresses have to be estimated, as in the flow of 
gases thiough tubes 


Physical Laws 

147 It will now be seen that the formulae obtained for the pressure 
contain within them all the well-known laws of gases 

Avogadro's Law The value of N is seen, firom equation (311), to be 
equal to pvJRT, a quantity which depends only on the physical state of the 
gas, and not on the structure of its molecules Hence we have Avogadro’s Law 

Two different gases or mixtures of gases, when at the same temperature and 
pressure, contain equal numbers of molecules m equal volumes 

The number of ipolecules in a cubic cm of gas at standard temperature 
and pressure has already been taken (§ 8) to be *= 2 705 x 10^® 

Dalton*s Law Formula (310) shews that the pressure m a mixture of 
gases IS the sum of a number of separate contributions, one from each gas 
This IS confirmed by Dalton’s Law 

‘ The pressure exeited by a mixtwe of gases is equal to the sum of the 
pressures exerted separately by the several components of the mixture,. 

The Laws of Boyle omd Charles Clearly equations (309) and (311) 
imply the laws of Boyle and Charles 

The pressure of a gas is proportional to its density, so long as the 
temperature remains unaltered, and is proportional to the temperature, so 
long as the volume remams unaltered 

148 The various la'ws which have been predicted by theory, and are 
found to be confirmed by the experimental laws of the last section, are of 
course true only within the hmits imposed by the assumptions made The 
principal of these assumptions has been that the molecules (or other units 
by which the pressure is exerted) are so small that they may be treated as 
pomts m comparison with the scale of intermolecular distances Thus the 
laws may best be regarded as ideal laws, the conditions for which can never 
be absolutely satisfied, but which are satisfied very approsximately m a gas 

* Ann d Phystk, XLvnr (1916), p 1113 

t Phil Mag xxx (1916), p 300, see alsoPMJ Mag, xxxn (1916), p 364, 
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of great larity An imaginary gas in which the molecules have dimensions 
so small in compaiison with the other distances involved that they may he 
regarded as points is spoken of as an ideal gas Thus the foregoing laws are 
always tiue for an ideal gas , for real gases they will be true to within varying 
degrees of closeness, the accuiacy of the approximation depending on the 
extent to which the gas approaches the state of an ideal gas 

149 As regards the first method of evaluating the pressure (§ 144), the 
analysis in no way required that the medium should be gaseous, although 
the resulting laws of Dalton, Boyle and Charles are usually thought of 
only m relation to gases Gleaily, however, these lavs must apply to any 
substance with a degree of approximation which will depend only on the 
nearness to the truth of the assumptions just referred to 

In point of fact the laws are found to be true (as they ought to be) for 
the osmotic pressuie of weak solutions The intermolecular forces between 
the molecules of the solvent and those of the solute can be allowed for in the 
\alue assigned to F in the analysis of § 144, and the forces between pairs of 
molecules of the solute may be neglected if the solution is sufficiently weak 

In a similar manner, the foiegomg conception of pressuie may be extended 
to the pressure exerted by fi:ee electrons moving about m the mterstices of 
a conducting solid, and also to the pressure exerted by the " atmosphere ” 
of electrons surrounding a hot solid Each of these piessures p may be 
assumed to be given by formula (309), w^here v is the number of free electrons 
per umt volume*. 


Numencal EstiTnxite of VdociUes 


160 We have seen that the pressure and density in a gas are connected 
by the relation 

P = ipG> (312), 

where (cf § 30) (7 is a velocity, equal to 1 08C times c, the mean velocity of 
all the molecules, or agam is such that 0* is exactly equal to ^ the mean 
value of for all the molecules m the gas 
We have also found the relation 


0 * = 


SET 

m 


(313), 


shewing that G is proportional to the square root of the absolute tempera- 
ture, and, for different gases, vanes inversely as the square root of the 
molecular weight 


161. As soon as corresponding values of p and p are known for any gas, 
we can determine the value of 0 from equation (312) 

For instance, the mass of a litre of oxygen at 0®C and at the standard 
* See Bichardson, The Electron Theory of Matter, pp 445, 468 and elsewhere. 
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pressuie of 1 0132e? x 10® dynes per squaie cm is 1 42900 grammes Hence 
for oxygen at 0® C we have as coiresponding values 

^ = 101323x10®, p = 142900x10-®, 
and equation (312) now gives us the value of 0 for oxygen at 0® 0 , 

0 = 461 2 metres per sec 

At 0®C the value of T is 273 1 (see § 8), whence equation (313) gives us 
the value of Rjm for oxygen, 

- = 259 6 xl(H 
m 

Fiom this value of Rjm for oxygen we can calculate the value of Rjm for 
any other substance, and equation (313) will then give C and c for any 
temperatuie we please In this way the following table has been calculated 


Gas 

(or other substance) 

Molecular 
Weipht 
(0 = 16) 

JR 

m 

c 

(oms per sec 
at0°C) 

c 

(cms per sec 
at 0°0) 

Hydrogen 

2 016 

4127x10* 

1839x10* 

1694x10* 

Helium 

4 

2077x10* 

1310 xlO^ 

120*7x10* 

Water-vapour 

18 016 

462x10* 

616 X 10* 

565x10* 

Neon 

20 16 

412x10* 

584x10* 

538x10* 

Cai bon-monoxide 

28 

297x10* 

493x10* 

454x10* 

Nitrogen 

28 

297X10* 

493x10* 

454x10* 

Ethylene 

28 

297x10* 

493 X 10^ 

464x10* 

Nitnc oxide 

30 

277x10* 

476 X 10* 

438x10* 

Oxygen 

32 

260x10* 

461x10* 

425x10* 

Argon 

39 91 

208x10* 

431 X 10* 

380x10* 

Carbon-dioxide 

44 

189x10* 

393x10* 

362x10* 

Nitrous oxide 

44 

189x10* 

393x10* 

362x10* 

Krypton 

82 9 

100x10* 

286x10* 

263x10* 

Xenon 

130 2 

64x10* 

228x16* 

210x10* 

Mercury vapour 

200 

416x10* 

186x10* 

170x10* 

All 

— 

[287 X 10*] 

485x10* 

447 X 10* 

Free electron * 


1 615x10*1 

j 1 114x10* 

1 026x10* 


We have seen that for oxygen jR/m = 259 6 x 10^ while the value of m 
IS found, as in § 8, to be 52 83 x 10“®® grammes Hence, by multiplication, 

JB = 1372x10-^® (314) 

This quantity is a universal constant, depending only on the particular 
scale of temperature employed It will be remembered that f JB is the 
kinetic energy of translation of any molecule whatever at a temperature of 
V absolute (cf equation (299)) 
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This quantity li? is sometimes denoted by a, so that aT is the kinetic 
energy of translation of a molecule (or fiee atom or electron) at a temperatuie 
of T degrees absolute The value of « is 

« = jS = 2058xl0-« (315) 

Other numerical values which are frequently of seivice are 
BTt = 5 747 X lO-w, = 5 620 x 10-“ 

where To = 27.3'l‘’ (centigrade) and so is the tempeiature of meltmg 
ice (O'C) 

It must be understood that the accuiacy of these evaluations of JR, a, etc , 
18 no greater than that of oui estimation of Avogadro’s number tor which 
we have assumed the \alue -Fo = 2 705 x 10“ 

152 We have now obtamed our first insight, as regards quantitative 
measurements, mto the mechanism of the molecular motions of gases The 
order of magmtude of the molecular-velocities could, however, have been 
predicted without actual detailed calculation. 

For instance, if gas is allowed to stream out mto a vacuum through 
a small hole in the containmg vessel, the velocity of efflux is nothmg else 
than the velocities of the mdividuaJ molecules, which would have been 
simply molecular-velocities inside the vessel had the hole not been present 
Thus the mean molecular-velocity must be comparable with the velocity ot 
efflux of the mam stream of gas, and this velocity is known to be of the 
order of magmtude of the velocities tabulated m the last column of the table 
on the piecedmg page 

Or again, a disturbance at any pomt in a gas will produce an effect 
on the molecules m its immediate neighbourhood When these molecules 
collide with those m the next layer of gas, the effect of this disturbance is 
earned on mto that layer, and so on mdefimtely Thus the molecules act as 
cmners of the effect of any disturbance so that the disturbance is propa- 
gated, on the whole, with a velocity comparable with the mean velocity of 
motion of the molecules, just as, for mstance, news which is carried by relays 
of messengers, spreads with a velocity comparable with the mean rate of 
travelling of the messengers The propagation of a disturbance in the gas 

however, nothmg but the passage of a wave of sound, and the velocity of 
bound is known to be comparable with the values of G given m the table 

Telocity of Sovmd 

153 It is &SJ to find an exact formula for the velocity of sound For 
if o 18 this velocity, we have the well-known formula 
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where 7 is the ratio of the two specific heats of the gas in question (cf § 243 
below) On substituting foi p its value, this equation becomes 

For diatomic gases at oidinaiy temperatures, 7 = If, so that foi these 
gases 

a= 68 Sa= 742c (316), 

shewing the actual relation between the velocity of sound and the velocities 
{7 and c 

For instance, the table gives for air at 0° 0 , (7 = 485 metres per second, 
whence formula (316) leads to a = 331 3 metres per second for the velocity of 
sound m an, which approximates very closely to the tiue value 

Velocity of Efftmon of Qa&es 

154 It is equally possible to find an exact formula foi the rate of 
effusion of a gas In fig 4 (p 115), imagine that the element dS forms a 
trap-dooi, capable of being opened at any instant When this tiap-door is 
opened, the gas will stream out through the opemng dS, and we have the 
phenomenon of effusion through a small aperture 

We imagine the various molecules inside the vessel divided up into 
showers of molecules moving with equal velocities, as in § 146 The number 
of molecules of any specified showei, say the first, which will stream through 
the aperture dS m time dt, will of course be the same as the number which 
would have impinged on the element dS of the boundary had the trap-door 
remained closed It is therefore equal to UiVidtdS as in § 146 

Thus the rate of effusion, measured in mass per unit time, is 

'tu^v^mdS (317), 

where the summation extends over all the showeis which can meet the 
element dS from the inside, and therefore, with the convention of § 146, 
over all classes of molecules for which is positive Using Maxwell’s law, 
we may replace by 

and the rate of effusion (317) becomes 

The first of these formulae shews that the rate of effusion is the same as if 
the whole gas of density p moved out of the aperture with a uniform velocity 
ic, while the second implies the well-known law that 

T/ie rentes of effluso of different gases at the same density and temperoiture 
vary inversely as ike squat e roots of the molecular weights of the gases. 
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This laTv IS confirmed in a striking manner by some expeiiments published 
by Graham* in 1846 The followmg table shews some of the rates of efflux 
found by Giaham for various gases coming through fine holes in a perforated 
brass plate 


1 Gas 

^^/(specitio gravity) 
(air=l) 

Bate of efflux 
(air=l) 

1 

Hydrogen 

0i63 

0 276 

Marsh gas 

0 745 

0 763 

Ethylene 

0 986 i 

0 987 

Nitrogen 

0 986 

0 986 

Air 

1 

1 000 

1000 

; Oxygen j 

1 051 

1 053 

1 Carbon-dioxule 

I 

1 237 

1 203 

! 


The figures will give some idea of the degree of accuracy with which the 
law IS obeyed It is of interest to note that early investigators used the law 
as a means of determining the molecular weights of various gases + 

166 Thermal JSj^usion From formula (318) it appears that the rate 
of effusion of a gas increases 'with its temperature, bemg m fact piopoitional 
to the square root of the absolute temperature when the density is kept 
Constant Thus the rate of efflux of a gas into a vacuum is increased by 
heatmg the gas, as is of course obvious from a consideration of the molecular 
mechanism of efflux 

Formula (318) is strictly applicable only to the case of efflux mto a 
perfect vacuum If there is a gas on the further side of the oiifice, some 
of the molecules of the issuing gas will collide with the molecules of the 
external gas and will be dnven back, reducing the rate of efflux If, how- 
ever, the density of the external gas is small, the number of collisions of this 
kind will be few, and formula (318) will still give a good approximation to 
the rate of efflux 

For experimental purposes, instead of usmg a single orifice or peiforation, 
it IS convenient to use the large number of very small onfices provided 
by the interstices in a plug of porous material — sB>y of earthenware or 
meerschaum The phenomenon is then spoken of as “ transpiration” rather 
than “effusion” 

Imagine a vessel of gas divided mto two parts by a division, part of 
which consists of a porous plug of the type just described There will be 
• Pkd Traau 136, p. 573 

■f Lesiis, Qtlb Awnaletii xxz (1806), p 260 ; Bnnsen, Ocuonuti ische Methoden (BraimsoliweiR* 
1667), p. 127 
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B 


JFig 5 


transpiiation or effusion going on from eacli side of this plug to the other 
If the two chambeis into which the vessel is divided are spoken of as A 
and jB, there will be some gas from A crossing through the poious plug 
into B, and similarly some from B crossmg 
into A And, if the piessuies in the two 
chambers A and B are each sufficiently 
low, the rates of transpiiation may, as 
an appioximation, be supposed given by 
formula (318) If the gases in the two 
chambers are the same in all respects, 
the two rates of effusion will of course 
be the same If, however, one chamber 
is kept warmer than the other, then the 
rates of effusion will not be the same, and we have the phenomenon of 
thermal transpiration 

Let Tjb be the temperatures of the two chambers, and let the corre- 
sponding densities and pressures be ps andp^,pj 5 If the temperature 
difference is permanently maintained, the flow of gas will go on until a 
steady state is attained in which the flow from A to -B is exactly equal to 
that fiom J5 to A From formula (318) this state will be reached when 

= (319). 

From the pressure equation, the ratio of the pressures is given by 

Pa. _ PaTa 

Pb PbTb’ 

and therefore in the steady state, as specified in equation (319), 

Pa- 

Pb~'^ Ts 

Thus if the two chambers are kept unequally heated, a flow of gas will be 
set up which will continue until a difference of pressure between tl^e two 
sides IS established, such as is expressed by equation (320) 

This phenomenon has been investigated in a senes of experiments by 
Osborne Reynolds* The two chambers were kept at steady tempeiatures 
of 8® 0 and 100® 0 When a steady state was attained, the pressures 
were measured, and it was found that, in cases in which the pressure was 
sufficiently low, equation (319) was satisfied with very considerable accuracy 
For higher pressures this equation failed, as was to be expected. 

166 Suppose that the chambers A and R m fig 5, in addition to being 
connected by the porous plug, are also connected by an external pipe, of 
which the effect is to equalise the pressures in A and B Then a steady 
* J?h%l Ttans 170, n (1879), p 727 


(320) 
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state cannot be attained so long as the temperatures are kept permanently 
at different temperatures and there occms a steady flow of gas 

through the cycle formed by the chambers A, B and the pipe, a flow which 
IS suggestive of and analogous to that of a thermoelectric current 

157 Gohesim of Oases Let us suppose that the chambei 5 in fig 5 
contains no gas, while chamber A is filled with gas kept at tempeiature 
There will be a flow of gas thiough the plug or orifice into the chamber £, 
and the temperature of this gas as it arrives in the chambei jB, say could 
be measured by a theimometer placed in B 

Suppose first that the molecules of the gas had conesponded exactly to 
the model we have imagined for them, and that they had been hard spheres, 
like bilhard balls of infinitesimal size, exerting no force on each other except 
when actually in collision Assume, as can easily be arranged, that no 
conduction of heat takes place between the effluent molecules and the walls 
of the onfice (or material of the plug) duiing their passage through it 
Then the molecules would retain their velocities during their passage through 
the plug and, temperature being measured by the mean squares of these 
velocities, the temperature would be equal to the temperature 

Suppose next that the molecules of the gas had been held together by 
strong forces of cohesion, so that each molecule was attracted by the other 
molecules of the gas, or at least by those in its immediate pioximity Then 
each molecule, while passing through the plug, would be under an attraction 
towards the molecules in the chamber 5, and this attraction would reduce 
its velocity, so that the average velocity of molecules arriving in B would be 
less than the average velocity of molecules in A, 

It is accordingly clear that an examination of the temperature of a gas after 
transpiration or effusion will give important information as to the existence 
or non-existence of forces of cohesion m a gas Experiments to test this 
question were devised and conducted by Gay-Lussac and Joule, and afterwards 
a more dehcate and crucial set of experiments was devised by Lord Kelvin, 
and earned out by himself and Joule* The earlier experiments had failed 
to detect any temperature change in the gas, shewing that the forces of 
cohesion m a gas were at least very small The more elaborate expenments 
of Joule and Kelvm estabhshed definitely the existence of a slight tem- 
perature '^change, thus provmg the existence of forces of cohesion in gases 
In an experiment in which air passed by transpiration from a pressure 
of about four atmospheres to a pressure of one atmosphere, the change of 
temperature observed was a fall of 0 9® 0 In general it was found that for 
air and many of the more permanent gases the cooling, although appreciable, 

* The onginal papers will be found m the Phil Trans of the Royal Society of London 

(143. p 357, 144, p. 321, 150, p 325 and 162, p 679) See also Lord KeWs ColUeted Works, 
z p 333 
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was very slight , for carhon-dioxide, however, there was a much larger cooling, 
while for hydrogen there was observed a very slight heating 

For an ideal or perfect gas there would, as we have seen, be no change 
in tempeiature Thus as regards forces of cohesion, air and the permanent 
gases may be said to be nearly “perfect/’ while carbon-dioxide is veiy fai 
from “peifect,” as is generally the case with this particular gas m all the 
properties with which the Kinetic Theory is concerned The anomalous 
behaviour of hydrogen led Regnault to describe this gas as “plus que parfait ” 

Calculation op Pressure in an “Imperfect” Gas 

158 It IS now clear that a real gas will ditfer from the ideal or “perfect” 
gas which was under consideration in §§ 143 — 146 in at least two respects 
The molecules which in the ideal gas were treated as spherical points must 
have size and shape, and the forces of cohesion which were supposed to be 
non-existent in the ideal gas will not be altogether negligible in the real gas 
Hence it comes about that equations (307) to (311), which gave the pressure 
accurately in an ideal gas, will only give approximations when applied to a 
real gas We must accordingly examine in what way these equations need 
to be corrected, so as to be made applicable to a real gas 

169 The best known correction of this tjqie is that given by Van der 
Waals, in his essay On the Continuity of the Liquid and Gaseous States'^ We 
shall first give an explanation of the corrections mtroduced by Van der Waals, 
which, it will be found, lead to an equation expressmg the deviations fiom 
Boyle’s Law to a first approximation only, and we shall afterwards attempt a 
more general calculation of the pressure, which will not be restricted to small 
deviations from Boyle’s Law 

V(m der Waals* Equation, 

160 According to Van der Waals, equation (311), 

pv^RNT (321), 

must be corrected in two ways The first correction is a correction to be 
applied to the term v to reptesent the finite size of the molecules, and the 
second is a correction to be applied to the term p to represent the influence 
upon the pressure of the forces of cohesion m the gas 

* The onginal edition (1873) is m Dutch, published by Sigthoff, Leyden There is a German 
translation by Both (1881, Barth, Leipzig) and this has been translated into English by ThrelfaU 
and Adair (1890, Thy^al Memovn published under the direction of the Physical Society, Taylor 
and Francis, London) 

Eefeience ought also to be made to the very complete and masterly treatment of the subject by 
'R'li.TnAf l lTn ^ 'h Onnes Eeesom in the Encyclopadie der MatheTnatiechen Wtssenschaften (v 10, 
pp 615—946) This is reprinted as Vol xl of the Commimeattons from the Physical Laboratory 
of Leiden 
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The argument of Tan der Waals as to the fiist correction is as follows* 
In the volume v, let theie he N molecules supposed still to be spheiical, but 
now of fimte size, each being of diameter o-, and let us imagine the centre of 
each surrounded by a sphere of ladius o*, and therefoie of volume ^7r<r® In 
considering possible positions for the centie of any molecule A, we know 
that it cannot lie within any of the N —1 spheres surrounding the N — \ 
other molecules, so that the space available for the centre of A must not be 
taken to be v but v—^ira^iN—V) 

This expression requires correction on account of the possibility of two or 
more of the N —I spheies overlapping, but this coirection will be of a higher 
order of small quantities than that already made, and may therefore be 
neglected The expression also requires coriection owing to the impossibility 
of the centre of a sphere being withm a distance of the boundary This 
correction requires us furthei to reduce v to the extent of the volume of a 
layer of thickness taken round the boundary of the containing vessel, but 
clearly this correction may be neglected if a vanishes in comparison with the 
dimensions of the vessel This condition is, of course, entirely different fiom 
the condition that the sum of the volumes of the molecules shall be small 
compared with the volume of the vessel The former condition is satisfied 
if may be neglected, the latter is satisfied if can be neglected 

Using the figures given m § 8, and taking the case of a gas at atmospheiie 
pressure in a vessel of 1 htre capacity, we find 

orr = 2 X 10"®, = 2 2 x 10”* 

It 18 therefore rational to neglect the one coriection, while taking the other 
into account 

Hence in any element dv which is not within a distance Jo- of the 
boundary, or mcluded m any one of the spheres suriounding each molecule, 
the probabihty of finding the centre of a molecule is 

Ndv 

v-^ira^{N-l) 

Ifi however, the element is selected at random we must consider what is 
the probability that the conditions postulated hs to its not lying inside a 
^here, or within a distance Jo- of the boundary, shall be satisfied 

The particular element of volume which is ultimately of importance for 
the calculation of the pressure is one of which the distance from the boundary 
IS just greater than Jo" The second condition, therefore, is satisfied as a 

* As regards method of presentation, I have followed Boltzmann (Gastheorie, ir p 7) more 
dofldy than the ongmal work of Van der Waals The nse of the caloulus etf pionAbilities which 
18 made m this argoment is probably open to ontioiem, but we shall subsequenily arrive at 
esmctty the same result by a method whidi does not rely on the caloulus of probabilities for its 
jnsti&sation (see § 201 below) 
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matter of course To calculate the probability of the other condition being 
satisfied, namely that the element dm shall not lie inside any one of the 
iy— 1 spheies of radius cr, we notice that if it does lie in any one of these 
spheres, then the centre of the spheie, being at a distance not less than -J-o- 
from the boundary, must be at least as far away from the boundaiy as the 
element d'o In other words, if the sphere in question is divided into two 
hemispheres by a plane parallel to the boundary, the element dv can only lie 
m that hemisphere which is the neaier of the two to the boundary 

Hence the probability that dv, selected at random, shall lie inside any 
particular spheie is |'7ra-®/y, so that the probability that it shall not he in 
any of the — 1 spheies in question is, as far as the first order of small 


quantities. 


V 


The probability that a molecule shall be found in the small element dv 
of which the distance from the boundary is just greater than is measured 
by the pioduct of this expression and expression (322), and uhis is 

Ndi) V - ^TTorS (N - 1) 

As far as the first Older of small quantities this expression is the same as 


Ndv 


where b = (324), 

m which the distinction between JV — 1 and N is now ignored 

The effect of allowing for the finite size of the molecules in the calculation 
of the pressure is therefore the same as that of reducing the volume from v to 
v — h, and to allow for this we replace equation (321) by 

p{v-h)^RNT (325) 

The value of 5, it is of interest to notice, is four times the aggregate sum 
of the volumes of the molecules in the gas 


161 The principle underlymg Tan der Waals* second correction is as 
follows It IS supposed that when two molecules are near to one another, 
although not in contact, the forces between the molecules, although small, 
are not negligible In other words, we suppose that a molecule in the gas 
IS subjected to forces of cohesion acting between it and all the neighbouring 
molecules The resultant of these forces vanes continually both m direction 
and magnitude with the position of the molecules When the molecule is 
sufficiently far removed from the surface, all directions are equ<dly likely 
for this resultant, and hence the aggregate force, averaged over a sufficient 
length of time, will be ml When, however, the molecule is at or near the 
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surface this is no longer tiue Let the force from each adjacent molecule 
be resolved into components tangential and normal to the houndaiy Then 
all directions m the tangent plane are equally likely for the tangential 
components, but the normal component is in the majority of cases directed 
inwards Averaged over a sufficient length of time the resultant foice will 
he a normal force always directed inwards 

We may suppose uhe ladii of curvature of the surface to be so laige 
compared with molecular dimensions that the suiface may at eveiy point 
be regarded as plane In this case the conditions will be the same at every 
pomt of the surface, and the normal force will depend only on the density of 
the gas and the distance from the boundary of the pomt at which this force 
IS estimated 

It follows that the average effect of the foices of cohesion can be repie- 
sented by a permanent field of force acting upon each molecule a^ and neai 
the surface It is this field of force which may be regarded as giving rise 
to the phenomena of capillarity and surface-tension in liquids This field of 
force can be regarded as exerting an mward pressure, say per unit area, 
upon the outermost layer of molecules of the gas Cleaily this pressuie 
must be supposed propoitional jointly to the number of molecules per unit 
area in this layer, and to the mtensity of the normal component of force 
Each of these two factors is directly proportional to the density of the gas, 
so that Pi will be proportional to the square of the density Thus we may 
suppose that 

-where c is a constant depending only on the nature of the gas The 
molecules are now deflected upon leachmg the boundary, not by impact 
alone, hut as the total result of their impact with the boundary and of 
the action of the supposed field of force In other words their change 
of momentum may be supposed to be produced by a total pressure p ~hpi 
or p + cp^y instead of by the simple pressure pi 

Hence equation (326) must be further amended by wntmg it in the form 
(p + cp2) - 6) = J2i\rr (826), 

or again, replacmg p by and puttmg cJPm^ = a, 

{p + ^) (« - ft) = (327) 

This IS Van der Waals’ equation connecting p, v and T It will be 
noticed that a and b are constants for the same mass of gas, but depend on 
the amount of gas as well as on its nature, a being proportional to the square 
and b to the first power of the amount of gas 
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162 One factor which is overlooked in the argument by which this 
equation is obtained, is that when cohesion forces exist, some molecules 
which would have reached the boundary had there been no cohesion forces, 
may never reach the boundary at all, being deflected by the cohesion forces 
before their paths meet the boundary Actually, then, these molecules exert 
no pressure on the boundary, whereas Van der Waals’ argument supposed 
them to exeit a negative pressure As a consequence, equation (327) admits 
of negative values for jp, wheieas an examination of the physical conditions 
shews that p is necessarily positive 

This objection is of no weight so long as it is clearly recognised that 
equation (327) is true only to the first order, as regards deviations fiom 
Boyle’s Law 


Calculation of the Pressure f om the Vinal of Clausius 


163 Clausius attempted, in a way entirely different from that followed 
by Van der Waals, to calculate the relation between pressure, volume and 
temperature in an imperfect gas* 

If X, Y, Z are the components of force acting upon any molecule in a 
gas, its motion will be governed by the equations 

m = etc ... (328) 

' av 

With the help of these equations, we find for the kinetic energy of the 
molecule 




, d* , 


Hence the total kinetic energy of translation in the gas is 

^ (aJ® + y® + *8^) — iS {xX + yY •+ zZ), 

where 2 denotes summation over all the molecules of the gas 

Averaged ovei all instants of time from i = 0 to ^ = this equation 
becomes 

- i (asX + y F + zZ) dt (829) 

* JPhtl Mag August, 1870 


j a 


9 
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In the steady motion of a gas, the quantities 

2m ~ + ^) and -J-S {osX -l- y F + :s:Z) 

are approximately constant throughout the motion Hence as vre increase r 
indei^tely m equation (329), the fust and last teims will lemain approxi- 
mately constant, while the middle teim tends to vanish Taking r sufficiently 
large, the equation i educes to 

iS??ic2 = - i'l (cHK 4- yY + zZ) (330), 

in which both sides, which are m any case constant except foi the slight 
departures from the steady state which occur in the motion of the gas, are 
averaged over a time sufiScient for them to be regarded as sensibly constant 
The mean value of -•^2(a;X +yF ■\‘zZ) was teimed by Clausius the mr%al 
of the system. We have therefoie shewn that when a gas moves, undis- 
turbed from its steady state, the kinetic energy of its motion is equal to 
its vinal. 

164 The virial depends solely on the forces acting upon the molecules, 
and not upon the motion of the molecules In the case of a gas these foices 
consist of the pressure exerted upon the gas by the walls of the containing 
vessel, and the forces exerted by the molecules upon one another 

If IS an element of the surface of the containing vessel, and I, m, n the 
direction cosmes of its outward normal, the pressure of the element dS exerts 
upon the gas a force of which the components are — lpd8, - mpdS, — npdS, 
so that the value of that part of which is contributed by the piessuie 

will be jl-lpxd8 The present treatment compels us to assume that the 
pressure is the same at all points of the containing vessel On making this 
assumption the quantity just obtained may be wntten -p jj IxdS Hence 
the contnbution of the pressure to the vinal is, in all, 

ipjj(lai + my + nz) dS, 
which, by Green’s Theorem, 

where v is the volume of the vessel 

We suppose that the force between two molecules at distance r is a 
lepulsive force ^ (r), a function of the distance r only If the centres of 
the molecules are at a, y, z. a/, jf, /. and if X, Y, Z, X', T', Z' are the com- 
ponents of the forces actmg on them, then 
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The contnbution to SajX made by the foice between these two particles is 

7 ^ ' 

The contribution to S ((XfX -f- y F + siZ) is therefore 

{(x - xj + (y - yj + (z- z’Y] = 7 <f> O'), 

SO that the part of the virial which arises fiom inteimoleculai forces is 

wheie the summation extends over all pairs of molecules 

Equation (330) may now be replaced by 

iSwic® = ^pv - iSS? <j> (r), 
so thab the pressure is given by 

pv = J 2^7 ^ (? ) (331) 

165 Clerk Maxwell* makes an important obseivation on the subject of 
this equation By obliterating one or other of the terms on the nght-hand 
side, we notice that a pressure may be produced either wholly by molecular 
motion or wholly by intermolecular force The latter is a hypothesis on 
which attempts have been made to account for the pressuie in a gas+ If 
this were the true account, then Boyle’s Law that pv is constant could be 
satisfied only by making 22r^(r) constant, and therefore by taking <f>(r) = I /7 
In other words, two molecules would have to repel one another with a force 
proportional to the inverse distance This is, however, an impossible law for 
a gas 5 it would make the action of the distant parts of the mass preponderate 
over that of the contiguous paits, and would not give a pressure which, for 
a given volume and temperature, would be constant as we passed from one 
vessel to another, or even from one part to another of the surface of the same 
vessel We theiefore conclude that the pressure of a gas cannot be explamed 
by assuming repulsive forces between the molecules, it must arise, at any 
rate in part, from the motion of the molecules 

166 Returning to the general problem, it appears that if we could 
calculate the term 22r^ (r) m equation (331) for any law of intermolecular 
force, we should have a complete knowledge of the corrections to be apphed 
to Boyle’s Law Unfortunately this is hardly possible even in the simplest 
cases 

167 Since there are N molecules m the gas, the total number of 
possible pairs will be (iV" — 1) Let A, B be any two molecules forming 
such a pair 

* The Dynaxmoal Evidenoe of the Holecular Oonstitntion of Bodies,’* Collected tTorki, zi 
p 422 

t Of Newton’s Pnncipta, n Prop 28, and a note by MaxweU m Cavendish’s Electncal 
Eesearehee (Note 6, Art 97) 


9—2 
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If the molecules were simply points exerting no forces on one another, 
the chance of A and B being at a distance between ? and r + dr from one 
another would be 


47rr^dr 

V 


(332), 


the numerator being the volume of a shell of thickness dr sunounding 
molecule A, and the denominator v being the whole space possible for 
the centre oi B In forming this expression, we disiegard the possibility 
of the centre of A bemg within a distance r of the boundary of the con- 
taimng \essel, as we legitimately may if r is suflSciently small Thus the 
numbei of pairs of molecules having their centres within a distance r of one 
another would, m this case, be 


V 


t^dr 


(333), 


since it IS obviously legitimate to neglect the difference between — 1 
and X 

When, however, molecules at a distance r repel one another with a 
force it will be seen, upon exammation of the results of § 117, that 

expression (331) must be modified in two ways The probability of finding 
two molecules at a distance r apart is, by § 117, less than the piobability of 
finding the same two molecules at a distance oo apart (oo here denoting any 
distance great enough for the molecules to be out of range of each other’s 
action) in the ratio 

And agam the probability of findmg two molecul^es at a distance oo apart is 
3ut&r than it would be if there were no intermolecular forces, because some 
positions for the molecules, not at great distances apart, are less likely, 
on account of the intermolecular forces, than they would otherwise be 
The former consideration requires us to multiply expression (333) by the 

fector (SSi) ; the latter requires us to modify the factor ^ m expression (333), 

which is only accurate if all positions of the molecules are equally probable 
Iiet us for the moment suppose that this latter modification can be repie- 

sented by replacmg — by (1 + jg) — , 

Mafcmg these corrections to expression (333), the number of pairs of 
molecules at a distance r apart will be 

and on multiplying hy (?) and integratmg from 0 to oo , we obtain 
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168 In the simple case m which the molecules approximate closely to 
elastic spheres of diametei <t, the value of ^(r) will be "very small when r is 
much greatei than < 7 , and the value of the exponential in equation (335) will 
be very small when r is much less than a Thus the right-hand member 
of equation (336) derives all its 'value from values of r which are very neai 
to O’ We may accordingly replace the factor r® by <t^ and take it outside the 
mtegral This makes the mtegration possible, and equation (335) reduces to 


^ ' V 2A 


(336). 


or, if we again introduce 6, defined by (of equation (324)), this 

becomes 


S2r«^(r) = |g(l + /S) 


169 If o- is small, b/v will be a small quantity of the first order, so that 
in an approximation which is earned only to the first order, we may be 
content to neglect /3 Equation (331) then becomes 

or, introducing the temperature, 

= (338), 

which agrees with equation (326) as far as first powers of 6 

170 By evaluating the factor j3, and also taking account of the 
possibility of more than two of the spheres of force surroundmg the mole- 
cules intersecting one another, Boltzmann* has carried the approximation 
to second order teims This corrected equation is found to be 

py=.RlfT\l + l+l(^y+ } (339) 

171 Keesom, using an alternative method which will be explained later 
(§ 201), has calculated the coefficients m the equation on the supposition 
that the molecules are rigid ellipsoids*!’, and also on the suppositions that 
they are of spherical structure, charged electrically with electric doublets J 
and with electric quadruplets § The object of the investigation was to 
examine which assumption as to molecular structure gave results in best 
agreement with experiment, but it does not seem possible to arrive at any 
very definite conclusions 

* V<n Usungen 4£ber Gastheonej n § 51 

t Communicationifrom the Physical Laboratory of Leident Supp 24 a (1912), p 15 
X I c Sapp 24 b (1912), p 32 
% Ic Sapp 39 (1916), p 1 
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1,73 A. nior6 general case in urliicli tbie ngitt-liand member of equation 
(337) admits of integration is that m which the repulsive force ^ (r) vanes 
as some mverse power of the distance, say We then have 



1 r- 


27r.W(l + ^)( \ A r ^ > 

~ U-i; V S-l) 


It appears that this equation can he made to agree with (336) if we 
regaid the molecules as haymg a diameter <r given by 



(340), 


so that O' must be regarded as depending on the temperature , on replacing 

1 ^ 

2h by -gy , it appeals that <r is proportional to T ^ 1 


We may still mtroduce a quantity b defined by & = If &o is 

the value of this quantity at 0* C (?== 273 1), the general value of h will be 


6 = 6a 



3 

8-1 


(341), 


and equation (338) will be true, with this value for &. 


173 If forces of cohesion of the kind specified m § 161 are also supposed 
to act, these forces will have a contribution to make to the vinal To the 
first order of small quantities, we may, m calculatmg (r), ignore the 
effect of the forces of cohesion on the distribution of density of the gas 
The value of 22r^(r) is therefore obviously proportional simply to p* 
per unit volume of the gas Allowing for this addition to ^the virial, 
equation (338) becomes 

pv = ENT — epH, 

where c is the same as the o of § 161, and is independent of the temperature. 
Or agam this last equation may be written 

agreeing with Van der Waals’ equation (327) as far as the first order of small 
quantities 
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Physical Interpretation of the Equations 

174 The equation of Van der Waals undoubtedly provides the most 
convement basis for discussing the behaviour of a gas over those ranges 
of pressure, density and temperature within which the equation may be 
regarded as approximately true — that is to say, ranges withm which the 
deviation from Boyle's Law is small We consider now some of the physical 
properties of a gas, derived from the equation of Van der Waals We shall 
first examine the rates at which the pressure and volume change when the 
gas IS heated 


Changes of Constant Volume 

175 Imagine the volume of a gas satisfying Van der Waals’ equation 
(327) to be kept constant, and let us suppose the temperature fiist to be T® 
and after waids 


If jpo, jPi are the corresponding pressures, we have 


{po+^)(v-b) = ItNT, 

(342), 

{p.+$){v-b)^BNT, 

(343) 

By subtraction we get 


(Pi - Po) (v-b) = BN (Ti- Tt) 

(344), 

and on elimination ofv — b from this and equation (342), 


Pi-Po 2’o_, a 

(345) 


If To, ^>0 refer to a fixed temperature, the increase in T is proportional 
to that in p Hence a gas kept at constant volume may be regarded as a 
thermometer givmg readings on the thermodynamical scale of temperature, 
the readmg being proportional to p 

The relation between pi and _po can be put m the form 

Pi = j>o {1 + Kp (Ti — T o)} (346), 

where Kp is what is commonly called the ‘'pressure-coeflScient” of the gas in 
question for the range of temperature T© 2\. Using relation (346), 
equation (345) reduces to 

Thus tcp depends on the density, but not on the temperature, so that 
for a given density of gds^ ike pressure-coefficient is ind^sndent of the 
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This law naturally is only tiue within the limits m which Van der Waals' 
equation is tiue It was shewn to be veiy approximately true under ordinary 
conditions bj Regnault*, who found that gas thermometers filled with 
different gases gave identical readmgs over a large range of temperature 
More recent and moie exact experiments have shewn, as might be expected, 
that the law is by no means absolutely exact or of universal validity Full 
tables of \alues of icp will be found m the Recueil de constantes phystqiiesf 
As a specimen may be gi\en the following values, obtained by Chappuis 
m 1903i 


Values of Xp 


Temperature 

For nitrogen 
(Pq=1001 9 mm at 0® C ) 

Poi CO, 

(jJi,=998 5mm atO^O) 

0® to 20 

0036/ o4 1 

Kj,= 0037333 

j 0® to 40" 

0036752 j 

0037299 

1 0" to 100“ 

1 

, 0036744 j 

0037262 


Callendar§ gi^es the following values for the pressure-coeflScients (0® to 
100® at mitial pressure 1000 mm ) of three of the more permanent gases 

Air 00367425, 

Nitrogen 00367466, 

Hydrogen 00366254, 

while for neon and argon, Leduc|| has found the values • 

Neon 5 47® C to ^1 = 29 07® C, a:^= 003664, 

Argon To = H 95° C to 2\ == 31 87® C , -008669. 

For a perfect gas the value would of course be or 0036617 It 

will be noticed that the pressure-coefficient of hydrogen approximates very 
nearly to that of a perfect gas, shewing that the value of a is extremely small 
for hydrogen For this reason the Gonute %7itemat%on<ile des poids et mesfu/tes 
decided on the constant volume hydrogen thermometer as standard thermo- 
meter The small value which is known to exist for a is recognised in the 
stipulation of the committee that the volume at which the gas is used is to 
be such that there is a pressure of 1000 mm at 0® C 
* JUiTu de VAead xxi p 180 

t PP 234—240 The pressure-coefficient Xp from range ^ to is there denoted by /3® 

§ PJnl Mag v p 92 

It CompUs Rendus, 164 (1917), p 1003 
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Changes at Constant Pressure 

176 Considei a gas in which the piessure is kept at the constant 
value J3, while the volume of the gas is changed by heating horn to Vi The 
two equations analogous to (342) and (343) of § 175 are 


{p + ^^(v,-b) = RNT, 
{p + ^^iv^-b) = BI7T, 


(348). 


Neglecting the product db which is small and of the second ordei, we 
obtain, on subtraction, 

(p - («'! - »«) = -BN (Ti - T.) (350) 

We can introduce a “ volume-coeflhcient” for the lange of temperature 
ftom To to Ti such that 

Vi = Vo{l + /Co(Ti-To)}, 

BO that Ko IS given by 

Equation (350) then becomes 


giving 


(p-s;) 




On eliminating RN between this and equation (348), we obtam 

+ i (352) 

1 pOo V^o vj »oj To ’ 

This IS more complicated than the formula for the pressure-coeflScient 

{847) in that it depends both on the volume and the pressure 

The following table, similar to that given on the opposite page, will shew 

some values for 

Values of 



Temperature 


0“to 20" 
0"to 40" 
0" to 100" 


For nitrogen For GOg 

(p—lOOl 9 mm ) (p=998 5 mm ) 



jc,,* 0037603 0037128 


0037636 

0037410 


0037073 


Further values will be found in the Reoueil de constantes physiques, from 
which the above are taken 
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Evaluat%on of a and b 

177 From an expeiimental evaluation of the “pressure-coefficient” 
gi\en by equation (347), the quantity a can be obtained at once, and when 
a IS known, the value of b can be obtained from the value of the volume- 
coeflScient 

For instance, using Callendar*s value for /Cp for air, we have (equation 
(347)), with To « 273 10, 

while 0036617 

The value of Xp refers to a pressure of 1000 mm of mercury, or 1 3168 atmo- 
spheres At this pressure, therefore, 

^ = PoToX 0000125= 00453 atmospheres pressure 

Thus for air at 1 3168 atmospheres pressure at the boundary, the forces of 
cohesion result in an apparent diminution of pressure of 00463 atmospheres, 
or about one-threehundredth of the whole, so that the pressure m the interior 
of the gas is 1 3203 atmospheres This will give an idea of the magnitude of 
the forces of cohesion 

Let us now suppose that we are dealmg with a special mass of gas, say 
one for which the volume is unity at a pressure of 1 atmosphere At a 
pressure of 1000 mm. of mercury the value of is 7599, and this leads 
to the value 

a = 2649 6 in c G s umts = 00260 atmospheres, 

for this particular mass of gas When a has been determined in this way, 
we can determme b from the observed values of k„ 

178 The determination of b is of special interest, because from it we 
can calculate directly the value of c, the diameter of the molecule or of its 
sphere of molecular action 

The values for b which Van der Waals deduced, by the method just 
explained, from the discussion of a great number of experiments by Kegnault 
were as follows: 

Air 0026, 

Carbon-dioxide 0030, 

Hydrogen 00069 

These values refer to a mass of gas which occupies unit volume at a 
pressure of 1000 mm of mercury 



Isothermals 


139 


177-180] 

A more recent method of determining h depends on the measurement of 
the Joule-Thomson effect From calculations by Rose-Innes* Callendarf 
deduces the following values for h 

Air 1 62, Nitrogen 2 03, Hydrogen 10 73 

These values are in cubic centimetres referred to unit mass of gas The 
coiesponding values referred to a cubic centimetre of gas at normal pressure 
are found to be 

All 00209, 

Nitrogen 00255, 

Hydiogen 00096 

For helium, Kamerlingh Onnes:]: has determined the value for 5 • 

Helium *000432 

Values of Molecular radius ^cr 

179 The value of h is, as in equation (324), equal to and smce 

the values of h have been determined for a cubic cm of gas at normal 
pressure, we may take A" = 2 705 x 10^®, and so determine immediately 

The values of deduced from the best values of h are as follows 


Gas 

Value of b 
(1 0 c of gas) 

Observer 

Value of 4 O' 

Hydrogen 

00096 

Rose-Innes 

1 27 X 10-8 

Helium 

•000432 

Kameilmgh Onnes 

099x10-8 

Nitrogen 

00255 

Rose-Innes 

178x10-8 

Air 

00209 

Rose-Innes 

1 66 X 10-8 

Oarbon-dioxide 

00228 

Van der Waals 

1 71 x 10-8 

1 


Isothermals 

180 One of the most instructive ways of representing the relation 
between the pressure, volume and temperature of a gas, is by drawing 
" isothermals ” or graphs shewing the relation between pressure and volume 
when the temperature is kept constant There will of course be one iso- 
thermal corresponding to every possible temperature, and if all the isothermals 
are imagined drawn on a diagram in which the ordinates and abscissae represent 
pressure and volume respectively, we shall have a complete representation of 
the relation m question 

^ Fhil Mdg n p 180 

t Phil Mag v p 48, or Proe Phys Soc xvm p 282 
t Oommunieations from the Physical laboratory of Leiden, 102 a, p 8 
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Isother mals of an Ideal Gas 

181 For an ideal or perfect gas the relation between pies&ure, volume 
and tempeiature is expressed by the equation 

pv — BXT (353) 

To represent this relation by means of isothermals, we take p and v as 
rectangular axes and diaw the various curves obtained by assigning different 
constant values to T in equation (353) The curves all have equations of the 
form = const, and so aie a system of rectangular hypeibolas, lying as in 
fig 6 These aie the isothermals of an ideal gas 



Isothermals of a Real Gas 

182 Let us consider next what isothermals will correspond to Van der 
WaaJs* equation 

{p + ^)iv-h)^RirT (354), 

bearing m mind, however, that this equation must be expected to give the 
true relation between p, v and T only within a range in which the deviations 
from the ideal relation (353) are small 

It will be noticed that if the system of curves shewn in fig 6 are pushed 
bodily through a distance h parallel to the axis of Vy they will give the system 
of isothermals represented by the equation 

p (t; — 6) 5= BNT . 


. ( 356 ), 
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and on farther drawing down every ordinate through a distance a/v® parallel 
to the axis of p, we shall obtain the system of isothermals represented by 
equation (354) 

These isothermals are shewn in fig 7, m which the thick hne AB is the 
curve p - - while the line BOD is v = b 



From equation (354) it is readily found that che points at which the 
isothermals are parallel to the axis of v — i e the points on the isothermals 

at which ^ = 0 — all lie on the curve 
dv 
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This cune cuts the axis of » at w = 2&, so that there is an isotheimal 
which touches the axis of a at = 26 , this is found to be the isotheimal 

BNT=^ialh 

In equation (356), the maximum value possible forjp is found to be given 
by a = 36, so that at the pomt of which these aie the coordinates 

(the pomt P m fig 7) the isotheimal thiough the point must have two 
comcident points at which 2 ;nd theiefoie has a pomt of mflexion with 

a honzontal tangent This pazticulai isothermal is given by 

BNT. (857) 

It is clear that all isothermals for values of T greatei than that given by 

equation (357 ) can have no pomts at which ^ = 0» and so are eveiywhere 
convex to the axis of v 


183 The isothermals of a real gas will be similar to those shewn m 
fig 7 So long as the gas does not differ too much from an ideal gas The 
isothermals m fig 7 will accordmgly represent the isothermals of a real gas 
with accuracy m the regions far lemoved fiom both axes, but not near to 
these axes We must inquire what alterations must be made in these curves 
in order to represent the isothermals of a real gas 

The isothermal T = 0 is represented m fig 7 by the broken line made up 
of the curve AB and the vertical line BCD The true isothermal is however 
known with accuiacy As a gas at temperature P = 0 is compressed, the 
pressure remains zero until the molecules are actually in contact, after which 
the pressure rises to any extent, while the volume retains the same value Vo, 
this bemg the smallest volume which can be occupied by the molecules 
Now being the smallest volume into which N spheies each of diameter <r 
can be compressed, is easily found to be given by 

■JIT ^ 

while fiom equation (324), 

6=|I\rw<7*=2 96»» (358) 

Thus the isothermal T=0, instead of being the curve ABGD in fig 7, 
must consist of the two Imes vE, EF If we imagine the curves in fig 7 so 
distorted that the pomt B is made to coincide with the pomt E, and the 
cnrve ABCD with the Imes vEF, we shall obtam an idea of the run of the 
isothermals of a real gas The curves may be imagmed to he somewhat as 
in fig 8, m which both the vertical and horizontal scales have been largely 
increased over those employed m fig 7, but the vertical scale haa been 
moreaeed much more than the honzontaL 
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184 In this figure the isothermal having a point of inflexion with a 
honzontal tangent is represented by the line PiPPg, the point of inflexion 
bemg P This isotheimal coiresponds to the maximum value of T for which 

it IS possible for ^ to vanish 

For any isothermal conespondmg to a smallei valu% of P, say SQRN m 
fig 8, there will be two points Q, R at which dpjdv vanishes, and there will 
accoidingly be a range QXR ovei which dpjdv will be negative Any point, 
say Xf within this lange, will represent a state such that a decrease m volume, 
keeping the temperatuie constant, is accompanied by a decrease in pressuie 
The state lepresented by the pomt X is accordingly a collapsible or unstable 
state, any slight decrease in volume producmg at once a tendency to a furthei 
decrease in the form of an unbalanced external pressure All points inside 
the curve RPQ (the locus of points at which dpjdv == 0) will represent unstable 
states 

On the isothermal through X there must clearly be two other points F, Z 
which represent states havmg the same temperature and pressure as X At 
each of these two points dpjdv is positive, so that the two states in question 
are both stable, and so ought both to be known to observation The pomt Z 
obviously represents the gaseous state , the point Y corresponding to lesser 
volume IS believed to represent the liquid state 

With this interpretation it is at once clear that if the gas is kept at a 
temperatuie above that of the isothermal PjPPg, no amount of compression 
can force the substance into the liquid state Thus the temperature of the 
isothermal P 1 PP 2 must be the " critical temperature ” of the substance 

So long as the tempetature is kept above the cnitical tempeiodwre^ no 
pressuie, however great, can liquefy the substance 

Continuity of the liquid and gaseous states 

186 It is usual to speak of a gas, when below the critical temperature, 
as a vapour. We therefore see that the Ime PPg in fig 8 is the hne of 
demarcation between the gaseous and vapour states, and that PPj is the 
line of demarcation between the gaseous and liquid states We must now 
examme the demarcation between the hquid and vapour states, which is at 
present represented by the unstable region m which dpjdv is positive If U 
is any point in this region it is clear from physical considerations that there 
must be some stable state in which the pressure and volume are those of the 
pomt U. What is this state ^ 

Through U draw a hne parallel to the axis of v Let this cut any 
isothermal in the points X, F, Z, the two latter representmg stable states — 
hquid and vapour respectively These states have the same pressure, so that 
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a quantity of vapour in the state Z can rest in equilibiium Tvith a quantity 
ui liquid in state Y By choosing these quantities in a suitable latio, the 
volume of the \\hole will be that represented by the point U Heie, then, 
we have an interpretation of the physical meaning of the point U As 
the vapour is compressed at the temperature of the isothermal SZQXRY, the 
substance remains a* vapour until the point Z is reached At this pomt 
condensation sets in, and as the condensation proceeds the representative 
point mo\es along the straight line ZXTJY until, by the time the pomt Y 



IS reached, the whole of the matter is in the liquid state After this the 
bubstance, wholly m the hquid state, moves through the series of changes 
represented by the path YQN 

It will be seen that there is an element of arbitrarmess in this, for 
instead of describing the path 8ZUYN the substance might equally well be 
supposed to describe the path 8RRYN, keeping at the same temperature 
throughout; or any other path composed of two stable branches of an iso- 
thermal jomed by a Ime of constant pressure In other words there is no 
umque relation between the pressure and temperature of evaporation or 
condensation This is however m accordance with the known properties 
of matter, the range m fig 8 representing super-cooled vapour, and the 
range YR representmg super-heated hquid. 
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186, 186] 

186 When, howevei, there are no complications arising from surface- 
tensions, particles of dust, or other extraneous agencies, there must be a 
defimte boiling point corresponding to each pressure, so that the path of 
the substance from one state to another, given the same external conditions, 
must be quite definite So far we have not ainved at any such definiteness 

Maxwell^ and Clausius f have both attempted to obtain defimte paths for 
a substance changing at a constant temperature The conclusion they arrive 
at is that the line 8ZXYN in fig 8 will represent the actual isothermal path 
from S to JV, if the line ZXY is so chosen that the areas ZQX^ XRY aie 
equal The argument by which this conclusion is justified is as follows 
Tmagme the substance staiting fiom Z, and caused to pass through the cycle 



9 


of changes represented in fig 8 by the path ZQXJRYXZ, the first part of the 
path ZQXRY being along the curved isothermal, and the second pait YXZ 
along the straight line Since this is a closed cycle of changes, it follows 


from the second law of thermodynamics that J ^ = 0, where dQ is the total 


heat supplied to the substance m any small part of its path m fig 8, and 


* Nature, n 1876, Collected WmJcs, n p 426 
+ Wted Ann ix p 837 (1880) 


J G 


10 
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the integial is taken lonnd the whole closed path representing the cycle 
Since the temperatuie is constant throughout the motion, this ecjuation 

becomes JdQ = 0, so that the mtegral woik done on the gas throughout 

the cycle is ml This work is, however, equal to J pdv and therefore to the 

area, measured algebiaically, of the curve m fig 8 which represents the cycle 
Hence this area must vanish, which is the result already stated Objections 
have been urged against this argument, but to discuss the question any 
furthei would cairy us too lar into the domain of thermodynamics 



JBia 10 

187 The figure which is obtamed from fig 8, upon replacing the curved 
parts of isothermals such as ZQXBY by the straight Ime ZXY, is represented 
in fig 9- This figure ought accoidmgly to represent the mam features of 
the observed systems of isothennals of actual substances. 

188L Oompartson with Eapenment In fig 10 the curves are the iso- 
thennals of carbon-dioxide as found in the classical expenments of Andrews*. 
The figures on the left-hand denote pressure measured m atmospheres, the 

* Phil Tram 159, p. 575 (1869) and 167, p 421 (1876). 
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isotheimals only being shewn for pressures above 47 atmospheies The 
figures on the nght-hand denote the temperatures centigrade of the cor- 
responding isothermals 

The isothermal corresponding to the temperature 31 1° is of great interest, 
as being very near to the critical isothermal, the \alue of the critical tem- 
perature being given by Andrews^ as 30 92® On this isothermal, as on 
all those above it, the substance remains gaseous, no matter how gieat the 
pressure 

On the next lower isothermal, corresponding to temperature 21 5° C , we 
notice a horizontal lange at a pressure of about 60 atmospheres As the 
representative point moves over this range, boiling or condensation is taking 
place Thus at a pressure of about 60 atmospheres the boihng point ot 
carbon~dioxide is about 21 5 C The ratio of volumes in the lic^uid and 
vapour states is equal to the latio of the two values of v at the extiemities 
of the horizontal range — ^a ratio of about one to three 

The lowest isothermal of all corresponds to a temperature of 13 1® C 
Here the mequality between the volumes of the liquid and the gas is greater 
than before In foot an examination of the general theoretical diagram given 
m fig 9 shews that as the temperature dew eases the inequality must be- 
come more and more marked, so that m all substances the distmction between 
the hquid and gaseous states must become contmually moie pronounced as 
we recede from the critical tempeiatuie 


The Critical Point 


189 The critical point, as has been seen, is the pomt at which the 
isothermal passing through it has a point of mflexion with a horizontal 
tangent It is theiefoie determmed by the equations 


d/p 

dv 


= 0 , 



(359) 


If we suppose the pressure determmed by 

a RNT 

^ ^ t; — 6 


V Au uer w aais equation 


(360), 


then these equations become 


2a RFT 
(v — 6)** 


6a ^ 2RN'T 

V* (v~-by 


* Eeesom (1908) gives 30 98% Amagat’s experiments lead to the value 31 35^ 

10—2 
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Sohing these we obtain for the values of the critical volume, temperature 
and pressuie, tv, and pc^ 


Ve=Sb 

(361), 


(362), 

a 

(363), 


these equations of course givmg the coordmates of the pomt P in fig 7 (p 141). 

By combination of these equations we find as the value of pv at the 
cntical pomt 

(364), 

shewing that at this pomt the deviation from an ideal gas is represented by 
a factor |. 

190 It IS now clear that the critical pomt is not withm the region 
withm which Van der Waals’ equation can be regarded as a good approxima- 
tion, and consequently equations (361) to (363) must not be expected to 
determine the cntical pomt with any accuracy In point of fact it is found* 
that for most gases the cntical volume is nearer to 26 than to 35, while 
the value of RNTc is generally about 3 ^pc% instead of bemg equal to 
2 66pc»e, as predicted by equation (364) These figures, however, indicate 
that equations (361) to (363) may determine the cntical point to withm an 
error of 20 or 30 per cent, and conversely the equations may be used to 
determme the values of a, 6 with the same degree of accuracy when the 
cntical pomt is known The lollowmg table gives an example of values of 
a and 6 calculated in this way 


Sntstanee ! 

1 

Tc obs. 

( ' 

obs 

! 

a calcTilaied 

h calculated 

6(p 189) 

Hydrogen 1 

-239 9' C 

1 

12 80 atm i 

00066 

00137 

00096 

Hdium ' 

1 

-2e7 8°0 

23 „ 1 

0000615 

000995 

000432 

Nitrogen j 

-147 rc ! 

3349 „ 1 

00259 

00165 

00265 

, Air 1 

' j 

-140 7°C. 

372 „ 

00257 

00156 

00209 

Cdirbon-dioxide 

' 1 

81 1"0 

ra » 

00717 

00191 

00228 


Reduced Rquation of State. 

191 Let us introduce quantities f, p and v defined by 


^ T’ 


P 




t) = — 

% 


(365), 


* See below § 208, also the Becuetl de Oonstantes Phyttgueg^ table 83, p 243 
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so that f denotes the latio of the temperature of any substance to its critical 
temperature, and so on The quantities t, p, t) are called the reduced tem- 
peratuie, pressure and volume respectively 

If we suppose Van der Waals’ equation to hold, we have (cf equations 
(361) to (363)) 

p = i; = 36t), (366), 

and Van der Waals’ equation reduces to 

It Will be noticed that this equation is the same foi all gases, for the 
quantities a, 6, which vaiy from one gas to another, have entnely disappeared 
in equation, such as that of Van der Waals, which aims at expressing the 
relation between pressure, volume and temperature m a gas, is called an 
equation of state, or sometimes a chaiacteristic equation or gas-equation 
Equation (367) may be called the “reduced” equation of state of Van dei 
Waals, and is the same for all gases 

Corresponding States 

192 Assuming for the moment that Van der Waals’ equation might be 
regarded as absolutely true for all gases, it appears from equation (367) that 
when any two of the quantities f, p, t> are given, the third also is given, and 
IS the same for all gases In other words, there is a relation of the form 

p=/(f,t5) (368), 

m which the coefficients in /are independent of the nature of the gas 

193 Again, suppose that the equation of state of a gas is more general 
than that of Van der Waals, but depends on only two quantities which 
determine the particular structure of the gas in question — say for instance 
the same two as in the equation of Van der Waals, representing the size of 
the molecules and the cohesion-factor If a and b are these two constants, 
it IS clear that the equation of state can be expressed in the form 

p=f(BZ^.a,b^ (369) 

In this we can replace the constants by new ones, and a consideration of 
physical dimensions will shew that it must be possible to do this in such a 
way that the equation assumes the form 



m which po, Vo, To are constants — le functions of a, h, N and 22 — ^whose 
physical dimensions are those of a pressure, a volume and a temperature 
respectively 
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The criucal point will be given by 


dv 


= 0 , 


£p 

citH 


= 0 , 


■md the solutions of these equations must be of the form 

Fiom equation (370), it now follows that there must also be the equation 
jPe=Cs5>«j “L which Cl, Cs, Cs are pure numerical constants If now the 
substitution (363) is made, it appeaas that equation (370) can be put in the 

p=f(t,t>) (371), 


ID which the coefficients in f are independent of the nature of the gas 
This IS the result which has been already found true for the special e<][uation 
of Van der Waals fcf equation (368)) 

Assuming that the gas-equation can be expressed in the form (371), two 
gases which have the same values of f, p and v are said to be in “ corre- 
sponding ” states Clearly for two gases to be in corresponding states it is 
sufficient for any two of the three quantities f, p and t) to be the same 
for both 


194 The Law of Corresponding States It is sometimes asserted as a 
natural law, that when two of the quantities f, p and V are the same for two 
gases, then the third quantity will also be the same, and this supposed law 
IS called the “ Law of Correspondmg States ” The condition for the truth 
of the law is, as has been seen, that the reduced equation of state can be 
put in the form of equation (371), and this in turn demands that the nature 
of the ga-s shall be specified by only two physical constants, as for instance 
the a and b of Van der Waals Evidence as to the extent to which the law 
is true will appear later. Theie is of course no question that the law is true 
as a first approximation, because Van der Waals’ equation is true as a first 
approximation 

Obviously the law of corresponding states asserts that by contraction or 
expansion of the scales on which p and v are measured, the isothermals of all 
gases can be made exactly the same As Raveau* has pomted out, this 
statement can be put m the alternative form that if the law of corresponding 
states is true graphs m which logjp, log p and log T are plotted against one 
another must be the same for all gases 

A large amount of work has been undertaken with a view to testmg the 
truth of the law of correspondmg states Some of the results obtained will 
be discussed later 196 — 199, below) 


* Jovam de Fhys yj (1897), p 4S2. 
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Other Equawons of State 


The Empvnml Equation of State of Kamerlingh Onnes 

195 Following Kamerlingh Onnes, let ns introduce a quantity K defin'ed 
foi any gas by 




RNTc 

PeVe 


(372) 


From a consideration of physical dimensions, it is seen that K must be a 
pure number According to Van der Waals’ equation, E is equal to 2 66, 
although the value of K lor actual gases is about 3 7 (cf § 208, below) 
Let us iuithei put 

Ua “ ^373) 


With this notation. Van der Waals’ equation (367) reduces to 

27 


64iJ.-“ 

which can also be written m the form 
f 27 




(374), 


pVs = - 


1 - 


64t)j 


8»<i 


t 



27 1\ 


64 tj 


(376) 


64t)jE.=^512t)jc»^ I 
It has been found by mnumerable observers that an equation of this 
type is not adequate to represent the various states of a gas, and so 
Kameilingh Onnes has assumed the more general empirical form 








where "S) are themselves senes of the form 

i 


'TKk U , *^8 , *^4 , *^5 




(376), 


(377) 


This expansion contains no fewer than 26 adjustable coefficients If 
Van der Waals’ Law were true, all of these ought to vanish except bi, q, 
bi, $ 1 , fi, and ^ 2 , of which the values ought to be given by the following 
scheme . 



1 

2 

io»b 

126 000 

-416 666 

10*0 

156 25 

00 

10«b 

195 3125 

00 

KFe 

2 

00 

10»f 

1 

00 
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in which the values for Ci, fi have not been inserted, since these values cannot 
be determined by comparison with (375) owing to the omission of terms m 
V"*, t)“% etc in (376) 

If Van del Waals’ Law were not tiue, but the general law of corresponding 
states were tiue, the coeflScients in the expansions (373), (374) ought to be 
the same for all gases 

196 Kamerlmgh Onnes^ finds that a general equation of state of type 
(371) can be obtamed which expresses with fair accuracy the observations of 
Amagat on hydrogen, oxygen, mtiogen and C 4 HioO, also of Kamsay and 
Young on C 4 H 10 O and of Young on isopentane (CgHia) The coefficients m 
this equation are found to be those given in the following table 


1 

1 

1 

2 

3 

4 

5 

ItPb 

117 796 

-228 03S 

-172 891 

- 72 765 

-a 172 

Wc 

135 580 

-135 788 

295 908 

160 949 

61 109 

10*6 1 

66 033 

1 

! -19 968 

-137 157 

55 851 

-27 122 

10"e ' 

1 

-179 991 

648 583 

-490 683 

97 940 

4 582 

lOOf 1 

142 348 ' 

' -647 249 

508 536 

-127 736 

12 210 


The circumstance that the same equation of state is vahd for all these 
SIX gases shews of course the wide applicability of the law of corresponding 
states On the other hand the coefficients of the equation of state of aigon 
have been determined by Kamerlmgh Onnes and Orommalm f and are found 
to differ substantially from those m the table just given In a later dis- 
cussion ^ the same authors express the opmion that the divergence of argon 
from the standard equation may be ascribed to the absence m argon of the 
usual compressibility of the molecules of normal substances , m othei words, 
the argon molecule approximates more closely to an ideal elastic sphere than 
do the molecules of the substances mentioned above 

197 A comparison of the coefficients m the table just given and those m 
the table of § 195 will at once shew that Van der Waals’ equation fails to 
a very great extent to represent the true equation of state in fact, as has 
been already seen, its accuracy is hmited to the range of states m which 
the gas behaves nearly like an ideal gas, or in other words to large values 
of t and V 

* Encyc d Matk Tri8$ensehafte7i,y 10, p 1^, ox Communications from tJieFhy steal Laboratory 
of Leiden, n Supplement 23, p 115 

+ Comanumeations from the Physical Laboratory of Leiden, 118 b (1910), p 24 

J ic.m 6 (1911), p 26 
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Kamerlingh Onnes has suggested* that Van der Waals’ Law must be 
expected to agiee better with observation when applied to a gas in which 
the molecular conditions conform more closely to those contemplated by 
Van del Waals He has accordingly examined the isothermals of helium, 
and has found that they can be represented veiy fairly between 100° C and 
- 217° 0 by the equation 


^NRT + 


NRTb-^a 

t) 


5 NRTb^ 
“^8 t )® 


which IS simply Van der Waals’ equation adjusted by the mclusion of 
Boltzmann’s second-order correction It must however be noticed that 
the value of Te for helium is very low, about 5 3° abs , so that the lange 
of temperatures studied by Prof Kamerlingh Onnes is about from i = 10 to 
f = 70, and for these high values of t it is inevitable that Van der Waals’ 
equation should in any case give a good approximation 


The Equation of State of Clausius 

198 Various attempts have been made to improve Van dei Waals’ 
equation by the introduction of a few more adjustable constants, which can 
be so chosen as to make the equation agree more closely with experiment 
The best known of these equations is that of Clausius, namely 

If in this we put c = 0, the equation becomes similar to that of Van der 
Waals, except that the a of Van der Waals’ equation is replaced by a'jT, in 
other woids, instead of a bemg constant, it is supposed to vary inversely as 
the temperature For some gases the equation of Clausius, reduced m this 
way, IS found to fit the observations better than the equation of Van der Waals 
If, however, c is not put equal to zero m (378) but is treated as an adjust- 
able constant and selected to fit the observations, there is found to be no 
tendency for c to vanish The following table shews the values of a, b and c 
which are found by Sarrauf to give the best approximation to the observations 
of Amagat 


Gas 

a' 


c 

cjb 

Nitrogen 

0 4464 

001359 

000263 

0 19 

Oxygen 

0 5475 

000890 

000686 

0 76 

Ethylene 

2 688 

000967 

001919 

1 98 

Caibon-dioxide » 

2 092 

000866 

000949 

1 10 


* Cornmunicatioru from the Physical Laboratory of Leiden^ 102 a (1907) 
t Comytes Bendus, 114 (1882), pp 639, 718, 845 
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199 Laio 0 / Cor) esponding States We have alieady seen that, if Van der 
Waals’ equation \vere true, the law of coiresponding states would follow as a 
necessaiy consequence, because in Van der W^aals Law there are only two 
constants, a and 6, which respectively provide the scales on which the piessure 
and v'olume can be measured in reduced coordinates 

On the other hand in the equation of Clausius (equation (378)) there aie 
three separate constants, a\h and c,and of these two, namely h and c, provide 
different scales on which the volume can be measured these two scales 
only become identical if h and c stand m a constant ratio to one another 
Thus if the law of corresponding states weie true, the latio c/6 would be the 
same for all gases TEhe last column of the above table shews, however, that 
there is no approximation to constancy m the values of c/6 

200 Clausius ongmally devised formula (378) in an effort to fit a 
formula to the observations of Andrews on caibon-dioxide It was found that 
ihis formula could be made to agree well with observations on carbon-dioxide 
at high densities, but that at low densities the formula of Van der Waals, as 
might be expected, fitted the observations better* It was next found that 
equation (378), although partially successful m the case of caibon-dioxide, 
was not equally successful with other gases, and Clausius suggested the more 
general form 

which contains five adjustable constants Foi carbon-dioxide, it is found 
that n = 2 and a"'= 0, so that the equation reduces to (378), but for other 
gases it is not found that n and a'" approximate to these values For 
instance Clausius findsf that for ether w = 1 192, for water- vapour n = 1 24, 
while to agree with observations on alcohol, n itself must be regarded as 
a function of the temperature and pressure, having values which vary from 
1087 at 0°a to 0184 at 240®C 

It IS obvious, then, that there is no finality in any of these foimulae, and 
It is possible to go on extending them indefinitely without amvmg at a fully 
satisfrctory formula, as might mdeed be anticipated from the circumstance 
that they are purely empirical, and not founded on any satisfactory theoretical 
basis 

General Calculation of Pressure 

201. We may now attempt to examine what type of formula is predicted 
by the Kinetic Theory for the general relation between pressure, volume 
and temperature, although it will be found that the formula obtained is of 
so complicated a nature that it is not possible to progress very far 

* See a diagram bj Berthelot, ArcTu N€erl (1900), p 490, reproduced m the Becueil 
Ocmtantes Physiques (p. 246) 

f Cf. Preston, Theory of Heat, p 511 
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We shall modify the calculation of § 146, so as to apply when no assumption 
IS made as to the size or stiucture of 
the molecules In this calculation, we 
estimated the number of molecules havmg 
velocities ivithm given limits dudvdw, 
which impinged on the element d8 in 
time dt, and this was shewn to be equal 
to the number of such molecules which 
at the beginning of the interval dt were 
to be found within a ceitain element of 
volume udSdt (cf fig 11 ) 

The molecules of the more general 
type now to be considered must be sup- 
posed to have a number of coordmates 
lij ? 2 » specifying their onentation 
and internal state in addition to their coordinates of position and velocity of 
the centre of gravity u, v, w, x, y, z All the molecules m the vessel, whether 
chemically similar or not, may be divided into classes a, 7 , such that all 
the molecules in any one class are all chemically the same, have their co- 
ordmates fi, fyiiig within a specified range . , and have their 

components of velocity it, •o, w lying within a specified range du dv dw. Thus 
all the molecules m any one class form a shower of parallel moving molecules, 
which throughout their motion remain all similar to one another as regards 
dynamical specification, except in so far as they are affected by collisions 

For any particular class of molecule, say a, let q denote the perpendicular 
distance, at the beginmng of the in- 
terval dt, fi:om the centre of gravity 
of the molecule on to that tangent 
plane to the surface of the molecule 
Tvhich is perpendicular to the axis 
of X and so is parallel to dS The 
corresponding perpendicular distance 
at the end of the interval dt will be 

The molecules of class a which 
will impmge on dS during an m- 
terval dt are those of which the 
centres of gravity at the beginning 
of this interval he within a certain cyhndncal volume, as in fig 12 The 
cross-section of this area is dS and it is bounded by planes at distances 
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q and 5 + + from dS The volume of this oylmdiical element is 

accoidingly 

and if Va IS the density of molecules of class a m this particulai element 
of \olume, the numbei of impacts on dS within the interval dt will be 

v.{v+^d8dt (379) 

The impulses exeited on the area dS m time dt can be divided into two 
parts, say and gtj, such that *ari is the sum of the impulses exeited by the 
molecules up to the instant at which their centre of gravity is reduced to 
rest normally to the boundary (^ e the instant at which u = 0 ), and is the 
sum of the remaming parts of the impulses 

Each of the impacts enumerated m expression (379) brings a contribution 
7nw to tvi, so that 

tTi = (u + 

where the summation is o\er all classes of molecules a, /S, 7 , . foi which u 
IS positive 

The value of -otj will of course be exactly equal to that of It may be 
supposed to be given by an expression exactly similar to (380) except that 
the summation is over all classes of molecules for which u is negative 

By addition of the values of o-i and we find 

«ri + tsTj = %mva (u + ud8dt (381), 

in which the summation extends over all classes of molecules On carrying 

out the summation it is readily seen that the terms m ^ must vanish Thus, 

at 

smce sTi + ©-3 = pdSdt, we have 

' p—%mva,u^ .(882), 

analogous to our previous equation (306) The summation covers all values 
of w, so that the equation may be expressed in the equivalent forms 

p = (383) 

AlthoQgh this general result has proved to be expressible in a very simple 
fonn, It must be remembered that the meanmg of the symbol i/, is one of great 
oomplexily Consecj^aently, it is only m very simple cases that the evaluation 
dp can be earned out to the full 


% udSdt 


(380), 
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202 We may considei the form assumed by the problem, when the 
molecules are supposed to be all spherical, and of a definite diameter a* 
which may not be treated as very small In this case q becomes identical 

^ith so that ^ disappears The classes a, 7, of molecules aie now, 


as before in § 146, differentiated only by the different values for the velocity 
components u, v, w, and Sva may be replaced by where vj, is the density of 
centres of molecules in an element of volume at a distance just greater than 
\a from the boundaiy 

In the notation of § 6*7 (equation (124)), the "effective molecular density” 
i/j at any point was found to be given by the equation 




I(b,c,d ) 

I (a, 6, c, (i ) 


(384), 


expressing the value of vi at the point i/a> Here I (a, b, c, d ) is the 
element of volume mtegiated throughout the whole of the geneialised space 
except those parts excluded by § 36 

The element of volume integrated throughout the whole of the generalised 
space IS, as in § 65, equal to 11*^, where fl is the volume of the vessel in which 
the gas IS supposed to be contained The excluded parts are of two types 

We have in the first place to exclude the region given by equations (60) 
m which ya> This exclusion can be represented fully by 

limiting the size of our vessel, and supposing it to have a layer of thickness 
lemoved from the interior Let the remaining volume be 12', then the 
conected value of the integral I (a, b, c ) will obviously be 12'-^ 

Secondly we must exclude from the generalised space regions of the type 
given by 

(cSa - hY + (Va — yiy + (^a - < O’® (385) 

Let us consider the contribution to the whole integral 12'^ which must be 
removed on account of this particular exclusion The whole integral may 
be taken to represent all possible vrays of distiibutmg the centres of the 
molecules A, B, throughout a volume 12', each position bemg equally 
likely for each molecule In this case the contribution which satisfies con- 
dition (385) represents all arrangements for which the centres of A and B 
he withm a distance a- of one another 

In fig 13 let the shaded part represent the layer of thickness close to 
the boundary of the vessel, and let the spheres represent possible positions 
for the molecule B of diameter <t 


If IS in a position in which its centre is at a distance greater than 
from the boundaiy of the volume 12', the proportion of configurations repre- 
sented m the generalised space m which condition ( 185) is satisfied — or, what 
IS the same thing, in which the centre of A lies withm a sphere of radius <r 
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surroundixig B — is equal to the ratio of the volume of this sphere to the 
whole volume which is available for the centre of A, and is therefore equal to 
^TTG^jOf If, however, 5 is m a position in which its centre is at a distance 
less than a from the boundary of the volume £1', including being in a position 
such as I m fig 13 in which its centre is at a distance greater than fi’om 
the boundary, and also bemg in a position such as ii in fig 13, in which its 
centre is at a distance less than \<t from the boundary, then the proportion 
m question is less than that just found, since it is only possible for A to lie m 
that portion of a sphere of radius a surrounding B which lies inside the 
volume £2' Ultimately, when jB is m position III , the proportion is only 
one-half of the abo\e quantity, namely, |'7rcH/£2', for it is now only possible 



for -4 to he inside a single hemisphere of the sphere about B On 
averagmg over all positions of jB it is obviously legitimate to disregard these 
exceptional cases, and we arrive at the result that the proportion of cases m 
which condition (385) is satisfied is Thus if condition (385) defined 

the only region to be excluded, the whole mtegral £2'^ would have to be 
reduced by |w<r»/£l'^-^ 

There are, however, (JV"—1) such conditions, corresponding to all 
possible pairs of molecules The total reduction is therefore {N — 1) 

times the foregoing amount. From this must be subtracted a quantity 
representing regions m which two of the conditions of the type of (385) are 
satisfied at once. This agam must be corrected on account of the possibihty 
of more than two of these conditions bemg satisfied at once, and so on, 
mdefimtely. 
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In this wdy 'we obtain an expansion in descending powers of SI', of which 
the first two terms have been shewn to be 

I {a, b,c,d ) = - f JV (J\7‘ - 1) + (386) 

The integral I (b, o, d ) can be evaluated in a similar way except that 
m this case the molecule -d is supposed already to be m collision with the 
boundary, and therefore m position in in fig 13 Hence the available space 
for the centres of the molecules B, G, is Cl' - f instead of the former ft', 
and the number of molecules is iT — 1 instead of N Making the necessary 
alterations in equation (386) we obtain an expansion m the form 

I(b, c, d ) = (fl'-|w<T*)^-‘-5wff»(iV--l)(J\r-2)(f2'-f7r<j*)*’-- 

(387) 

Equation (384) accordingly leads to the value 

^ (fl'- §7ra»)*--‘ - Jwff* (ir-1) (N- 2) (Cl' - f 7 r<r«)*r-* + 

- 1 w<r»JV(iV- 1) + 



on expanding as far as the fiist two terms, and since, m the limit, we 
may put 

-RT-l -ST jvr 

a' -ft' "a"*'’ 

we obtain vj, in the form 

Vb = v + Ittct*!/® 4- (888) 

Usmg this value for z/j in equation (383) we obtam the equation 

which agrees with equation (325) as far as the first two terms 

This method can of course be used to obtam the expansion (388) for to 
as many terms as we please, but the calculations prove to be laborious, and 
the results are of little value, since they involve the supposition that the 
molecules are spherical This supposition may perhaps lead to fearly accurate 
lesults when we are concerned only with first-order terms, but can hardly be 
expected to lead to accurate results as regards terms of second and higher 
oiders 

203 We have next to examine how to allow for the existence of forces 
of cohesion in the piessure-equation. The physical effect of forces of 
cohesion has alieady been explamed (§ 161) in deducing the equation of 
Van der Waals, so that we may start at once with the conception of a 
permanent field of force, at and near to the boundary of the gas The 
effect of this field of force upon the gas as a whole will be to alter the 
density of the gas at points near the boundary 
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Let ^ be the amount of work which must he done on a molecule to drag 
it from a point m the interior of the gas to the boundaiy, in opposition to 
the attractive forces of cohesion, then the density at the boundaiy, say 
must by equation (232) be given by 

= (390), 

wheie p is the density inside the gas, and so is equal to the mean density of 
the gas as a whole If the effect of the forces of cohesion is small, the 
density of the gas will be approximately the same eveiy where, and x will be 
uf the lorm where yjr is independent of the density 

Obviously the pressuie m the gas depends only on the density of gas in 
the layer neaiest to the boundary, and so is the same for the gas we have 
now under consideration as it would be for a gas v^hich was unaffected by 
forces of cohesion, and was of uniform density po throughout Hence the 
pressure is given by 

p^vbipo)IiT .. (391), 

where vj,{po) denotes the effective density vi, for a gas of density po, the value 
of Po bemg given by equation (390) 

204 Equation (391) expresses the general relation between pressure, 
volume and temperature Using the value of yj provided by equation (388), 
it becomes 

p = jRT {j/e-^x + + ) (392 ) 

The bracket on the right may be regarded as the product of e'^^x and an 
expansion of povrers ( 7 ^e~^x If ^e introduce a new quantity o-g defined by 

<re = o-e-^*5C (393\ 

the pressure will be given by 

= (394), 

where 

i/j (a-*) = V + — ^ -t- (395)_ 

and so is the same function of a-* as is vj of <r 

Small Demotions from Boyle’s Lam 

206 When the deviations from Boyle’s Law are small, x may be replaced 
by fr^, and identified with o- Thus in equation (394), a"*** may be 

replaced by l — 2kpifr or and i'i(<re) becomes identical with or 

^ "t" 'which again, in the notation of § 160, becomes v ^1 + Thus 

equation (394) becomes ^ 

r=iejv(i + ID. 
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which, as far as the first order of small quantities, may equally be written in 
the form 


RNT a 
v — h 


(396), 


where a = This is identical with Van der Waals’ equation. 


The Eqtiohon of State of Dietenci 

206 Making use of the relation just obtained between and a, it 
appears that, for small deviations irom Boyle’s Law, equation (394) becomes 
identical with 

RNT E-. 

an equation of state first suggested by Dietenci * 

Theoretically, this equation has exactly the same range of validity as 
Van der Waals’ Law, being true to the first order of small quantities only 
In a former section we examined what errors were mvolved in assummg 
Van der Waals’ Law to be true beyond the fiist order of small quantities it 
was found that at the cntical point Van der Waals’ Law predicted a ratio of 
b/v equal to 3, whereas the true value is about 2, while for the ratio K defined 
by equation (372), Van der Waals’ Law predicted a value 2|, whereas the 
true value is about 3 7 It is worth examimng whether equation (397) 
agrees better or worse with experiment than Van der Waals’ Law m ranges 
where the deviations are no longer small. 


If equation (397) were true throughout the whole range of pressure, 
volume and temperature, the equations givmg the critical pomt, namely 


would be 

H 

II 



1 “ _o 

(398), 


(v-b) RJ\rTv‘~'^ 


1 2a _ 

(399) 


(v-bf RNTt>> ^ 

From these we obtain at 

once, at the cntical point. 



II 

;400), 

and 

BNT 


Thus 

BNT, _ 

p.= , «-*. 



j a 


Wxtd Atm ixv (1898), p 826 and ixtz (1899), p 685. 


11 
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so that the ratio £* is given by 

^=:?^-' = je» = 3 695 (401) 

2>e»e ^ 

It IS at once apparent that the values of and K given by equations (400) 
and (401 ) agree veiy much better with experiment than the values 36 and 
2 66 given by Van der Waals’ equation Thus, although equation (397) has 
the same validity as Van der Waals* equation within the range in which 
these equations are applicable, yet it follows the tiue laws much more closely 
than Van der Wswds* equation when we pass outside this range 

On substituting the values of jPo ^and Vc, the “ reduced ” form of 
equation (397) is found to be 

}>(2t»-l) = fe \ »/ .(402) 


207 Comparison until ecepeivment If equation (397) were accurately 
true, we should have 

_ RtifT 
p(v — b)’ 


whence, on taking logaiithms of both sides, multiplying by v and neglectmg 

Q>hf, 


a 

Mr"® 




+ 6 


( jBVjTn 

- "p —j ought to be constant 

along any isothermal, and from what has been seen in § 205, it follows that 
the same result could be obtamed from Van der Waals’ equation 


The followmg table gives corresponding values of p and v observed at the 
critical temperature of isopentane, by Young* This temperature according 
to Young IS 187 8® 0 , the critical volume bemg 4 266 cubic centimetres for 
1 gramme of the gps, and the value of being 3 739 The values of p in the 
third column are calculated by Dietenci*!" from equation (402), and those of 
ItJSfT 

^ pfj ^ fourth column from Young’s observations 


It appears that vlog 


BNT 

pv 


IS approximately constant for all pressures less 


than about 12 atmospheres, shewing the range withm which a first approxi- 
mation holds. There is, however, very tolerably good agreement between 
the observed and calculated values of p &r beyond this range, indicatmg 
considerable accuracy m the equation of state 


* S Toni^, Proc. Roy Soc xv p 126 and xvi. p 11, 
+ Atmalen der Phynk, v p 58, 1901 
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Critical Isothermal of Isopentane 
Critical temperature = 187 8° G Critical \oluiiie = 4 266 cc per gramiioie 


Volume 
per gramme 

Pleasure p, 
mm of meieuiy 

Pressure p 
(calc ) 

V log 

® pi7 

2 4 

49080 

42730 

1271 1 

2 5 

40560 

35810 

1 486 

26 

34980 

32090 

1669 i 

28 

38940 

28390 

1 938 1 

30 

26460 

26780 

2 103 1 

32 

25490 

26000 

2 205 

36 

25050 

25420 

2 326 

40 

25020 

25320 

2 402 

43 

25010 

25300 

2 447 1 

46 

25000 

25300 

2 483 1 

5 

24990 

25240 

2 520 1 

6 

24840 

24880 

2 564 1 

7 

24400 

— 

2 577 

8 

23710 

23400 

2 582 

9 

22930 

— 

2 576 

10 

22040 

21590 

2 575 

12 

20300 

19850 

2 568 

15 

17980 

17540 

2 548 

20 

14840 

14560 

2 564 ; 

30 

10950 

10770 

2 526 > 

40 

8570 

1 8508 

2 624 ; 

50 

7068 

! 7025 

2 625 1 

60 

6001 

5978 

2 652 

80 

4614 

4604 

2 680 

90 

4132 

4127 

2 637 I 

100 

3750 

3740 

2 680 


Values of Gonsfants at the Gt %Ucal Point 
208 The following table gives some values observed for the quantity 
jSl by reliable observers 


Gas ! K 

r 

Observer 

Oxygen 3 419 

Nitrogen 1 3 421 

Argon 3 424 

Xenon 3 605 

Marsh gas 3 67 

Carbon'dioxide 3 61 

„ 3 61 

COL 3 68 

CeHe 3 71 

SnOU 3 75 

C^HfiBr 3 78 

CeHfiOl 3 81 

1 Kamerhngh Onnes, 
j Dorsman and Holst* 

Pattersont 

Berthelott 

Young § 

II 

II 

II 

II 

51 


* Commvmcalwns from the Phyticdl Laboratory of Le%dmy 145 (1914) 
i Patterson, Cnpps and Wliytlaw-Gray, JProc Roy Soe 86 a. (1912), p 579 
t Rull de la Soc Frang de Phy$ 167 (1901), p 4 
I Pktl Mag 1892, p 503, 1894, p 1, and l (1900), p 303 
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It may be added that Young is of opinion that for all substances which 
can attam the critical state without chemical change, K is nearly constant, 
and has a value of about 3 7 

It IS more difficult to give values of the ratio of Vc to h, for h is difficult to 
determine, and for many substances, different experimenters give widely 
different values for the critical constants The following values are, however, 
fairly rebable 

Hydrogen* * * § Vc— 00269, 6= 00096, Velb — 2S0, 

Nitrogen* rc= 00382, 6= 00255, Vcjb = 150, 

Airf = 00392, b = 00209, v^b = 1 89, 

Oxygen:^: Vc — 00332, b = 00228, Vc/b = 1 46, 

Carbon-dioxide § Vc == 00424, b = 00228, v^/b = 1 86, 

Argon I j Vc = 00328, b = 00232, Vc/b = 1 41 

Thus what evidence there is suggests that the values AT = 3 7 and 
Vejb = 20 are fairly close to the truth H These are the values piedicted by 
Dietenci s equation of state We may notice that the variations in the 
values of K and of Vc/b for different gases give an indication of the degree to 
which the law of corresponding states is inaccurate If this law had been 
exactly true the values of these quantities would have been the same for all 
gases 

* The critical volnmes are deduced from Dewar’s values of the critical density (from the 
rectilmear diameter) 

t Obtamed by combmmg Witkowski’s isothermals for air at low temperatures with Olszewski’s 
values for the critical temperature and pressure (see p 148) 

X The value of Vg is that given by Mathias and Kamerlingh Onnes (Leyden Comm No 117) 
The value of 5 is deduced from the value of given by the coefficient of viscosity (cf § 386 below) 

§ Obtamedfrom Amagat’s experiments, givmg a critical density 0 464 This value of agrees 
closely with that resulting from Keesom’s experimental study of the critical isothermal of COg 
,1 The value of is that gi\en by Kamerlmgh Onnes (Leyden Comm No 120 a) The value 
of h IS deduced in the same way as for oxygen 

IF Berthelot states as a general rule that the critical volume is about equal to four times the 
CO- volume Vq given by our equation (358), which, however, he also takes to be the same as h (see 
Bmml de Gamtantes Physiques, p 244} The relation gives 35 Many investi- 

gators have taken Berthelot’ s statement to mean that vjb~4: 



CHAPTEE VII 


PHYSICAL PROPERTIES [continued) 

MASS MOTION, THERMODYNAMICS, CALORIMETRY AND DISSOCIATION 

The equations of Mass Motion 

209 In the last chapter some insight was obtamed into the way m 
which pressure is exercised by a collection of movmg molecules We ahall 
now attempt to carry further the study of the physical properties of a medium 
consisting of moving molecules, especially with reference to the similarities 
between the behaviour of such a medium and a continuous fluid 

We shall no longer consider only problems in which the gas is in a 
steady state, so that the law of distribution is Maxwell’s law at every pomt 
We shall consider problems in which the law of distnbution of velocities is 
the general law/(w, v, w), and it will no longer be assumed that the law of 
distribution is the same at every point we shall suppose the law of distri- 
bution to depend on x, y, z, as well as on m , v, w When it is required to 
mdicate this we shall write the law of distribution m the form 

/(«, V, w, X, y, z) 

The number of molecules havmg their centres within the element of 
volume dxdydz surrounding the pomt x, y, z, and havmg their velocities 
withm a range dudvdw surroundmg the values u, v, w, will be 

vf{u, V, w, X y, z) dudodwdxdydz .(408) 

In this expression v will m general be a function of ®, y, z, and. will be 
evaluated at the same point as / It is often convement to tbinl? of the 
product vfasa. single variable 


210 Consider the small element of volume dxdydz mside the gas, havmg 


its centre at f and bounded by the six planes parallel to the coordinate 
planes, of which the equations are 


® = (. 404 ) 
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The number of molecules of class A (defined on p 16) which cross the 
plane x = ^ — ^dx mto this element of volume m time dt will be 

w, y, z) dydzdudvdwudty 

where the integration is with respect to y, z and is between the limits 
y ±^dy, z^^±idz As far as squares of small quantities this may 
be written in the form 

vf{u^ V, w, ^^^dx, 7), f) dydzdudvdwudt (406) 

Similarly the number of molecules of class A which cross the plane 
^—S + idx out of the element of volume is given by expression (405) if 
^ — ^dx IS replaced by On subtraction, the resulting loss to the 

element, of molecules of class A, caused by motion through the two faces 
perpendicular to the axis of x, is found to be 

g 

^ b'f (“> ®)] dxdydzdudvdwudt, 

m which the differential coefficient is evaluated at ij, f The net loss of 
molecules of class A caused by motion through all the faces is theiefore 

(m ^ + u ^ + a» [j/ («, V, Ml)] dudvdwdxdydzdt (406) 

By mtegration over all values of u, v and w, we obtain the total number 
of molecules which are lost to the element dxdydz m tune dt If we wnte 


jjjuf(u, V, w) dudodo) = itj, etc 


(407), 


so that Mo» «». Wo are the components of mass velocity of the gas at x, y, z, 
this number is seen to be 

+ (408) 

Smce, however, the number of molecules m the element at time t is 
vdxdydz, and at time f + dt is "t* dxdydz, the net loss must be 

— ^ dtdxdydz 

Equatmg this to expression (408), we obtam 

^ (j^) + i (wi) + = 0 (409) 

This is the hydrodynamical equation of continuity, expressing the 
permanence of the molecules of the gas — in other words, the conservation 
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Hydrodynamwal Equahms of Motion 

211 The loss of each molecule of class A to the elemeut means a loss of 
momentum parallel to the axis of se equal to mu The total loss of momentum 
parallel to the axis of a- arising &om this cause m time dt is, by expression 
(406), 

idxdydzdtjjj^u^^ + uv^ + uw^lv/CuiVjwyjdudvdw . (410). 


me 

Let us Tmte 


jj I V, w) dudvdw == u‘ 

jjjuvf(u, V, w) dudvdw => ui 
etc, 


(411) , 

(412) , 


so that u\ uv, etc are the mean values of u\ uv, etc at the pomt x, y, z 
Then expression (410) becomes 


( 0 — 0 — - 0 — \ 

^ (vu^) -f ^ {vuv) + ^ {vuw)j 


. (413) 


With this must be compounded a gam of momentum caused by the 
action of forces on the molecules The gam of momentum parallel to the 
axis of X acciuing to any single molecule m time dt is Xdt, where X is the 
component of force parallel to the axis of x, mcludmg of course mtermolecular 
forces and forces at collision, acting upon the molecule in question Com- 
binmg the sum of these gams with the loss given by expression (413), we find 
for the net increase of momentum inside the element dxdydz m time dt, 

^X — mdxdydz {w?) + ~ (yuv) + ^ j dt . (414), 

where 2 denotes summation over all the molecules which were inside the 
element dxdydz at the beginning of the mterval dt 

The total a?-momentum inside the element dxdydz at time t is, however, 
mvuodxdydz Hence the gain m time dt may be expressed as 

d 

^ (i/2^o) 'radxdydzdt^ 


and on equatmg this to expression (414), we obtam 

^ ^ Wz (41 5) 

These and the similar equations my, z are the hydrodynamical equations of 
moljion of the gas, expressing that momentum is conserved, except m so fer 
as this momentum is changed by the action of external forces 
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212 II, as m § 26, we wnte 

Tz = M«+u, etc 

we have «=«(,, and u = 0 Thus wo = + uv, and similarly for and vm 

Hence we have 


0 9 9 

0 o 0 0 0 0 

=g^(v«,») + ^(w„®o)+g^(j/M,Wo)+^(i.u*) + ^(z/uv) + ^(j/uw) .. (416) 


Agam, using the equation of contmuity (409), 
d . . (Z«o , dv 


= v 


duf^ 

dt 




SO that on adding corresponding sides of this equation and (416), we obtain 

^ 0 0 0 

dt ^ + 57, + r, ("“«') 


3®'""^ ■ dy 
/d S 


dx 


d 






,„ + |(,Ua) + |.(,uv)+l(„UW) 


The left-hand member of the equation is, however, identical with the bracket 
m equation (415), so that this equation now becomes 

" (I *"4) 

= 2X — (i-u^) + ^ (»uv) + ^ (i'uw)j mdxdydz (417) 


213. We now proceed to examine more closely the system of forces 
which act upon those molecules of which the centres are inside the element 
dxdydz — ^the system of forces which we have so far been content to denote 
by 2Z, SF, 2F. 

These forces will be supposed to arise partly from the action of an 
external field of force upon the molecules of the gas, and partly from the 
actions of the molecules upon one another 

If there is a field of external force of components B, H, Z per unit mass 
the contribution to 2Z will be 

"Smvdxdydz (418) 

The remaining contribution of 2Z arises from the mtermolecular forces 
As regards the forces between a pair of molecules, both of which are inside 
the element dxdydz^ we see that, smce action and reaction are equal jand 
opposite, the total contribution to %X will be ml. We are left with forces 
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between pairs of molecules such that one is inside and the other outside the 
element deedydz, that is to say, intermolecular forces which act acioss the 
boundary of this element The range of intermolecular forces may be treated 
as small even compared with the dimensions of the element dxdydz, so that 
the forces arise from pairs of molecules which lie close to the boundary, but 
on opposite sides 

Let the sum of the components of all the forces of this kmd per unit area 
acioss a plane perpendicular to the axis of x be denoted by ^iGy> 
and let us adopt a similar notation as regards pressures across planes perpen- 
dicular to the axes of y and z Then the contribution to SX which comes 
jfrom foices acting across the planes x = 

+i<*® = ~ ^ dxdydz. 

On addmg similar contributions from the other planes, we find that the 
^-component of all the molecular forces which act on the element deedydz can 
be put m the form 

Gombming this contribution to 2X with that already found (expression 
(418)), we find, as the whole value of hX, 

and there are, of course, similar equations givmg the values of 2F and %Z 
Hence equation (417), on dividmg throughout by dsadydz and replaomg 
mv by p, becomes 

/d d d 9\ 

g o g 

= p'B,—^ (Waa + pu’) - ^ C®"!® + ~ (*■«> + P*JW) - (4fl9), 

a-nd this gives another form, alternate to equation (417), of the eqmtions of 
motion of the gas 


, EvaluaMon of the Stresses vn a Gas 

214 Let ns write 

Pm = ^m + \ (420), 

P»» = wye+puv, etc] 


then equation (419) may be wntten 

fd a . 3 L 3^, H 


SPyx _ ^PjX 
dy dz 


. ( 421 ) 
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This efjTiation is identical in form ■with the hydrodjmamical equation of a 
fluid of density p moving with a velocity Mo, ®oj Wo, the body forces being 
S, H, Z per unit mass, and the pressures being the system 

■PjH!, Pyxi PiXi Payt 

We may, therefore, spe^ of this system of pressures as the total pressure at 
the pomt x,y,z As is clear from equation (420), the pressures arise partly 
from the intermolecular forces and partly from the moleoulai agitation m 
the gas 

215 If we multiply equation (409) throughout by m, it becomes 

which IS formally the same as the hydrodynamical equation of continuity, and 
the hydrodynamical analogy is now complete 

We have, ‘oherefore, seen that we may regard a gas as a contmuous 
fluid, of which the motion is subject to hydrodynamical equations of motion 
and contmuity of the usual type This is the justification, in discussing 
the mass-motion of gases — ^the propagation of sound, for instance, — for 
treating the gas as if it was a contmuous fluid of the kind contemplated 
m hydrodynamics 

Molecules of Finite Size 

216 In order to separate the diflSculties as much as possible, and so 
simplify the treatment of the subject, it has been found convenient to defer 
the difficulties introduced by the finite size of the molecules The fimte size 
can, as has already been explained, be supposed to have been allowed for in 
the field of intermolecular force, but in order to get results which admit of 
easy interpretation it is best to suppose the molecules to be of finite size, in 
addition to possessmg fields of intermolecular force 

If IS the "eflFective molecular density ” at x,y,zBB defined m § 67, 
then the expectation of the number of molecules of which the centres lie 
within any element of volume must be taken to be 

jjj^<n,y,eda!dydz, 

where the mtegration extends throughout the element of volume m question. 
This, however, as has been seen in § 68, must be equal to 

V 

provided the integral is taken through a volume large enough to contain a 
great number of molecules, and this is identical with the value assumed when 
the molecules were supposed mfimtesimal 
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Similarly the number of molecules crossing an element of surface dS 
will contain as a factor 

JJ y, z d8 (423), 

but if this element of surfece is great compared with the size of a molecule, 
while at the same time v is approximately constant while we pass in any 
direction over a distance comparable with the size of dS, then the factor may 
also be written 

vJJdS (424), 

which, again, was the value assumed for mfinitesimal molecules 

A complication occurs m the neighbourhood of the boundary, because 
here, as appeared in the last chapter, the value of v may vary perceptibly 
over a distance comparable with the moleculai diameter If, then, d8 is an 
element of surface at a distance Jo* from the boundary and parallel to 
the boundary, expression (423) must be replaced, not by expression (424), 
but by 

vtJfdS (426), 

where is the same as the i/j of § 202 

It will now be clear that all the analysis of the present chapter will hold, 
even after allowing for the finite size of the molecules, if we take v to be the 
density everywhere except at the boundary, provided that, m considermg an 
element of surface at distance Jo- from the boundary, we replace v by vi, 

In calculating the pressure, it will be remembered, we assumed the 
element of volume to be so great that intermolecular forces could not act 
across it At the same time we assume it to be so small that the density is 
approximately constant throughout These assumptions become mcompatible 
at the boundary, because the density, as is clear from § 161, vanes over a range 
across which intermolecular forces can and do act In this case, however, we 
can abandon the supposition that the density will be approximately constant 
throughout All that is required is a knowledge of the mean density in the 
element of volume, and this, on account of the thinness of the layer near the 
surfece in which the mean density differs perceptibly from v, may still be 
taken to be v 


Gas %n EqmUhnum 

217. Equations (420) provide general formulae for the pressures of a gas 
m motion We shall now examme the form assumed by these equations 
when the gas is m equilibrium, and shall find that it is possible to obtain 
alternative proofs of a number of the theorems which have already been 
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pioved about the equilibnum state of a gas We may take the law of 
distnbution of velocities to be Max’w ell’s Law at every Domt, so that 

pU® = = vmiP — , 

by equations (298), and 

uv = vw = wu = 0 

Thus of the sjstem of pressures specified by equations (420), that pait 
which aiises fironi molecular agitation reduces to a simple hydros tatical 

pressuie of amount ^ Clearly the -sr system of pressures, arismg from 

the mtermolecular forces, also reduces to a simple hydrostatical pressure 
and we theiefore have 

-PaKB— -Pyy = = ^ > 

Pajy= Pxz = 

The total pressure at the pomt a:,y,zis therefore a simple hydrostatical 
pressure of amount P given by 

P = ^ + ^ (426), 

an equation which may be compared with the virial equation (331) 

218 The equations of equihbrium become 

pS = g,etc (427) 


The conditions for equihbnum to be possible are, therefore, three of the type 


In general, the result of eliminating the unknown variable p from these 
equations is 


If the gas IS at the same temperature throughout, the mtermolecular 
pressure o* will depend solely on p, so that we can regard P as a function 
of p only, and equation (427) can be written in the form 


s 


divj p 


(429) 


There are of course two similar equations for H, Z, and the system of 
three equations taken together simply expresses that the forces must have 
a potential This condition being satisfied, that expressed by equation (428) 
is satisfied also, but the two conditions are not identical It is only m the 
case of a gas at a uniform temperature throughout that the one can be 
deduced from the other 
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219 If the temperature xs supposed umform, and if the forces S, H, Z 
are denved from a potential V, it is clear from equations (429) that this 
notential must he 

P 


or, substituting for P from equation (426), 

rd'OT 1 

J p 2hmJ p 


(430), 


P 

f dw 1 , 


leading to the equation for p, 

-ihm 

P-Poe 

Clearly equation (223) obtained m Chapter V was a special case of the 
equation just found, for x "that equation has the same meanmg as the 
present mV, and the assumption of infinitesimal hard spherical molecules 
requires us to take «r = 0 




( 4 « 1 ) 


220 When no external forces act, the equations of equihbnum (427) shew 
that P must be constant throughout the gas Indeed, it is obvious that 
when a gas is in equilibrium under no forces the total pressure P must be 
the same throughout And at the boundary the total pressure must become 
identical with the pressure p at the boundary calculated in the last chapter 
This, then, is the constant value of P , it is what is commonly called the 
pressure of the gas 

Equation (426) shews that at every point in the gas 

(432) 

If we calculate p at a distance just greater than from the boundary, 
we may put w = 0, for the number of molecules whose centres he between 
this layer and the boundary is infiiutesimal In domg this we must, as 
aTfplaiTiflH m § 216, take vj to be the value of v, and equation (432) becomes 


p = 


n 

2h 


(433) 


As in the treatment of Van der Waals’ cohesion (§ 203), we can denote the 
density mside the gas by p, and that at the boundary by po liquation (433) 
may now be expressed in the more complete form 


P 


Vb(po ) 

2h 


434), 


agreemg with the value of the pressure calculated m the last chapter 
(equation (391)) 
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From equations (432) and (433) we obtain 

Vb(Po)-v 

W~ 

giving a general expression for the inteimoleculai piessuie tsr. 


(435), 


221 Let us write sr 4- sji, 

where 'bt^ is the pait of ‘sr pioduced by collisions — 7/6 encounters in which 
the molecules are so close that they cannot appioach any nearer, — and 'or^ is 
the part of nr produced by the outstanding mteimolecular forces between 
pairs of molecules not in contact Obviously 70"^ will be negative when these 
outstanding intermolecular forces are attractive, as with foices of cohesion 

We have already calculated a value foi -ar , we can now calculate and 
vTe separately 

Imagine a ngid plane surface of area unity set up and held at rest at 
some pomt mside the gas This operation will not affect the distribution of 
density inside the gas, for the field of mtermolecular force will exist on both 
sides of the area The pressure pioduced by moleculai impacts on either side 
of the area will of course be the same, say Treating this surface as we 
have already (§ 220) treated the surface which forms the true boundary of 
the gas, we obtain equations giving the constant p m the foims 

P = + (436), 

by considering an aiea at a distance just gieater than ^cr from the fixed 
area, and 

p = tsr* + p„ 

by considering an aiea at a distance just less than from the fixed aiea 

Incidentally we may notice that by compaimg the two we obtain for the 
internal pressuiepj the value 

(437) 


Returning to the value found forp m equation (436), and replacing p by 
its known value p = ? we obtain 

( 438 ) 


We also have found that 


whence, by subtraction. 


r-«r 4-ffl- =^lS£stZZ 

*■*■ * 2h ’ 

_Vb(p)— V 

2A ’ 


These equations give and w* separately 
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222 To obtain some insight into the meaning of these pressures, let us 
examine what they become when the deviations finm Boyle’s Law are small 

If we put p = in Van der Waals’ equation, we get 

( vbiPa) ^ a 




or again, for the piessuie on an area inside the gas, noticing that the 
cohesion teim must be supposed to vanish in this case, 

'^{v-b) = BNT (439) 

From these equations we obtain at once 


so that 


n (Po) . a _ Vi (p) 

2A 2A ’ 

vt(po) — n(p) _ a 

‘ 2h tP 


(440), 


and Wt becomes identical except for sign with the cohesion tension assumed 
m arnvmg at Van der Waals’ equation, as we should expect 

We have also 

vb(p)-v BKT BNT h(BJ<rT\ hf , a\ 

so that tsTe turns out to be proportional to the b of Van der Waals' equation, 
being a fraction - of the total internal pressure + ” 2 ) 

Thus the two pressures - 57 * and -btc are the two physical agencies which 
necessitate the constants a and 6 in Van der Waals’ Law In fact 
equation (432), namely 


can be written in the foim 


p=^+^. 

BBTT 

——f 


or, agam (jp - isf^) ^ = jBVT (442), 

which IS of Van der Waals’ form, and immediately gives the values of a, b by 
comparison 

It could by no means have been predicted without consideration that the 
pressure would have a fimte value This pressure originates m the 
impacts between pairs of molecules m collision The number of pairs in 
collision at any mstant is mfinitesimal, while the pressure between each pair 
m mfimte It is the product of this infinitesimal number and infinite 
pressure that produces the finite pressure 
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THERMODYNAMICa 
Equahm of Energy 

223 The total energy of the gas may be divided into internal and 
external The former consists of the kinetic energy of molecular motion 
and the potential energy of mtermolecular forces The external energy is 
measured by the work which could be performed by the gas m expanding 
to a state of infinite ranty starting firom its present configuration, this 
work of course bemg performed by the pressure of the gas The external 
energy will be denoted by SB, the internal energy by @ We may wiite 

(443), 

where E is the mean energy of the N molecules, and <1> is the potential 
energy of the mtermolecular forces 

224. Let us suppose that a quantity dQ of energy, either m the form of 
heat or otherwise, is absorbed by the gas from some external source, so that 
as a consequence the pressure, volume and temperature of the gas change 

Let us suppose that after this absorption of heat the gas again assumes 
a steady state, and that m the new state the values of SB and ® have become 
changed to SB + dSB and (S + d@ The energy equation — obtamed by 
equatmg the total energies before and after the change — ^is 

dQ = d@ + dSB=Jrd-f+dSB + d<I> ... (444) 

If we suppose the volume of the gas increased, by a small element dS 
of the surface moving a small distance dn parallel to itself normally outwards, 
then obviously the work done by the gas is that of moving a foice pdS 
through a distance dn, and is therefore pdSdn The resultmg increase m 
volume (dv) is of course the sum of the contributions dSdn from all the 
elements of surface which are moved, so that the value of dSB is 

dSB =pdv (445) 

Thus equation (444) becomes 

dQ = NdE^pdv + d4> (446) 

225 We know on experimental grourids (§ 167) that d$ is very small 
If we take d<l> = 0, equation (446) assumes the form 

dQ = EdE '^pdv (447), 

or, replacing p by its value RviTy 

dQ = NdE 4- RvjfTdv 


(448) 
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226 If we do not neglect the term the calculation becomes con- 
siderably more diflScult, for the intermolecular pressure «r will do work when 
the gas expands 

It is at once obvious that the work done by the part of this pressure is 
ntli for the number of collisions m being at any instant is injSmtesimal, and 
at most only a finite amount of work can be done by each of these 

To evaluate the work done by the pressure -zst* we may suppose that m the 
process of expansion any element dxdydz of the gas expands to a volume 
(1 + e) dxdydz The resulting contribution to d^ from this element is 
^^^edxdydz, the negative sign mdicatmg that work is done by the pressure 
on the gas, and not as before by the gas agamst the pressure The total 
value of is the sum of all these contributions, and is accordmgly 

= — fffcT^edafdydz 


j^dicdydz 


= — 'STtdv (449) 

by equation (438) 

227 The energy equation (446) now assumes the form 
dQ = NdE +pdv + d^ 

=mE+^^dv 

= NdE + Bvi{p)Tdv (461) 

This general equation of energy is now seen to be exactly the same in 
form as equation (448) which was obtamed by the neglect of the forces of 
cohesion, but the value of vj, (p) must now be calculated on the supposition of 
a umform density p equal to the mean density of the gas The value of (p) 
18 obviously a function only of the constants and of the volume or density 
of the gas (cf for mstance equations (388) or (439) in which vi, (p) is calculated 
in special cases) 


The First Law of ThermodynaTmcs 

228 The law which is commonly called the first law of thermodjmamics 
18 that contained in equation (444) and simply expresses that heat is energy, 
which is capable of transformation into other forms of energy, such, for 
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mstdnce, as the kinetic energy of motion of material masses This law is, 
however, included m the hypothesis upon which the kmetic theory is based, 
so that, for the kinetic theory, the fiist law of thermodynamics is reduced 
to a tiuism For the special problem of a gas such as we have had undei con- 
sideration, the first law of thermodynamics will be expiessed by equation (451) 


The Second Lana of Thermodynamics 
229 If equation (451) is divided throughout by T, it becomes 

^^N^ + Rn{p)dv (452) 

In this equation, the gas is supposed to remain of the same constitution 
throughout its change of state Thus ^ is a function of T only, and (p) 

dS 

of V only, so that the two terms and Vb(p)dv are each complete 

differentials It follows that the nght-hand member of (452) is a complete 
differential, say d<f>, so that 

^=d<j, ...(453) 

The quantity (f) mtroduced in this way is, however, nothing but the 
entropy, already introduced m § 94 The circumstance that the gas obeys 
an equation of the form of (453) merely shews that the gas is subject to the 
second law of thermodynamics. The value of the entropy ^ is now seen to 
be given by 

^ ^ j-^ + It jvb (p) dv (454), 

and it appears that the entropy is the sum of two terms, one depending only 
on the motion and internal eneigies of the molecules, and the other only on 
their positions 


230 In § 94, considering the more general case of a gas not necessarily 
m its normal state, we found for ^ the general value 

= J2 log Tf -t- a constant (455) 

In this equation W is the whole volume of that part of the generalised 
space of Chapter V which represents systems havmg a given arrangement for 
the velocities and positions of the molecules 

The whole volume of this generalised space, say II, may be regarded as 
the product of two spaces Q>y and lip, Qy- bemg a space m which all velocity 
coordinates are represented, and lip a space in which all positional co- 
ordmates are represented 
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Let be the fraction of the first space in which the \eIocities have 

any specified arrangement, and let be the firaction of the second space 

in which the positional coordmates have their required arrangement Then 
the fraction of the whole space in which both velocities and positional 
coordmates have the assigned arrangement will be gi\en by 

SO that W = WjrWp, and equation (455) may be replaced by 

— RlogWr + R log Wp + a. constant (456), 

shewmg that the entropy is the sum of two parts, one dependmg on the 
velocities only, and one on the positional coordmates only, say 

The ma xim um value of <f> leads to the normal state, and so is given by 
equation (454) It accordingly appears that the two terms on the nght- 
hand side of equation (454) represent the maximum values of ^i^d tfyp 
respectively 


231 Let us examine this question somewhat more m detail, confinmg 
ourselves for simplicity to the particular case in which the molecules are the 
elastic spheres of Chapter III 

We have seen that the value of <f>y is 

log TTf + a constant (457), 

wheie (cf § 51) 

TT = X (a constant), 

and log = a constant— S a,Iogai 

S^l 

Thus the value of 0 f given by equation (457) reduces to 

^F“ S' constant — jB S a«loga, (458) 

•«i 

We may now replace a, by f(u, v, w) dudvdw, and replace the summation 
over the n possible ranges into which all possible velocities are supposed to 
he divided by an mtegration over all values of w, v, w Equation (458) 
becomes 

constant — rJJJ f\ogfdud/odw, 
or, if S" is defined, as m § 22, by the equation 

S=jjj flogfdududw. 


we have 


^F = a constant — RS 


(459) 

12—2 
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Thus finding the minimum value of -S' in § 23 was m effect the same 
thmg as findmg the maximum value of steady or normal 

state accordingly 

In the same A\ay, the equation for cf>p, namely 

chp^It log TTp + a constant, 

can be shewn to lead, with the help of the analysis of § 43, to 

s-n 

— a constant ^ It X as log a, 

= a constant — .K j j j v log v dxdydz (460), 

and again the steady state found in § 49 is simply that for which <f>p is a 
maximum 

Thus the method employed m Chapter III to find the steady state was 
simplv that of findmg the state which made the entropy a maximum 
<cf § 98). 


The Physical Meaning of Entj opy 


232 The importance of the entropy function looked at from a purely 
physical aspect, can be seen as follows Let two systems, distmguished by 
suffixes 1 and 2, have imtially entropies ^ and <}> 2 , and let a quantity dQ of 


heat pass from the fiist to the second 


dQ 


The loss to is , while the gain 


to is 


Thus the total change of entropy is 


d{4>^ + <!>,) = dQ - 1) .(461) 

In a process in which the entropy increases, dQ must be 

positive, and therefore heat must pass from the hotter body to the colder , 
there is a process of equalisation of temperature In a process m which the 
entropy decreases, heat must pass from the colder body to the hotter, so that 
the hot body gets hotter, and the cold body gets still colder In natural 
processes, the entropy mcreases, and the physical process is one of equalisa- 
tion of temperature 


Apparent Irreversihikty 

233 We appear at this stage to have arrived again at an irreversible 
phenomenon similar to that already encountered in connection with the 
frmction H m Chapter IV In each case the equations of motion from which 
the phenomenon has been deduced were strictly reversible, and yet these 
equations seem to lead to an irreversible phenomenon To put the matter 
more concretely, the machme of the umverse, assurmng its motion to be 
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governed by the canonical equations of motion, is just as capable of running 
in one direction as in the reverse direction If it can pass from a state A to 
a state By the equations of motion shew that it can also pass from a state B 
to a state A If the passage from to J? involves an increase of entropy, 
the passage from B to A must mvolve a decrease of entropy m this lattei 
motion heat will pass from the colder bodies to the hotter 

We have seen that the entropy ^ is closely allied with the eailiei 
fiinction H, and the explanation of the apparent irreversibility of ^ is the 
same as that already given for H We saw in Chapter Iy that a certain 
mimmum value Hq was possible for H y if the initial value of H were 
different from jETq, it was infinitely probable that H would decrease, but on 
the other hand, it was infinitely probable — assuming the basis of piobability 
supplied by the generalised space — ^that the mitial value of H would be 
equal to H^y in which case, as H could not decrease fuither, the “expectation” 
was of a slight increase Thus the large probability of a small increase m H 
just balanced the small probability of a finite decrease m Hy and on the 
whole the “ expectation ” of change m H was ml 

A precisely similar explanation holds with refeience to ^ An increase 
m ^ presupposes an initial difference of temperature between the two com- 
ponent systems, and these initial conditions, looked, at from the point of view 
of abstract dynamics, and judged with reference to the basis of probability 
supplied by a generalised space, are infinitely impiobable With reference 
to the same basis of probability, it is infinitely probable that the initial con- 
ditions be those of equilibrium of temperature, in which case the only 
change possible in ^ is a decrease Or, physically, the only possible alteiation 
m the state of the system is the production of mequalities of temperature 
The production of such an inequality, although improbable when the motion 
is confined to a short time, is not impossible, and indeed becomes infinitely 
probable when the motion is continued for a sufficient time Thus the 
increase of entropy, even granted the infimtely improbable (from the 
dynamical point of view) mitial conditions which make such an mcrease 
possible, IS only a probability and not a certainty, and when the entropy 
starts initially at its maximum, it is mfimtely probable that, granted sufficient 
time, the entiopy will decrease 

234 When applied to concrete instances, these results seem at first 
sight somewhat startling To borrow an illustration from Lord Kelvin, if 
we have a bar of iron initially at uniform temperature, and subject neither 
to external distuibance nor to loss of energy, it is infinitely probable that, 
given sufficient time, the temperature of one half will at some time differ by 
a finite amount from that of the other half Or again, if we place a vessel 
foil of water over a fire, it is only probable, and not certain, that the water 
will boil instead of freezing And moreover, if we attempt to boil the water 
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a siiflScient number of times, it is infinitely probable that the water will, on 
some occasions freeze instead of boil The freezing of the water, in this 
case, does not in any way imply a contravention of the laws of nature the 
( »ccurrence is merely v hat is commonly described as a '' coincidence,” exactly 
similar in kmd to that which has taken place when the dealer in a game of 
w hist finds that he has all the trumps m his hand 

The analogy of the distribution of a pack of caids will help us to see 
further into the problem presented by the entropy of a gas In dealmg 
cards, it is just as likely that the dealer will have the thirteen trumps 
as that he will have any other thirteen cards that we like to specify The 
occurrence of a hand composed of thirteen tiumps might, however, be 
justly regarded as a “comcidence” whereas the occurrence of any specified 
band m which the cards vrere more thoroughly mixed, could not reasonably 
be so regarded The explanation is that there are comparatively few ways m 
which a hand which is all trumps can be dealt, but a great number in which 
a mixed hand can be dealt 

A similar remark apphes to the result of putting cold water over a hot 
fire There are comparatively few ways in which the fire can get hotter, and 
the water colder, but a great many ways in which the fire can impart heat to 
the water — a proposition which becomes obvious on lookmg at it from the 
dynamical point of view of the generalised space Speaking loosely, it is 
just as hkely that the water will freeze as that it will boil in any specified 
way. There are, however, so many ways in which the water can boil, all 
these ways being indistmguishable to us, that we can say that it is piactically 
certain that the water will boil 

The increase of entropy, then, simply means the passage from a more easily 
distinguishable state to a less easily distmguishable state, or, m terms of the 
generalised space, from a less probable to a more probable configuration 

235. A reference to equation (466) shews that the entropy consists of 
two parts, the former depending on the energy of the molecules of the gas, 
and the latter on their positions So far we have considered only variations 
m the first term, resultmg from mequahties m the temperature of the gas 
Similar remarks could, however, be made about the variations of the second 
term, these denotmg mequahties m the density of the gas A smgle illustra- 
tion, suggested by Willard Gibbs*, will, perhaps, make clear what is meant 

If we put red and blue mk together m a vessel, and stir them up, 
common experience tells us that, if we assume the mks imtially to differ 
m nothmg more than colour, the result of stirring is a uniform violet mk. 
Here we have the passage from a more easily distmguishable to a less easily 
distmguishable arrangement of coloured inks. If, however, we start by stirrmg 

* JEUmetMry of Stattstteal Mechamcs, p 144 
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a uniform violet ink composed of a mixture of red and blue inks, then it 
IS possible, although not probable, that the effect of the stirring will be to 
separate the inks of different colour, so that one half of the vessel is occupied 
solely by red, and the other solely by blue ink And from the dynamical 
standpoint it is no less probable that this should occur, than that we should be 
able to start stirnng inks which were separated mitially as regaids colour 

236 With reference to this subject, some well-known remarks of 
Maxwell* are of interest He says "‘One of the best established facts in 
"thermodynamics is that it is impossible in a system enclosed in an envelope 
which permits neither change of volume nor passage of heat, and in which 
both the tempeiature and the pressure are everywhere the same, to produce 
any inequahty of temperature or of pressure without the expenditure of 
work This is the second law of theimodynamics, and it is undoubtedly 
true so long as we can deal with bodies only in mass and have no power of 
perceiving or handling the separate molecules of which they aie made up 
But if we conceive a bemg whose faculties are so sharpened that he can 
follow every molecule in its course, such a being, whose attributes are still as 
essentially finite as our own, would be able to do what is at present im- 
possible to us For we have seen that the molecules m a vessel full of air at 
uniform temperature are moving with velocities by no means uniform though 
the mean velocity of any great number of them, arbitrarily selected, is almost 
exactly uniform Now let us suppose that such a vessel is divided mto two 
portions A and 5, by a division in which there is a small hole, and that 
a being, who can see the individual molecules, opens and closes this hole, so 
as to allow only the swifter molecules to pass from A to 5, and only the 
slower ones to pass from B to A He will thus, without expenditure of 
work, raise the temperature of B and lower that of A, in contradiction to the 
second law of thermodynamics ” 

Thus Maxwell’s sorting demon could effect in a very short time what 
would probably take a very long time to come about if left to the play of 
chance There would, however, be nothing contrary to natural laws m the 
one case any more than in the other 
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Specific Heats of a Perfect Oas 

237 We now turn to an investigation of the specific heats of a gas, and 
shall begm by considering the simplest case, namely that of a perfect gas in 
which the relation between pressure, volume, and temperature is 




RNT 

V 


.( 462 > 


* Theory of Heat^ p 328 
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The equation of eneigy m this case becomes 

dQ = FdE+ pdv 

= FdE-^RFT^ (’463), 

and this is the geneial equation of calonmetiy for a perfect gas 


238 Specific heat at constant volume Let us first suppose that a 
quantity dQ of energj’ in the form of heat is absorbed by the gas, while the 
volume of the gas is maintained constant In this case all the heat goes 
towards raismg the temperature of the gas, equation (463) assuming the 


form _ 

dQ^NdE (464) 


Let Cp be the specific heat of the gas at constant volume, %e, the amount of 
heat required to raise the temperature of a unit mass of gas by one degiee, 
then the amount of heat required to raise the mass ]Sfm of gas through 
a tempeiature difference dT will be GJfmdT Thus if J is the mechamcal 
equivalent of heat, 

dQ^JGJTmdZ 


and equation (464) becomes 




1 dE 


JmdT 


(465) 


239 Specific heat at constant pressure Let us next suppose that the 
absorption of heat takes place at constant pressure In this case both the 
volume and temperature will change, but fi:om equation (462) they must 
change m such a manner that 

T 

- = constant 

V 

If we differentiate this equation logarithmically, we obtain 

dT _dv 
T "V' 

as the relation between dT and dv when the pressure is maintained constant, 
and using this relation, equation (463) becomes 

dQ = NdE 4- RNdT (466) 

The value of dQ is now JGpNmdT, where Gp is the specific heat at constant 
pressure Hence equation (466) leads to the relation 



237-241] 


Specific Heats 


186 


240 BVom equations (465) and (467) we obtain by subtraction 

( 468 ) 

Since m is proportional to the molecular weight of the particular gas we are 
discussing, this equation expi esses Carnot’s Law 

The difference of the two specific heats of a gas is %nv&) sely pi opoitional to 
the molecular weight of the gas 

This law can be expressed m a different form The specific heats referred 
to unit volume instead of to unit mass aie of couise Cp/>, and equation 
(468) may be written 

(169), 

the last transformation depending on equation (462) Hence 

At a given temperature and pressure the difference of the two speoiiio 
heats per unit volume is the same for all gases 


241 It is found by experiment that, at any rate for a large number of 
gases, Cp and (?„ are approximately mdependent of the temperature ovei 
a large range of temperatures and pressures This, as is shewn by a 

dlS 

reference to the formulae (465) and (467), must mean that is a constant, 

^d therefore that the mean energy of a molecule of the gas stands in a 
constant ratio to the translational energy Let us denote this ratio by 
( 1 + ^), so that )8 IS the latio of mtemal to translational energy Then 

= (l + y8)|2JT (470), 


so that 


^=|i2(l + /S) 


n n 

Substitutmg this value for in equations (465) and (467), we obtam 




( 472 ). 


If we denote the ratio OpjO, by 7 , we obtam by division 

_a, 1 + 1(1 + ff) 

i<l + /3) 


= 1 + 


3(1 + ; 8 ) 
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Adiahatio Motion. 


242 Suppose the pressure, volume and temperature to change in such a 
way that no heat enters or leaves the gas Then since c2Q = 0, we have from 
equation (463) 

SdS+IiyT—=0, 

V 

or, on substituting for from equation (470), and dividing by iJiV'T, 

Hence upon integration 


i(l + /3)^+^=0 


= constant ... . 

or again, since T is proportional to pw. 


(476), 


po constant. 


or 


j)vr =* constant 


(476) 


This IS the general relation between pressure and volume in a motion of 
the gas m which no heat enters or leaves the gas — a type of motion which is 
known as “ adiabatic ” 


Smce cannot be negative, we see from equation (475) that in adiabatic 
mouon an increase in » is accompanied by a decrease in T, and vice versa— a 
gas necessaiily cools on expanding, and is heated on being compressed 


243 Smce the conduction of heat in gases is a very slow process, it 
results that m many physical phenomena the rates of change aie so rapid 
that the temperature of the gas has not time to equalise utself Frequently 
we may suppose that the process is so rapid that conduction of heat plays no 
part at all, so that the change of each element of the gas may be treated as 
adiabatic A well-known instance of this is provided by the motions of the 
currents of air m the lower strata of the atmosphere. 

A second instance, of importance for our present problem, is provided by 
the propi^tion of sound in a gas The different elements of volume in 
a gas undergo expansion and contraction as the waves of sound pass over 
them— ttese expansions and contractions are readily seen to be too rapid for 
the conduction of heat to be of any importance, and so the changes m each 
element of gas obey the adiabatic law. 

The velocity of sound, say a, is given by the well-known formula* 

* See for instonee Lord Eayleigh’s Sound, ii § 246 



Specific Heats 
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and if we suppose p and p to be connected by the adiabatic law p = cpy, this 
gives as the value of ^ , 

SO that a = y ^ (477) 

Since observations on the vave-length of sound are effected with com- 
parative ease, this equation provides a ready means of detennimng the value 
of 7 It ought, however, to be particularly noticed that the equation is only 
true for a gas which may be treated as perfect 

General Calcvlation of Specific Heats 

244 If we attempt to repeat the mvestigation of the specific heats of a 
gas without making the simplifying assumption that the gas is a perfect gas, 
the relation between pressure, volume and temperature must be taken to be 
the general relation found m equation (391), 

p^RvMT (478), 

and the equation of energy will be the general equation (451), 

dQ = NdE+ JRvb (p) Tdv (479) 

For a change at constant volume, we obtain, as m § 238, 

NdE^dQ^JO^NmdT, 
so that, as before, _ 

For a change at constant pressure, the value of Q m equation (479) must 
be put equal to J(TgNmdT, giving 


Using equation (478), 

fdv\ ^ ^l.n(po)T] 


(481). 




and equation (481) becomes 


1 dE JR 


Jm]dT Jf 




(482> 


This equation is too complicated for any farther discussion to be profit- 
able m the general case We may notice, however, that if we neglect the 
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forces of cohesion, *^(/>o) and Vi(j>) become identical, and independent of the 
tempeiatuie, so that equation (482) reduces to 


^ 1 
t dAnj] 


(483) 


If is further assumed to have the lalue assigned to it by Van dei Waals, 
d / 1 \ _ d /v — b\ _ 1 
d«W“di;V iV 


and equation (483) becomes _ 

„ 

^~JmdT^Jni 


(484), 


which agrees exactly with the equation preiiously obtained lor the simpler 
case of an ideal gas 


Dependence of Specific Heats on Molecular Structure 
diE 

245 The quantities and /8 (the two being connected by relation (471)) 

can only be evaluated when the mtemal structure of the naolecule is known 
We have not suflSicient knowledge of this internal structure to evaluate these 
quantities directly, but their values can to some extent be determined fiom 
^ a compaiison of the specific heat foimulae and the experimentally deter- 
mmed values of the specific heats, and the values obtamed in this way 
provide a basis for the discussion of the structure of molecules 

246 As an example of this procedure, we may examine the case of air 
which for the moment, as fiequently m the kmetic theory, may be thought 
of as consistmg of similar molecules. 

For 7 , the ratio of the specific heats, under a pressuie of 1 atmosphere, 
the following values have been obtamed by Koch and others*. 

Values of y for aor at 760 mm pressure * 

d--79 3'C, 7=1405, 

6 = 0°0, 7=1404 

6 = 10(rO. 7=1403, 

^= 500“ 0 , 7=1399, 

6 = 900“ 0, 7=139 

These numbers shew that at this pressure y is almost independent of the 
temperature, and approximately equal to I 4 Smce the ratio of the specific 
heats, and also, by equation (468), then difference, is mdependent of the 
temperature, it follows that the specific heats themselves must be independent, 
so that must have a defimte value Equation ( 474 ), namely 

'^''^^■^3(1+^) 

^ews that this value is 

* Kaye and Laby’s Phyneal Oomtantt (1911), or Beeued de Comtaates Fhynques (1913) 
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At higher pressures the value of 7 by no means remains constant, as is 
shewn by the following observations by Koch* 


Values op 7 for air at high pressures 


1 

^=-79 3*»C 1 

j 

^=0®O 

1 atmos 7=1406 

25 „ 1 57 

100 „ ' 2 21 

200 „ j 2 33 

y=1404 

147 

166 

185 


247 Generally speaking, it is found that for monatomic gases, and for 
the more permanent diatomic gases, there exists a range of the kind we have 
been considering, within which the specific heats remain approximately 
constant Frequently in the case of more complex gases no such range 
appears to exist 

248 The table on p 190 gives values of and of 7 for a number of 
the more common gases of both types The last column contains values of ^ 
calculated from'formula (485), but it will be remembered that these values 
have no obvious physical meaning except within the range in which the 
specific heats lemain approximately steady 

From the figures in this table, confirmed by a large mass of other experi- 
mental evidence, it appears that the value of ^ is approximately equal to 
zero (7= 1|) for the monatomic gases, mercury, krypton, argon and helium 
It IS nearly equal to ^ (7 = If) throughout the steady range for a number of 
diatomic gases, hydrogen, nitrogen, oxygen, carbon-monoxide and others 
When we pass to temperatures below the steady range, is found to decrease 
with great rapidity 

249 The energy of a molecule will consist always of three squared 
terms representing the kmetic energy of motion, to which may be added 
any number of other terms representing energy of rotation, of internal 
vibration, etc 

Let us consider a molecule having, in its energy, n squared terms m 
addition to the three representing its kinetic energy of motion, so that 

E s f m (w® •+■ V® -f 4- ^ ^ 2 ^ 4- 4* <f>n • (486) 

The mean value of each squared term is, as in § 140, equal to 
so that 

E^^RT{Z + n) (487), 

Arm d JPhys sxvi (1908), p 551 
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■Values of Cp and y 


I 

, Gas 

1 Observer 

Value of Cp 

Value 
of 7 

Value 
of /3 

Meicurv vapour 

Kundt and TTarburg 

— 

1 666 

000 

KijTJton 

Rayleigh and Eambey 

— 

1 666 

000 

Argon 

1 Niemeyei 

— 

1667 

ooo 

Helium at 18® G 

1 Scheel and Heuse * 

1 260 

1 654 

02 § 

1 , -180°C 

n 


1 245 

1 667 

OOJ 

j Hydrogen at 16® C 

» 

)) 

3 403 

1 407 

637 

, » -rerc 


jj 

3 157 

1 453 

470 

-18V0 

» 

i9 

2 644 

1 597 

124 

1 Nitrogen at 20® C 

» 

»9 

0 2492 

1 400 

666 

; » -181'c 

n 

99 

0 2556 

1 468 

424 

1 Ox}gen at 20® C 

n 

99 

0 218 

1 899 

670 

1 » - 76'C 

n 

99 

0 214 

1 416 

603 

1 „ -ISl'O 

)) 

99 

0 228 

1 447 

493 

Aar at 100® C 

Swann -f* 

0 24301 

— 


« 20® C 


0 24173 

— 



„ 20®C 1 

Scheel and Heuse* 

0 2406 

1 401 

663 

« - 7e°o 


99 

0 2430 

1401 

663 

,, -isro 

jj 

99 

0 2496 

1450 

481 

C^bon-monondeat 18° C 

n 

99 

0 2502 

1398 

675 

« » -188°C 


99 

0 2587 

1 472 

412 

Carbcm dioxide at 0* C 

Holbom and Hennmg J 

0 2010 

— 

130 

» „ 20° 0 

Swann t 

0 20202 

— 

1 31 

» » 50°C 

Holbom and Henmng J 

0 2095 

— 

1 43 

» „ 100° C 

Swann f 

0 22141 

— 

1 61 


and comparing this with the mean valne assumed for E m equation (470), 
namelj 

J=|5r(l+/3) (488), 

we at once see that ?i = 3)8 

This immediately gives a simple explanation of the tendency for the 
various steady values of ^ to cluster round the values j8= 0, etc, for it 
appears that these are exactly the values which correspond to integral values 
of n In other words, these values are just such as would he expected on the 
hypothesis that the molecular energy is of the form (486) 

* Arm d Phyttk, xnvn , p 79 and n, , p 478 
t Phil Trans 210 a p 199 
Z Sfttuugtierd k Akad. d rPium 1905, p 176. 

8 Oatenlateditoun— =2077x10* 
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For a gas of wliich the nxolecular energy is of this form, formulae (472) 
and (474) become 

a = i(3 + n)^ (489). 

(490) 

Movatormc Gases 

260 There are four gases in the table, namely mercury, krypton, argon 
and helium, for which, very appioximately, 7 = If, ^ = 0 , and n For these 
gases, then, there is no molecular energy except that of translation This 
seems to indicate that the molecules of the gas must behave at colhsion like 
hard spherical bodies If they did not do so, an appreciable fraction of the 
molecular energy of translation would be transformed into rotational 01 
vibratory energy at each collision The four gases have the peculiaiity that 
they are all monatomic , the molecule is identical with the atom 

Although the atoms of these substances behave like haid spherical bodies 
at collision, there is abundant evidence that they have a highly comphcated 
mteinal structure The hehum atom for mstance is believed, on almost in- 
controvertible evidence, to be made up of three parts — a positive nucleus, 
which IS identical with the a-ray particle of radioactivity, and two negative 
electrons The helium atom made up in this way, must, as a matter of 
geometry, have six degrees of freedom m addition to its three degrees of 
freedom of motion in space 

The explanation of why, under the circumstances, the specific heats aie 
accurately given by taking n = 0 m formulae (489) and (490) presented for 
many years a problem of the utmost gravity It is now generally accepted 
that no satisfactory explanation can be given m terms of the classical system 
of dynamics In recent years a new system of dynamics has arisen, commonly 
called the quantum-dynamics It will perhaps suflSce to remark here that 
the quantum-dynamics has provided arTbxplanation not only of the behaviour 
of the monatomic molecule but of many other problems of specific heats m 
addition We shall not further discuss the quantum-dynamics here as it 
forms the subject of a separate chapter (chap XVII) 

261 After the next value theoretically possible would be 

givmg 7 = In the table opposite there is no gas for which n = 1 , (^ 8 = J), 
and there is no gas known for which /3 and 7 have these values, even approxi- 
mately. This, however, upon closer exammation, might be regarded as 
additional confirmation of the truth of the kinetic theory, smce no molecular 
system could have its energy of the form (486) with n = 1 Either a rotation 
ora vibration would necessarily mtroduce at least two squared terms mto the 
energy. Thus a molecule for which is an impossibility, and the value 

cannot be expected to occur for any type of gas 
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^ 252 After then, the ne^t value theoretically possible will be 

n = 2, giving 7 = If From the table it appears that n and 7 have very 
approximately these values foi air, hydrogen, nitrogen, oxygen, and caibon- 
monoxide The molecules of these gases are all diabomic and the same values 
of n and 7 are found to hold for most, but not all, of the diatomic gases The 
two terms 

+ ^0l2<j>2 

in the energy as given by formula (486) may either represent a vibiation of 
the two atoms relative to one another along the line loming them, 01 a possi- 
bility of a rotation We must notice that m general the energy of rotation 
of a ngid body will be represented by three squared terms in formula (486), 
but the energy of rotation of a body symmetrical about an axis may be repre- 
sented by only two, no rotation about the axis of symmetry being set up by 
collisions 

Whatever is the true physical origin of these two terms, the table on p 190 
shews that their energy falls oflF rapidly as the temperature falls, particularly 
m the case of hydrogen. Eucken and others* have found experimentally that 
as the absolute zero of temperature is approached, the molecules of diatomic 
gases tend to lose all energy except that of translation, and so behave like the 
molecules of monatomic gases, with the values y 8 = 0 and 7 = 1 | We shall 
return to a discussion of this remarkable fact later (Chap XVII) 

More complex Gases 

253 It is diflScult to discover any law or regularity in the values of 
n and 7 for more complex gases Vanous attempts have been made to 
connect the values of n and 7 with the number of atoms in the molecule. 
Naumannf, for instance, suggested that n is identical with the number of 
atoms in the molecule, while J J Thomson;!: suggested that m the special 
case of a symmetncally arranged molecule, n -h 3 might be found to be pro- 
portional to the number of atoms m the molecule 

The experiments of Capstick§ have, however, shewn quite conclusively 
that no general law can be expected to relate 7 with the number of atoms, 
independently of the nature of the atoms For instance, he finds the following 
values for the methane derivatives . 

7 w-h 


Methane 

CH 4 

1313 

64 

Methyl Chloride 

OH,a 

1279 

72 

Methylene Chloride 

CHjCIa 

1219 

90 

Chloroform 

OHCI, 

1154 

130 

Carbon tetrachloride 

CC14 

1130 

154 


♦ Bneken, Sitzungther Berlin ATtad d Wteseneeh n (1912) p 141 Scheel and Hense, Ann 
d Phfnk, XL (1913) p 473. Schreiner, Zeits pTtys cJiem oxn. (1924) p 1 

t AjmaUn der Chemte, cxLm (1867) p 284 $ WatU^ Btettonary of Chemutry, i p 89 

§ Bhd Tram clxxxvi (1895) p. 564, oixxxv (1894) p 1 
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aad somewhat similar values for n can be deduced from Regnault’s deter- 
mmations of Gp for this series Thus the introduction of the senes of chlorine 
atoms mcreases n very perceptibly at every step 

A similar result was obtained by Strecker*, who found that hydrochloiic, 
hydrobromic, hydnodic acids all have approximately the same values as 
hydrogen, namely 

7 = 14 , 72 + 3 = 5, 

while for chlorine, bromine and iodine, the values are approximately 

Chloiine 7 = 1 333 n + 3 = 6, 

Bromine, lodme 7=1 293 72 + 3 = G 8 

Similarly for the iodides of bromine and chlonne, 

Bromine iodide 7 = 1 33 ^ + 3 = 6 , 

Chlonne iodide 7 = 1 S17 72 + 3 = G 3 

From these figures it appears that one halogen can be put in the place 
of hydrogen without producing any difference in the values of 7 and n, but 
that the substitution of the second halogen atom causes a marked increase 
m 72 Capsticki” finds a similar phenomenon in the case of the paraffin 
denvatives In general the second chlonne atom introduced into the molecule 
causes a large change, although the first may or may not do so 

Moleculab aggeegation 

254 The discussion of the physical properties of gases given in this and 
the preceding chapter has been based upon the supposition that a gas can be 
regarded as a collection of separate dynamical systems, namely molecules, 
each of which retams its identity through all time As a close to this dis- 
cussion, we may examine what changes are to be expected if the supposition 
is regarded as an approximation to the truth only, and not as being wholly 
true We shall first consider what comphcations are mtroduced by the 
possibihties of molecular aggregation, leavmg the discussion of the converse 
process of dissociation until later 

266 We have already seen that there must be a small attractive force 
between those molecules in a gas which are sufficiently near to one another, 
or, more precisely, that the potential energy of the total mtermolecular forces 
m a gas^is negative 

This result, it is worth noticing, is mtelhgible without assuming that 
there is any definitely attractive force inherent m a smgle molecule In § 117 
we obtamed as the laws of distribution for those molecules which were free 

* Wted Arm zm p 20 and zvn p 85 
Zc ante 


J G 


13 
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from intermolecular force and for those molecules which weie under the 
influence of intermolecular force, equations of the foims 

Ta = \ 

Taa = a+ «^aa)l (491), 

etc j 

it being suflScient foi our present purpose to consider a gas m which only one 
kmd of molecule is piesent, %e a, gas which is chemically pure In the above 
equations Waa is the potential of the mtermolecular forces between the two 
molecules If we denote the potential of the intei molecular forces between 
three molecules by Waaa> and so on, we obtam as the total intermolecular 
potential energy of the gas, 

= jj W„e-^ JToa) 

+ +etc (492), 

where the mtegrations extend over all configurations m which the mter- 
molecular forces aie appreciable Now if, when the configuration of two 
molecules is selected at random from all possible configurations, Waa is as 
likely to be positive as negative, then the whole of the first mtegral can be 
expressed as a sum of terms of the foim 

this term bemg obtained by combmmg two configurations m which the 
values of Waa are equal m magmtude but opposite in sign This expression 
is, however, negative for all values of The second integral can be 

similarly treated, so that we arrive at the final result that ^ is negative 


Degree of Aggregaiton 

256 We may now simphfy the problem by regardmg molecules as 
pomt-centres of force, actmg on one another vfith a force dependmg only on 
their distance apart The chance of findmg a free molecule of class A mside 
an element of volume dxdydss is now, by equation (491), 

dudvdmdxdydz ( 493 ), 

•while the chance of finding two molecules of classes A and B m adjacent 
elements dxdydz and dx'dy'd^ is 

^ dudvdnvdxdydzdu^d^i/dv/dafdfdz^ 

If we talre the element dixf dy' dsf •to be a spherical shell of radii t and 
v + dr suiToundmg the centre of the fiist molecule, this last expression 
becomes 

dAidvdwdudv'dv/4tw7^drdxdydz, 
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^ being a function of r If, aa in § 33 (p 35), we use the tiansformations 
u = i (m + w') etc , a = etc , 

and TOite 

we can transform the foregoing expression mto 

^2g-.2;ijnc* dudyrdwdxdydze-^^”^'^—^^dad^d^ ^di (494) 

The first factor after the expresses the law of distiibution of transla- 
tional velocities for a double molecule It is exactly the same as if each double 
molecule were a permanent structure of mass 2m The lemainmg factois 
express the distribution of those coordinates which may be regaided as 
internal to the double molecule 

267 Throughout the motion of a double molecule, so long as it is undis- 
turbed by collisions, c® will lemam constant, so that from the energy equation 
it follows that |mF®+ 2^ remains constant The possible orbits which the 
component molecules can describe about their common centre of giavity 
fall into two classes, according as they pass to infini ty oi not Analytically 
these two classes are diffeientiated by the sign of Double 

molecules for which JmF^-l-2’SP‘ is positive consist of two molecules which 
have approached one another from outside each other's sphere of action, and 
which after passing once within a certam minimum distance of each other, 
will again recede out of each other s sphere of influence On the other hand, 
double molecules for which JmF® + 2>F is negative consist of two molecules 
descnbing orbits about one another, these orbits bemg entirely within the 
two spheres of action, and this motion continues except m so fitr as it is 
mterrupted by collisions with other molecules It is cleai that double mole- 
cules of the first kind are simply pairs of molecules in collision In discussing 
molecular aggregation we must confine our attention to double molecules of 
the scfcond kind, ^ e those for which + 2^ is negative. It is to be 

noticed that double molecules of this kmd cannot be produced solely by the 
meetmg of two single molecules It is necessary that while the smgle mole- 
cules are in collision something should happen to change the motion — ^in fact 
to change the sign of JmF® + 2^. This might be effected by colhsion with 
a third molecule, or possibly if JmF® + 29 were small at the beginning of an 
encounter, suflScient energy might be dissipated by radiation for JmF® + 
to become negative before the termination of the encounter We may leave 
the consideration of this second possibility on one side foz the present, with 
the remark that if this were the primary cause of aggregation, we should no 
longer be able to use the equations with which we have been working, smce 
they rest upon the assumption of conservation of energy 


13—2 
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268 Integrating expression (493) over all values of u, v and w, we find 
for vx, the molecular density of uncombined molecules, 




(495) 


Similarly, if vz is the molecular density of double molecules, we obtam by 
integration of expression (494), 

j 2 da d^dr/^dr 

» JJ 16w»7 »? HVdr (496). 

m which the integration extends over all values of V and r for which 
+ 2^^^ IS negative 

The total number of constituent molecules per umt volume is 
v = Vi + 2 j/ 2 4- 3v» + 

= + ^ j‘j'e-&li>»i«+2»]16w»F='r“dFdr+jl»( )+ ) (497), 

SO that if q denotes the fraction of the whole mass which is fiee, 


^ V 


1 + 


V2 


11' g-AOrnm-m i6w»FV*dFdr+ 


(498) 


(499), 


Eliminating A from equations (495), (496), etc, we obtam a senes of 
relations of the form 

Vs = Vi^(f> (T) ] 

etc] 

where are functions of the temperature only Equations of this form 

are the basis of practically every theory of aggregation and dissociation* 

To study the vanation of aggregation with temperature a knowledge of 
the exact form of the functions <t> (T), yfr {T\ etc is necessary, but we can 
examme the dependence of aggregation on density without this knowledge 


Dependence of aggregat%(m on Density 
259 For a number of substances, it is probable that no greater degree 
of aggregation need be considered than that imphed m the formation of double 
molecules For such substances 

j; = Ifj -f- 2 v 2 

* Compare, for instance, Boltzmann’s Theoiy, Wied Ann xxsn p 39, or Vorleswngen tiber 
Ga8theone,Ti §63, Natanson’s Theoiy, TTted Ann xxx-vjn p 288, or Wmkelmann’sjBTand&wJii 
Pkynk, m, p 725, or the theory of J J. Thomson, Fktl Mag [5] xvni (1884), p 233 These 
theones are based on widely different physioal assumptions, but all lead to equations of the same 
general form as (499) The difference of the physical assumptions made shews itself m the 
different forms for the functions ^ (T), etc 
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Neglectang the Van der Waals’ coirections, the pleasure is given by 

(cf§145) 

p = RT{vi + v,) = ^RT{v + v^) = lRvT(l-hq) . (500), 

where q is introduced from equation (498) Thus it appeals that q, the 
fiaction of the whole mass which is free, can be readily obtamed from readings 
of pressure and tempeiature 

The following table gives the values of 1 — y calculated m this way from 
the observations of Natanson* on the density of peroxide of nitiogen 


Aggeegation of NOa 


Temp 

Value of l-^y= — 

* p 

p=;115 mm 

p=250mm 

p = 580 Trim 

p=760mm. 

^=-12 6“ 

0 919 



— 

b 

11 

0 837 

0 901 


— 

2r 

— 


0 824 

— 

6 = 49 7° 

0 253 

0 370 

0 660 

— 

73 7° 

0 084 

0149 

0 263 

— 

e= 99 8** 

0 031 

0 050 

0 093 

0 117 

6 ^ 151 4" 

in 

appre 

ciab 

le 


In this case the smgle molecule is NOj, the double molecule is NjO*, and 
more complex structures are supposed not to occur The value of 1 — g is 
ivjv, and so measures the proportion by mass which occurs in the form NjOi 

Equation (499) now predicts that the ratio of v* to v,* ought to be the 
TOTYiA for all readmgs at the same temperature We have from this equation 

q n 

so that 

or 1— g=2g*j'^(2') 


Combining this with equation (500) we obtain 


1 — g® = 4j3g 


RT ’ 


shewmg that the ratio 
same temperature 


— 2. ought to be the same for all readmgs at the 
Pt 


^ Becueil de Oomtantes Phynqties, p 163 
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The following table, calculated from the observations in the table of 
p 197, will shew to what extent this prediction of theory is home out by 
experiment 

Aggregation of NOj 


Temp 

Val«eof^-f=^tr) 

1 jjr 

p=ll5mm p=250mm 

p=580mm 

p=760mm 

«=49 7' 

I 

. 689 ! 608 

680 



«-73 7“ 1 

167 , *162 

145 

— 

6=99 8° 

'j 056 ‘ 043 

037 

037 


Dependence of aggregation on Temperature. 

260 It has been seen that 

1_ 

RT ' 

t 

where, from equations (495) and (496), 

(^0 = 167r'Fa»^dFdr (501) 

The exact relation of the degree of aggregation to the temperature 
accordingly depends on the evaluation of the function ^ (T), and so mvolves 
a difficult problem 

In general terms we can easily see that at high temperatures (Ji very 
small) the value of <j>{T) will be insignificant, while after it becomes 
appreciable, it must be expected to increase rapidly with falling temperature 

Our knowledge of the structure of matter is not sufficient to enable us 
to evaluate <{> (T), as given by equation (501), with precision Progress can 
only be made by the introduction of simple hypotheses as to the interaction 
of molecules, which may prove to lead to results near to the truth 

Boltzmann* assumes that potential energy exists between two molecules 
only when the centre of the second hes within a small and clearly defined 
region which is of course fixed relative to the first, and that when the second 
molecule has its centre withm this "sensitive region,"* the potential eneigy 
has always the same value “'P This region does not necessarily consist of a 
sphencal shell, but if a> denotes its total volume, equation (601) may be 
written in the form 

^ (2^ = e-V^y*4nrr>dV. 

* Vcrlettmffen Ubtr Gcutheorte, n chap ti 
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where ® replaces the integral 4w J r^dr, which has represented the extent of 

the “sensitive region” in our analysis If we replace by a?, this 

equation may be expressed m the form 

The upper limit of integration is determmed by the condition that 
Jm7- + 2^ shall vanish, and is therefore given by p = -2A^, the value of 
^ being necessarily negative If we put so that /3 is positive 

the value of ^ is 2hRl3 or ^/T 

For some substances ‘'F may be so large that a good approximation can 
he obtamed by taking the integral in equation (502) between the limits 
ipsssO to x=^co (cf § 267, below) In this case the integration is readily 
effected, and we find 

£ 

<l> (T) = = ft>e G>e^, 


m which IS negative 


The degree of dissociation is then given by 



(503), 


which IS Boltzmann’s formula for molecular aggregation and dissociation 
Numencal values, obtamed by the comparison of this formula with experi- 
ment, are given by Boltzmann* * * § 

Willard Gibbsf also has treated the subject by a method which, although 
at first appearing very different from that of Boltzmann, will be found, as 
Boltzmann remarks J, to rest ultimately upon exactly the same physical basis, 
and so leads necessarily to essentially the same equations 

The following table given by Willard Gibbs contains the densities of 
peroxide of nitrogen observed at various temperatures by Deville and 
Troostg, the pressure being one atmosphere throughout, and also the values 
calculated from equation (503) 

For other*substances “5^ may be so small that a good approximation can 
be obtamed by expandmg m powers of By repeated mtegration by parts, 
we obtain the expansion 




{ipy . (2py 


1 3 6 1 3 6 7 




* Zc §66 

t Trans Conneettcut Aead m p 106 (1875] and p 343(1877), StlhmanJtmnaZfXvm (1879} , 
p 377 Also CoU Works, i pp 55 and 372 

t Vorlesungen Hiber Oa^theone, u p 211 

§ Cmptes JRffndus, laiv (1867), p 237 
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which IS conveigent for all values of f Using this equation, (502) becomes 




4a> (^\i (12/8 ^ 

^/irKT) (3'^3 5 5 7 



AgOBEGATIOK of NOa 


Temperature 1 

Density 

(observed 

Density 
(calc ) 

1 Temperature 

Density 

(observed) 

Density 
(calc } 

183 2 

1 57 

1 592 

80 6 

1 80 

1 801 

154 0 

1 58 

1 597 

70 0 

1 92 

1 920 

136 0 

1 60 

1 607 

, 60 2 

2 08 

2 067 

121 5 

1 62 

1 622 

1 49 6 

2 27 

2 256 

111 3 

1 65 

1 641 

39 8 

2 46 

2 443 

100 1 ' 

1 68 1 

1 676 

35 4 

2 53 

2 524 

90 0 : 

: 1 72 

1 728 

26 7 

2 65 

2 676 


Another possible expansion, also conveigent foi all values of is 


leading to 





1 

12 7 



Jager* gives a table, taken from Neumannf, shewing that the dis- 
sociation of hyponitno acid between temperatures of 27® C and 135® C 
can be well represented by assummg that <j> {T) is proportional to 




£ 

oT 


A theory is given leadmg to this form for ^ {T), but it is not consistent with 
the dynamical prmciples given m the present book 


Continuity of Liquid and Gaseous States 

261 At very high temperatures, the senes (497) reduces to its first 
term, so that f = 1, and there are no molecules m permanent combmation 

At lower temperatures h is greater, so that not only is A greater, but the 
exponential m which it will be remembered that the mdex 

is always positive, is also greater The relative importance of the later 
terms of the senes (497) is therefore greater Fmally, we reach values 

* Wuikelznami’s Htmdbuch der Phynk, Vol nz (Wazme) Article, *‘Di6 Kinetische Theone 
derGase/’p 7S1 

i Itemnami, Thermochemu, p 177. 
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Molecular Aggregation 

of the tempeiatuie foi which h has so great a value that the senes (497) 
becomes diveigent At this point the molecules tend, accoiding to our 
analysis, to form into clusters, each containing an infinitely great number 
of molecules, or, ultimately, into one big cluster absorbing all the molecules 
By the time this stage is i cached the analysis has ceased to apply, as the 
assumption that the molecular clusters are small, made m § 117, is now 
invalidated It is, however, easy to give a physical interpretation of the 
pomt now reached obviously it is the point at which liquefaction begms, 
and the collection of molecular clusteis is a saturated vapour 

Regarded as a series in terms of A, the senes (497) is a power senes 
in ascending powers of A Thus for a given value of h, aa,j Aq, there is 
a smgle value of A, say Ao, such that the series is convergent for all values 
of A less than Ao and is divergent foi all values of A greatei than Ao 
In other words, corresponding to a given temperatuie, there is a definite 
density at which the substance liquefies This of course is the vapour- 
density correspondmg to this temperature Clearly as h increases, A 
decreases, and conversely, so that an mcrease of pressuie is accompamed 
by a rise m the boiling-point of the substance 

Smce A depends on v, the relation between corresponding values ho, Ap 
which has just been obtained may be expressed in the form 

f{v,T)^0 (504), 

expressing the relation between v and T at the boilmg-pomt of a liquid 

The Critical Point 

262 It has already been noticed that and v become identical for very 
small values of h, so that the series (497) cannot become divergent Thus 
for very high values of T equation (501) can have no root correspondmg to a 
physically possible state Let To be the lowest value of T for which a root 
of equation (501) is possible, then Tc will be a temperature above which 
hquefaction cannot possibly set in, no matter how great the density of the 
gas , m other words, To is the critical temperature 

From ordinary algebraic theory, it appears that there must be two 
comcident values of v given by equation (501) to correspond to the critical 
temperature T^, agreeing with what is already known as to the slope of the 
isothermals at the critical pomt 

Pressure, Density cmd Temperature 

263 It will now be clear that when a gas or vapour is at a temperature 
which is only shghtly greater than its boilmg-pomt at the pressure m 
question, it cannot be regarded as consisting of single molecules, but must 
be supposed to consist partly of smgle molecules and partly of clusters of 
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two, three or more molecules If m is the mass of a smgle molecule, and 
if ifj, j/g, z/g, ha\e the same meaning as before, the density is given by 

p = m (i^i 4“ 2i^2 + Sz/s + ) 


In calculating the pressure, we must treat each type of clustei as a 
separate kmd of gas, exertmg its own partial pressure We accordmgly 
obtain for the pressure, as in § 145, 






Fiom a comparison of this equation with equation (305), remembering 
that vi, z/ 2 , are functions of T and p, it is clear that neither Boyle’s Law, 
Charles’ Law nor Avogadro’s Law will be satisfied with any accuiacy 

264. The obsen^ed deviations from the laws obeyed by a perfect gas 
must of course be attributed partly to aggregation, as has just been explamed, 
and partly to the causes which have already been discussed in Chapter VI 
The two sets of causes are not, however, altogether mdependent , so that it 
IS not sufficient to consider the effects separately and then add The state 
of the question is, peihaps, best regarded as follows 

The effect of the forces of cohesion is too complex for an exact mathe- 
mancal treatment to be possible We have therefore, m Chapter VI and 
the present chapter, exammed their effect with the help of two separate 
simplifymg assumptions In Ohaptei VI, following Van der Waals, we 
regarded the gas as a single molecular cluster contaimng an infinite numbei 
of molecules , and m repkcmg the whole system of the forces of cohesion by 
a permanent average force, we virtually neglected the effect of any formations 
of small clusters inside the large cluster In the present chapter, on the 
other hand, we have been concerned solely with the formation of small 
clusters, and have disregarded the large cluster altogether As a conse- 
quence of the omission of the former treatment to take account of the 
formation of small clusters, this treatment led to the erroneous result 
(equation (436)) that the internal pressure is exactly proportional to the 
temperature, whereas as a consequence of the omission of the present 
treatment to consider the clustering of the gas as a whole, we are led m 
the present chapter to the erroneous conclusion that the mternal pressure is 
identical with the boundary pressure The situation may then be summed 
up by saying that the treatment of Chapter VI considers only the tendency 
to mass-oluetering f while that of the present chapter considers only the 
tendency to molecular^lustering 

So long as the deviations from the behaviour of a perfect gas are small, 
the two tendencies may be considered separately, and the total deviation 
regarded as the sum of the two deviations caused by these tendencies 
separately On the other hand, we approach the critical point the 
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phenomena of mass-clustering and molecular-clustering merge into one 
another and ultimately become identical at the critical point The two 
effects are no longer additive, for each has become identical with the whole 
effect 


It must be borne in mind that we have only found an exact mathe- 
matical treatment of either effect to be possible by makmg the assumption 
that the effect itself is small In other words, so far as our results apply, the 
effects are additive It may be noticed that the deviations from the laws of 
a perfect gas, which were discussed m Chapter VI, fell off proportionally to 


i and whereas the deviations discussed m the present chapter fall off 


much more rapidly as the temperature increases 


Calorimetry 

265 It is clear that the formulae which have been obtamed for the 
specific heats may be greatly affected by the possibilities of molecular 
aggregation For m raising the temperature of the gas work is done not 
only m increasmg the energy of the various molecules, but also in separatmg 
a number of molecules from one another’s attractions This latter work will 
mvolve an addition to the values of Op and C© such as was not contemplated 
in the earlier analysis of §§ 237 — 241 We should therefore expect the values 
of Cp and Cp to be m excess of the values obtained from our earlier formulae, 
throughout all regions of pressure and temperature m which molecular 
aggregation can come into play For instance, the specific heats of nitrogen 
peroxide have been studied by Berthelot and Ogier*, who give the following 
values for Op 

From 27® to 67®, = 1 62, 

„ 27® to 100®, 146, 

„ 27® to 150®, 1116, 

„ 27® to 200®, 086, 

„ 27® to 300®, 064 

The excess in the values of Op at the low temperatures may be reasonably 
attnbuted to the work required to separate molecules of TS^Oi mto pairs of 
molecules of NO 2 

As a further illustration of a somewhat different nature we may take the 
case of steam Wet steam is steam in which large molecular clusters occur, 
dry steam is steam in which the molecules are all separate, and our quantity 
5 measures what engineers speak of as the dryness of wet steam For the 
value of y for wet (saturated) steam, Bankme and Zeuner give respectively 

• Bua 8oe Oh%m%e, [2], xxxvn (1882), p 484, Gomiptes Bendux, xdi (1882), p 916 , Ann. 
d (ntxrnMetPhynque,lS\,Tax (1883), p 382; JBectml Con««a»*e* p 108 



204 


Physical Properties : C(dorimetry, etc. [oh. th 


the values 1'0625, 1-064I6. For dry steam (“steam gas”) the recognised 
value is 1‘30. If we used the formula 

for the calculation of n, we should come to the conclusion that w + 3 had the 
value 32 for wet steam, and 6*6 for dry steam. 

The large value of n in the former case is fully in keeping with the 
existence of large clusters of molecules, so large that each has about 82 degrees 
of freedom. 

Dissociation. 

266. So far as the mathematical analysis goes, there is nothing in the 
preceding treatment to prevent it being applied to dissociation. The former 
molecules must be replaced by atoms, and the former clusters of molecules by 
single molecules. 

Let us consider a gas in which the complete molecules are each composed 
of two atoms, of types a, & respectively. As in equations (491) the laws of 
distribution of dissociated atoms and complete molecules are 

Ta = 

where "9 is the potential energy of the two atoms forming the molecule. 
The analysis will be simplified, and the theory suflBciently illustrated, by 
regardmg the atoms as point centres of force, of masses which will be 
supposed to be ttii, respectively. Thus we obtain as the laws of dis- 
tribution of dissociated atoms 

Be-^”^dudvdw) ^ 

and as the law of distribution of complete molecules 


WiWa 


V^-2h^ 


ABe-^<”*^+”^o'dudvdw€ "'"dadJ3dy4i7r7^dr ...(506), 

the law being arrived at in the same way as the law (494), except that the 
scheme of fasmaformation of velocities must be taken to be 

miU+mtu' , 

+ ' « = «-«. etc., 

this being a ^neralisatioji of the transformalaon previously used (c£ § 338, 
below). 


Althon^ the mathematical analysis is similar to that of aggregation 
there is an impOTtant difference in the physical conditions. The law of 
distribution (506) k limited to values of the variable such that 




F2 + 2S? 
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IB negative , as soon as this quantity becomes positive the molecule splits up 
into its component atoms Now in the case of molecular aggregation, the 
attraction between complete molecules is not great, so that ^ is a smaU 
negative quantity, and the range of values for V is correspondingly small 
In the case of chemical dissociation is a lar^e negative quantity, and the 
range for V is practically unlimited 

Thus in the theory of § 260, the former of the two evaluations of ^ (T), 
namely that which assumes ^ to be veiy large, ought m general to be suited 
to problems of true dissociation, and the latter to problems of aggregation 

An estimate of the value of ''P can be formed by considering the amount 
of heat evolved when chemical combination takes place For instance 
when 2 grammes of hydrogen combine with 16 grammes of oxygen to form 
18 grammes of water the amount of heat developed accordmg to Thomsen’s 
determination, is 68,376 umts, — sufficient to raise the temperature of the 
whole mass of water by 3,600“ C The value of V necessary for dissociation 
to occur is therefore comparable with the mean value of V at 3,600“ C , and 
these high values of V will be very rare m a gas at ordmary temperatures 
The exclusion from the law of distribution (506) of high values of V will 
therefore have but little effect either on the law of distribution or on the 
energy represented by the mtemal degrees of freedom, and we may, without 
senous error, regard the law of distribution as holdmg for all values of F 

In such a case, it appears that the molecule may be treated exactly 
as an ordmary diatomic molecule, supposed mcapable of dissociation, but 
possessmg six degrees of freedom, three translational degrees represented 
by the differentials dudvdw, and three internal degrees represented by the 
differentials dad^dy 

Smce there are six degrees of freedom, the value of 7 , even if we neglect 
potential energy, will be as low as 1 |, and will be even less if potential 
energy be taken into account We have, however, seen that for diatomic 
molecules 7 is fairly uniformly equal to 1 |, and this shews that the ordinary 
diatomic molecule must not be treated as consisting of two atoms describing 
orbits m the way we have imagined 

We are here brought back to the difficulties which have already been 
encountered in § 250 m connection with the specific heats of gases. The solu- 
tion of these difficulties is not provided by the old classical dynamics but by 
the new quantum dynamics We accorffingly leave the question at this 
stage, to return to it m Chap XVII, which deals especially with the quantum 
dynamics 



CHAPTER Yin 


PHENOMENA OF A GAS NOT IN A STEADY STATE 


268 In Cliapteis TI and YII we discussed the physical properties of 
gases in which the molecular motion at every point was symmetncal with 
lespect to every direction in space We now approach a much moie complex 
class of problems foi which this property is not true If we refei to the 
expression obtained foi the law of distiibution of velocities at any pomt of a 
gas m the normal state, namely, 



)“+(«)-«,) 1+2x1 


(507), 


we notice that theie aie five mdependent constants %, %, Wj, h and v The 
constancy of Uo, w#, Wg mdicates that the mass motion of the gas is the same 
throughout the gas if this mass motion vaiies from pomt to pomt m the 
gas, the layers of gas mote relatively to one another, and we have the 
pioblem of determinmg the viscosity of the gas Similarly the constancy 
of h mdicates the equahty of temperature throughout the gas if this vanes 
finm pomt to pomt we have the problem of conduction of heat Finally the 
constancy of v mdicates the mass-equihbnum of the gas if this equilibrium 
does not exist we ha\e the problem of diffusion These three problems of 
■viscosity, conduction, and diffusion have now to be approached 

The treatment would be easier than it actually pioves to be, if expression 
(507) could be assumed to give the law of distribution at every pomt, subject 
only to the circumstance of a,, Wg, h and v varymg from pomt to pomt 
Unfortunately the analysis now' to be given will shew that this assumption 
would nut be a legitimate one 


General equation satisfied by / 

269 As m § 209, let the number of molecules whose centres at any 
instant t lie ■withm an element of volume ixdydz, while the velocity com- 
ponents he withm a range dudodw, be denoted by 

vf (w, V, w, w, y, Zy t) dudv^dxdydz 


(508) 
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If the law of distribution f is kno'wii at the instant it will cleaily be 
possible to follow out the motion of each group of molecules, and so obtain 
the law of distribution at the next instant t + dty and similarly at eveiy 
subsequent instant Thus the law of distribution (508) is detei mined for all 
time when its value is given at any one mstant 

It follows that the function vf defined above must satisfy a characteristic 

equation, of such a form that ^ {yf^ is given as dependmg on vf And, for 

a steady state, vf must satisfy an equation which is deiived fiom the pievious 

equation by equatmg ~ {vf) to zero Thus m a pioblem of steady motion, 

we may not legitimately choose the values of vf so as to satisfy the physical 
conditions in the simplest way the only \alues foi i/w^hich are eligible are 
those which satisfy the characteristic equation We proceed to mvestigate 
the form of this equation, followmg a method given by Boltzmann* 


270 Let the molecules be supposed to move in a permanent field of 
force, such that a molecule at x, y, z is acted on by a force (JT, F, Z) per umt 
mass Thus the equations of motion of a molecule, apait from collisions, aie 




(509) 


The number of molecules which at any mstant t have velocity components 
% Vy w within a small range dadvdw, and coordmates x, y, z withm a small 
range dxdydz is given by foimula (508) 

Let these molecules puisue their natuial motion for a time dt At the 
end of this interval, if no collisions have taken place m the meantime, the 
Uy % w components of velocity of each molecule will have mcreased respec- 
tively by amounts Xdt^ Ydty Zdty while the coordinates a, y, z will have 
increased respectively by amounts udt, vdty wdt Thus after the mterval 
the original molecules will have velocities lying within a small range 
dudvdw surrounding the values u-\-Xdt,V’^Ydty w-k- Zdty and coordmates 
lying within a small element dxdydz surrounding the pomt x-^udty y-^-vdty 
z+wdt Moreover, by tracing the motion backwards, it appears that the 
molecules which we have had under consideration are the only ones which, at 
the mstant t+dt, can have values of a?, y, z, u, v, w Isnng withm this range 
The number of molecules havmg values of x, y, z, u, v, w lying withm 
this range at time < + is however 

vf{u + Xdt, v + Ydt, w + Zdt, x + udty y + vd^, z wdt) dudv dm dxdydz 

(510) 

Hence if no collisions occur, this expression must be exactly equal to 
expression (508) 


Vorlesmgen iiib&r Qcatheorte, x ohaptezs n and in 
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Expanding expression (510) as far as fiist powers of dt, and equating to 
expression (508), we obtain the relation 



+Z ^ +«' 

3it dv aw ojo oy 




(511). 


expressing the rate at which vf changes on account of the motion of the 
molecules, and the forces acting on them 


When colhsions occur, these pioduce an additional change in vf which 
can be evaluated as m § 21 (cf equation (12)) It was there found that 
when the molecules were elastic spheres of diameter < 7 , this change was 
expressed by the equation 


i (p/) = J IjjJ ^ (//' -ff) F<7= cos edu'dv'dw'dw (612) 


In the moie general case m which the molecules may be supposed to 

0 

have any structure we please, let the contribution to ^ {vf) produced by 
colhsions be denoted by 

On combining the two causes of change m {vf)y we arrive at the general 
equation 







coll 

(513) 


This equation must, under all circumstances, be satisfied by vf When 
the gas is m a steady state the nght-hand member must of course vanish 


271 Jfo progress can be made with the development or solution of this 

equation until the term has been evaluated, and this unfortu- 

JcoU 

natelj can only be eflFected to a very limited extent 


Let us consider the form assumed by the problem when the molecules are 
regarded as point centres of force, attractmg or repellmg with a force which 
depends only on their distance apart 


We fix our attention on an encounter between two molecules, the 
velocities before the encounter begins bemg u, v, w and w', v\ w\ The 
relative velocity before encounter will be F, given by 

F* = {vf — w)® -f- {v' — vy + (w/ — wf (514) 

In fig 14 let 0 represent the centre of the first molecule moving m some 
direction QO with a velocity u, «?, w, and let MNP represent the path 
described relatively to 0 by the second molecule before the encounter begins. 
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the relative velocity before encounter being V When the second molecule 
comes to within such a distance of 0 that the action between the two 
molecules becomes appreciable, it will be deflected from its original recti- 
Imear path MNP, and will describe a curved orbit such as MNS, this orbit 
being of course in the plane MNPO 

Let ROP be a plane through 0 perpendicular to MN, and let MN meet 
this plane m a point P Let the polar coordinates of P m the plane ROP 
be p, e, the point 0 being taken as origin, so that OP =^p, and any Ime RO 
in this plane being chosen for initial line Glearly p is the perpendicular from 
the first molecule 0 on to MN, the relative path of the second molecule 
before encounter. 


M 



Let us examine what is the frequency of colhsions such that the second 
molecule has a velocity vf, v/ whose components he withm a small specified 
range du'dv'dw', while its path before the encounter is such that p, € he 
withm a small range dp, de For all such collisions the Ime MP must meet 
the plane ROP withm a small element of areapdpde The number of such 
colhsions to be expected wuthin an interval dt will therefore be equal to the 
number of molecules which at a certain mstant he within a small volume 
fdpd^Vdt, and have velocities withm the specified range dvfdv'dw. This 
number is 

vf(u\f/,v/)du'dv'clAv'pdpd€Vdt (515) 

The number of molecules per umt volume havmg velocities between u 
and u+du,v and v + dv,w and w + dwis 

vf(xi, % w) dudvdw, 
s G 


14 
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SO that the total number per unit \olume of collisions of the kind we now 
have under consideiation is 

dudvdwdudv'dw'pdpdeVdt (516) 

The class of collisions now under consideration is similai to that which 
we called class a in § 17, and expression (616) is obviously a geneiahsation of 
our former expression (4) 

The argument can proceed as m § 17, expiession (516) replacing ex- 
pression (4) Formula (9) is still true, bemg now a consequence of the 
general theorem of Liou\ille (§ 85), and we obtam, just as in formula (11), 

. (517) 

This, then, is the required generalisation of equation (512) It clearly 
reduces to this latter equation for elastic spheres, the factor cos 0da> of 
equation (512) being exactly the factor pdpde of equation (517) 


272 On substitutmg this value into equation (513), we obtain as the 
characteristic equation which must be satisfied by/ 




tiu ov dw dx dy 



+ JJJJjz/®( ff' — /^') V du'dv'dw'p dp de . (518) 


For a mixture of gases, m which the diflfereut kmds of molecules are 
distmguished by the suffixes 1, 2, ., we obtam m a similar way a series of 

equations such as 




+ 2 ViVt {ffi - ffl) Vdii'dv'dw'pd^de (619) 


273 It at once appears that putting 

f= L(»-«o)*+ (v-«a)*-K«> - Wo)*] (620) 

makes the right-hand member of equations (518) and (519) vanish, and so 
provides a solution when J = !F= Z= 0, and vf is independent of y, z 
This IS the solution already found m § 26. 

On substituting 

f— (521) 

into equation (518), we obtam 

+ + ( 522 ), 
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F = -^ 


z^-%. 

BjS! 


Thus (521) IS a solution when x the potential of the foices acting on 
the molecule, the result obtained in § 110 


274 If, however, Uq, Vq, Wq, h and v vary feom point to point, foimulae 
(520) and (621) do not piovide a solution, foi on substituting them into 
equation (618) we find that the right-hand membei vanishes, while the left 
does not 

To search for a solution appropiiate to this case, assume 

/=/o [1 + (^, y, 

where <S> is a small quantity of the first order, and 

Smce f—fo IS a solution when Uq, Vq, Wq, h and v do not vaiy fiom 
point to point, it follows as a matter of necessity that equation (523) must 
provide a solution when these quantities vary to the fiist oidei of small 
quantities « 

275 The integrand of equation (519) contains a term of which 

the value, by equation (523), is 

(1 +<I>x+ <*>/) (525) 

Here foi denotes the value of /o for a molecule of the first kind, and so 
on, and the product ^ 1^2 is omitted as bemg of the second older of small 
quantities Similarly 

— ^l'^2j^lfo2 (1 + + ^2 ) • •• (626), 

and, fi:om the conservation of energy and momenta at an encounter, 

• (627), 

so that 

VrV, (/a/? -/i/,') = (^>1 + 

On substituting solution (523) into equation (519), f may be replaced by 
everywhere except in the integrals, for if we retained terms in in the 
remaimng parts of the equation, we should be mcluding terms of the second 
order of small quantities Eqdation (519) accordingly reduces to 

•=»^/oi2 (^1 + - ^ 1 - ^2)ydu'dv'dw'p^d€ (528), 

*n equation in which every term is of the first order of small quantities 

14—2 


(523) , 

(524) 
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On di-viding out by Vj/m and replacing /«! by its value from equation (665), 
this equation becomes 






dv 


Bia dx dy 


'dzj 


X [log vA - hm [(u - Uof + (w - Wo)^]} 

= S jJJ ^^2/02' (^1 + ^2' - - ^ 2 )yd'i^dv'dw'pdpde ( 629 ) 


276 There is a certain indeterminateness about the proposed solution 
(523), in that changes m Mo, Wq or mvAorJi are not separate from changes 
in <E> thus changes m /i may be absorbed in <J>, or vice versa For instance 
the total momentum parallel to the axis of x of unit volume of the gas is 


JJJ rmivfdudvdw ^ jjjmuvfodudvdw+ jjjmuvfo^dudvdw 

= JJJmup/o^dudvdw 


(530), 


and an mcrease in this can equally be represented by mcreasmg Uo or by 
changmg ^ 

We can make the solution (523) perfectly defimte if we agree that 
i«o, Vof Wo, h and vA are to have the same physical interpretation m the 
general solution (623) as they have in the steady-state solution If this is 
agreed on, the components of the velocity of mass-motion must be Uq, Vq, Wq 
Thus the momentum parallel to the axis of x must be mvuo, and so, from 
equation (530), we must have 



u^dudvdw = 0 


together with two similar equations in v and w 
Similarly we may agree that we must have 

_ /hm\i 


A^ 




and the condition for this is found to be 


(531X 


(582), 



%^dudvdw = 0 


Finally we may agree to make 

o® 


3 

2Am' 


(633) 

(S34), 


as m equation (46) for the steady state, o“ being the mean value of c* for all 
the molecules in any small element of volume the condition for this will be 



+ dudvdxo = 


0 . .. 


(636) 
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277 If IS restricted in this way, the equation of continuity foi the 
gas, neglecting small quantities of the second older (cf equation (409)), 
becomes 

Using the values for logv and log -4 piovided by equations (536) and 
(532), and simplifying by omitting certain terms which are small quantities 
of the second order, equation (529) reduces to 

0 0 

(1 + fAmd') ^ log v + log A - Am [(m - «»)* + (u - •!;„)* + {w- w,)*]} 

/ 0 0 0 \ 

— 2hm(uX +vY+wZ)-\-\u^ + v^-¥w^^Io§v 
( , 3 \ / 9A 3A 2ih\ 

= S jjjjj (^1 + Os' - Oi - Os') Vdv: dAfdAja'pdpds . (537) 

278 It will be remembered that this equation is only accuiate when <I> 
satisfies five relations, expressed by equations (531), (533) and (535) The 
solutions in ^ will however be additive, since the equations are linear , five 
solutions which contribute nothmg to either side are 

<I> = 1, mw, mv, mwy mo® (538), 

so that to any solution for <E> which satisfies equation (537) may be added 
terms of the form 

+ Gmu + Dmv + Emw + Fmo^ (539), 

and the constants B, 0, D, E, F may be adjusted so as to satisfy the five 
necessary conditions 

Law of Force fLr“K 

279 Further progress with equation (537) can only be made by assuming 
definite laws for the interaction between molecules at collisions We shall 
therefore suppose that the molecules are centres of force repelling according 
to the law 

If two molecules of masses mi, m 2 at a distance r apart exeit a repulsive 
force 

miTnJ^ (540), 

* The method of §§ 279—284 is that of Maxwell, Collected WorhSt n p 36 
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then their potential £l at this distance is 

K Z 

nhnh—dr^^ tWiOTs . (541) 

Let the coordinates of the two molecules be denoted by yi, ^ and 
a%, j/i, Zi Let them be acted on by their mutual repulsive foice, and also by 
a force of components X, Y, Z per umt mass, which may be supposed not to 
vary over distances comparable with the distance r between the two molecules 
m an encounter 


The equations of motion of the two molecules are 
miXi = ^ + 'miX, etc 


(542), 


from which we obtain 


• , -w 4. 

»is®2 = 5— + m^X, etc 

, . da dSl 


and two similar equations 


.(543), 

(544), 


Let x,y,z'be the coordinates of the first molecule relative to the second, 
so that x^iZi — X 2 , etc Then f2 is a function of x, y, z and equation (544) 
reduces to 

miJnsa? = (nil + nis) ^ . ••• .. (545) 


Thus the motion of the first molecule relative to the second is that of a 
particle of umt mass about a fixed centre of force, the potential energy at 
distance r bemg 


jMj + 7»s _ {mi + rn^E 

(s-l)r-> 


(546) 


280 To investigate this orbit, we change from the coordinates x,y,z\iO 
polar coordinates r, 0 in the plane of the orbit. 


We have the two usual integrals of momentum and energy, 

f*d = A 


(547), 


El imin ating the time, the differential equation of the orbit is 


( 548 ). 


2r* 



C- 


(«-l)r*-» ’ 
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and this has the integral 


6 



dr 

(s-l)A^ 



(549), 


m which the direction of the asymptote to the orbit is taken to be the 
hue 6—0 


281. From equations (547) and (548) we have 

h^pV, G=iF‘ (550), 

where F is the velocity m the orbit at infinity (* e the relative velocity of 
the two molecules before the encounter begms) and p is the perpendicular 
from the centre on to the asjonptote described with this velocity Thus p, V 
are used m the same sense as m § 271 

Using relations (550), and further wntmg 17 for pjr, equation (549) 


becomes 

j 

1 







[” dtj 

(551), 




where 


1 

' / F* 

(552) 


282 The apses of the orbit are given ^ therefore by 


1 - 




0 


IVom a simple graphical treatment, or from Sturm’s theorem on the 
roots of algebraic equations, it is clear that this equation can only have one 
real root for all values of s greater than 1 . Call this root tjq, then the angle, 
say ^ 0 , between the asymptote and the apsidal -distance will be given by 
equation (551) on takmg the upper limit to be The angle between the 
asymptotes, say 0\ is equal to twice this, and so is given by 


6' ^200 



(55S> 


After the encounter, the velocities parallel and peipendicular to the 
imtial Ime are of course — Fcos and — F sin 0'. 
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283 For any value of s, there will natuially be a doubly infinite senes 

of possible orbits coiiespondmg to diffeient values of _p and V Except for 

a diiSFerence of linear scale, ho\\evei, these may be i educed to a smgly 

2 

infinite sjstem correspondmg to the vaiiation of a or In fig 15^ 

some members of this singly infinite system aie shewn for the law of 
force /i/r®. 



284 Let us consider a collision between two molecules, the velocities 
before collision bemg m, v, w and it', v\ w\ so that the relative velocity V is 
given by 

y*=:(w — + — + — (654) 

In fig 14 of § 271, the Ime OR firom which e was measured was supposed 
to be an arbitrarily chosen Ime For defimteness, let this now be supposed to 
be the mbersection of the plane FOR with a plane through 0 contammg the 
direction of JVP and the axis of a?, as m fig 16 

In fig. 17, let OjB, OX be the directions of the Ime OR of fig 16 and of 
the axis of x. Let OQ be the direction of F, the relative velocity before 
collision, so that OR, OX, OQ all he in one plane Let these Imes be supposed 
each of umt length, so that the pomts QXR he on a sphere of umt radius 
about 0 as centre 

Let OF, OZ be umt hnes giving the directions of the axes of y and z, and 
let OQ* give the direction of the relative velocity after the encounter Then 

* This figure is given by Maxwell, Collected Works, n p 42 lam indebted to the Univeisi^ 
Fmb for the use of the original block 
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QOG’ IS the plane of the orbit, which is the plane NPO in fig 16 Thus the 
angle is the e of § 271, while the angle QOG' is 6\ 



Fig 16 Fig 17 


From the spherical triangle Q'GX, 

cos G'X = cos GX cos GG' + sin GX sin GG' cos e, 

in which we have cos G'X = — ^ y. - — , cos QX as ^ that 

u — 17 = (u'--u) cos 9' 4 - VF* — (tt'— w)® sin 0' cos e (555) 
Denoting the angle XGF by ©2 sud XGZ by ©j, we have, m a similar way, 
5 = (v' — v) cos 6' 4 - sin cos (e — ©a) (556), 

cos 0' 4- VF® — (w^*— w)®sin cos (e — ©s) - (557) 

We determine ©2 by noticing that in the triangle GXY, XF= and 
JfffF=© 2 , thus 

(u' - u) (v' - v) 4 V[ F® - (u' - [ K" - (y' - vfj cos ©2 = 0 .(658), 
and similaily 

(w^ — u) (v/ — ti^) 4 - V[ F® — (vf — u)®] [ F® — {v/ — cos © 3=0 ..(559) 

In addition to these equations, there are three equations of momentum, 
such as 

TTiyU ■¥ vns,u' (560) 

Eliminating vf firom equations (555) and (560), we obtam 

u = + [2 (v! - u) cos® 4 - V F® - (u ' - w)* sm 9 ' cos e] . (561), 

4- WI 2 

giving tt in terms of the velocities before collision, and there are of course 
similar equations giving v and w 
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SoluUons for ^>. 

285 We are now in a position to proceed with the discussion of equa- 
tion (537) From equation (552) we have 

2 ^ 

pdpd^ = \fini + rn^KY~^V *~^adade, 
so that equation (537) assumes the form 

(1 + ^hoK?) ^ log V -1- ^ [| log h - hm [(w - 7c^y + (v- v^y + (w- Wo)*]} 

( 0 0 0 V 

« ^ -1- » + W j log !» 


='Zv2\(mi + ‘in^Ky~^I... . . 
where I stands for the qmntuple mtegraJ 


(562), 


'“///// + (563) 


In this mtegral, it 'will be remembered that is a function, as yet 
undetermined, of % v and w, ^2 ^ the similar function of u\ v\ w for 
a molecule of the second kind, 'v^hile <t>i, O 2 ' have correspondmg meanings 
in terms of the velocities after collision Our task is not to evaluate expres- 
sion (563) for given values of but to find values of <E> such that after 
mtegration expression (563) shall be equal to a certain algebraic function 
containing terms of degrees 0, 1, 2 and B mu, v and w 


286 Consider tentatively a value of <I> 'which is algebraic and of degree j> 
mu, v,w It IS readily seen from the equations of § 284 that both 

aod JJ(^i + ^2 — — ^ 2 ^ adade (664) 

will be of degree pmu,v, w. 

To obtain the mtegral I given by equation (563), the integral (564) must 

be multiplied by and the product averaged over all values of u', w\ 
Maxwell’s la'w bemg assumed to hold The result is an expression of degree 

a--5 

p + •• (666) 

in the velocities 
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In order that equation (562) may be satisfied, must consist of terms 
for which expression (565) has the values 0, 1 , 2 and 3 But in general, unless 
% has very special values, the values for p obtained in this way will not be 
integral, and the evaluation even of the preliminary integral (564) cannot be 
effected in finite terms For this reason the method fails to provide an exact 
solution in the general case. In particular cases the integration can be 
effected 

287 The special values of s for which the mtegration may be possible 
s *“ 5 

aie those for which ir is integral, and are therefore 5 = od and 5 — 5 

5 ~~ JL 

The value 5 = oo corresponds to the case of elastic spheres, but it does not 
prove to be possible to carry out the integration m finite terms in this case 

The value 5 = 5, corresponding to molecules repelling with a force p/r®, has 
been fully treated by Maxwell Maxwell’s method is somewhat different from 
that we are now considering, and so his treatment is reserved for the next 
chapter, where it is given in full For the present the following points may 
be noticed about the special case of 5 = 5 

g-5 

When 5 = 5, the factor 7®“^ disappears entirely from expression (663) 
and the value of 1 reduces simply to the value of the integral (564) averaged 
for all velocities of the second molecule Also when 5 = 6 , expression (565) 
reduces simply to p, so that in the correct solution < 1 > will consist of terms of 
degrees 0 , 1 , 2 and 3 in w, i;, w* When a value of this type is assumed for 
<I>, the mtegral (564) is easily evaluated from equations such as (661), and the 
value of I IS then easily found, leading directly to the correct value for ^ 

Leavmg aside the special case of 5 = 6 , it has been seen that the prelimmary 
mtegral (664) cannot be evaluated for values of <E> such as are required to give 
a solution of the general equation (562) There is however one special case 
m which the integration can be earned out without limitation to the special 
value 5=6 We proceed to consider this case, partly as an illustration of the 
method, but mainly because the case is itself of great physical mterest, and 
because the result obtained will be required laterf 

* It IS deibr from what h as been said that in no case except s=s5 can $ consist of terms of 
degrees 0, 1, 2 and 3 only in u, v and w Chapman published an mterestmg paper (“On the 
Kinetic Theory of a Gas constituted of spherically symmetrical molecules,*’ PliiZ Tram A, 211 
(1912), p 433) in which he assumed that jor all values of Sy ^ might be supposed to consist of 
terms of degrees 0, 1, 2 and 3 m m, w, One of the mam results of his paper was that certain 
formulae, obtamed by Maxwell for the special case 5, were approximately true for all laws of 
force This conclusion could not be regarded as rigorously established smee the author virtually 
hunted himself to the case of * = 5 by the form he assumed f or # In a later paper {FkiL Trans* 
21b A, 1915, p 279) the same author has exammed the error introduced by this assumption, and 
shews that it is very small See below, §§ 378, 401, 424 

t The method of §§ 288 — 295 agrees m its mam Imes with one fbrst given by Lorentz (Theory 
of Mleetrons, Note 29) 
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Mixture of two kixds of molecules, the mass-ratio 

BEING VERT GREAT 

288 Suppose that there are only two kinds of molecules (or othei units), 
and that of these the molecules of the second kind are enormously heavier 
than those of the first Let us also suppose that the light molecules are few 
in number compared with the heavy ones, so that the deflections of the paths 
of the light molecules may be supposed to be caused entirely by encounters 
with the heavy molecules we neglect the encounters of the light molecules 
with one another To fix the ideas, we may thmk of the light ‘^molecules ” as 
electrons in a solid, and the hea\y “molecules” as the atoms oi molecules 
of the sohd, between which the electrons thread their way The i ©suits 
obtamed will subsequently be applied to this paiticular case, although the 
analysis is naturally apphcable to moie general problems 

On account of the assumed mequality of mass, it follows that the velocities 
of the heavy molecules will be very slight compaied with those of the light 
molecules We shall accordmgly neglect vf in compaiison with u, % w, 
and so may think of the heavy molecules as being at rest The dynamics of 
collisions are greatly simplified, foi we may now regard the heavy molecules 
as massive obstacles which deflect the light molecules without altering then 
velocities The velocity o of the light molecule before collision is equal to 
the relative velocity F, and also to the velocity c after collision 

289- Smce u\ w' are supposed to be so small as to be negligible, <> 2 ' 
and <E>a' may be neglected, and the prelimmaiy integral (564) is given by 

= jj (®i - ^ 1 ) (566), 

which IS a function of u, v, w only Furthermore V is simply equal to c, and 
the "value of Ip does not depend on vf, v\ v)\ so that equation (563) gives 
as the value of 7, 

g-5 

and the nght-hand member of equation (562) reduces to the smgle term 

8 ^5 

yg (o67). 

The prehmmary integral Jp, given by equation (566), is readily evaluated 
m the special case now under consideration, for equation (562) reduces to 

u*!^ — 2^^cos*J5' + ^c*— w®sm5'cos € (568), 

and there are correspondmg equations givmg v and w> 

290. Consider, for instance, a tentative solution 

4E> = w^(c) . 


( 669 ), 
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nhere ^ (c) is any function of the velocity c Since c remains unchanged by 
the encounter, we have ^ = u<f) (c), so that 

^1 — <I>i= — (2 mcos“ J<?— unsaid' cose) <f> (c) 

Multiplying by adade and integiatmg from a=0 to a=oo and from 6 = 0 
to e=2w, we obtain 

Ip= — 4s7ru<f> {c) j cos“|0'ada (570) 

The integral in this expression depends only on s (of equation (653)) It 
cannot be evaluated in finite terms, but for a given value of s it can of course 
be evaluated by quadrature If we write 

49 r f oo^i0'adoi—lj(s) (571), 

Jo 

then it appears that the solution (569) gives to Ip the value Jp = - Ji (s) ^ 

By combining solutions of this type, it appears that if ■^i is any function 
of u, V, w and c, which is linear m m, d and w, the solution 

cf) a •• (572) 

gives Jp= — Ii(s)'^ • (573) 

291 Consider next a solution 

$ = («>-^c“)(^(c) .(574) 

With the help of equation (568), we obtain 

$1 — = (u“ — M^) ^ (c) 

= [_ ^4= + (ca - M*) COS* e] sm* ff + 2u sm cos ^ cos e, 

so that 7p = w (o* - 3w*) sm* ff ada 


If we write 


V sm*^ ada =/>(«) 


(576), 


then the solution (574) is found to give to Jp a value 

Jp=-3I,(s)<I» . . (576) 

292 As regards the solution just obtained, imagme the axes of coordinates 
transformed, so that u becomes replaced by Jin- mv + nw Then the solution 

ss [(i« + mv+ imf — i C*] 0 (c) 

= [Z*(tt* — Jc*)+ - +2JmiM;+ ]^(c) (577) 

18 seen to give the value 

Ip=-3Ja(s)[Z*(M®-ic*)+ +2im««+ ] 


( 578 ) 
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But we have just seen that the teims in l\ in (577) give exactly 

the terms in l\ n- in (578) Hence we may equate coefficients in the 
remaining terms and find that a solution 

^ = (579) 

gives /p — “ 5^2 (s) ^ (580) 

293 By combination of solutions of the type (574) and (579) it appears 
that if 1^2 IS a fiinction of w, v, w and c, of degree 2 in u, v and w, and such 
that the sum of the coefficients of and w® vamshes, then the solution 

<I> = ^3 (581) 

g^ves Jp ~ — 3/2(5) *^2 (582) 

Clearly *>^'2 regarded as a function of Uy v, w must be a spherical haimonic, as 
also IS m § 290 

294. Combining the two solutions and yfro, a solution 

^ s= + '\jr2 (683) 

gives Ip— — [Ji (5) + 3/2 (5) >fr2], 

and therefore makes expression (567) equal to 


— [/i (s) yfri + 8/2 (s) -^2] 


(584) 


Smce this is the value of the right-hand member of equation (562), it 
appears that a solution of the type (583) will provide an adequate solution to 
equation (562) in the particular case of a steady state For, in this particular 
case, the equation to be satisfied becomes 


y O ^ ^ ^ 

— 2Iim{uX + vY+v;Z) + \u^ + v^+w^j logv 

/ . Z\ f dk dh , dh\ 


L' 


2 «-5 


^2 (f ^ [/i (a) '^1 + 3/2 (s) yjr^ ( 585 ), 

and this is satisfied bj taking 


'^ 1 =' 


2IimX-~ + 
vox 


( ^ 3^9A1 , 


2 

z^2 I 2 (s) 


Utm 




+ . 




( 686 ). 


( 687 ) 
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Thus a solution ^ is adequate to satisfy equation (585), but in 

order also to satisfy the conditions expressed by equations (531), (533) and 
(535) we may require to take the more general solution of § 278, 

^ = '^1+ +-B + Cmu + J)mv + Emv) + Frtu?, 

where B, 0, JD, E, F aie constants, as yet undetennmed In the present 
problem, C, D, E must be the same for both kmds of ga&, and the molecules 
of the heavier gas are supposed to be at rest Thus G, D, E must all vamsh, 
leavmg the solution 

^=^f^+‘^jri+B + Fmc^ . ,, (588) 

296 The law of distribution of veloaties has been supposed (cf 
equation (523)) to be 

vf(u, V, w, X, y,z)^v ^ e-*«* {1 + ,J,J (589), 

and on substituting for 4> the value given by equation (588) we obtain the 
law appropriate to the special case now under consideration, namely that in 
which deflections in the paths of molecules of the first kmd are pioduced 
solely by encounters with very much heavier molecules of a second kind 
We may illustrate the nature of the solution by the following examples 


Viscosity 

296 Suppose that the light gas is in a steady state, and at a uniform 
temperature throughout, but that it has a mass- velocity Vq, Wo which vanes 
slightly from point to point The uniformity of temperature involves also 
uniformity of density, for otherwise inequahties of pressure would set up 
further mass-motions Thus the solution appropnate to this case will be 
obtained by putting h and v each constant, and X=^Y^Z=0 in the equations 
of §294 

It IS clear from equation (586) that = 0, so that occurs alone in the 
solution (588) Moreover, JS and F may be omitted, since their retention 
would merely result in mfimtesimal changes in h and v 

Thus an adequate solution is = given by equation (587), and the 
substitution of this value for ^ m equation (689) will give the true law 
of distribution 

297 We may now calculate the pressures in the gas from formulae (418) 
of the last chapter, leavmg out the components tvaj®, etc , which arise from 
mtermolecular forces (cf. § 329 below) We have 

= pO* = mv y J Ue-*»(u*+v»+w^|l + utdudvdw 
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Substituting for yfr^, and -wnting for brevity 


Ag * va (msZy-'^ I3 (s) 


(690), 


this becomes 




6-^ 
■A//ic2 ^ s-1 




4mv 

45V^Ar 


and similarly 


p^«puv=- 


W fo ^ _ 2 3wo'\~| 

^15 [ 9® Sidic'^di/^ dsjj 
( 7 ^ ®) [o 3mo 2 /9ito 9»o 9w;«\l . . 

L-'- 3 U+ay-*- 9 jJ 

C - 1 rd% . 9«ol /erno\ 


Annv 


45V^A2 


These equations shew the amount of the additional pressures which are 
superposed on to the hydrostatic pressure p by the mass-motion of the gas 

298 In a viscous fluid, having a coefficient of viscosity >c, the system of 
pressures at any point is given by the equations* 




C593), 


(594), 


in which 2 / 0 , ^0 are the components of the mass-velocity of the fluid It 

accordingly appears that the pressures given by equations (691) and (692) 
will be exactly accounted for by regarding the gas as a viscous fluid having a 
coefl&cient of viscosity k given by 

2 


K = 


4mv 






(695) 


Conduchon of Heat 

299 Consider next a gas which is m a steady state, and devoid of 
mass-motion, but which is not at a uniform temperature For simplicity 
suppose the gas arranged m parallel strata of equal temperature, so that the 
temperature is a function of z only 


♦ liamb, EydrodynamteSt p 512 
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226 


Turning to the general solution of § 294, it appears that in this specaaJ 
case does not occur, while, on taking X = Y=Z=Q, the value of i/rj is 
found to be 



S—’i 

c 




1^ 

vdo)^ 



(596), 


where 


2 

Ai = z/2 (rn^Ky-^ Ji (s) (597) 


An adequate solution is now seen to be ^ where, in order that 
there may be no mass-motion — le in order that the process of conduction 
may not be complicated by the addition of convection — ^we must have 



dudvdw=^0 


(598) 


On substituting for in this equation, and carrying out the mtegrations, 
we obtain the relation 


1^3 9A\ _ 1 ^ / 2$ \ 
y dh ^ 2hdx) ”” A 9a? U — 1/ 


(599) 


This IS found to give as the value of 


^1 = 



£-5 
S 


1 



(600) 


300 The translational energy of a molecule represents an amount 
of heat equal to where J is the mechanical equivalent of heat 

Summmg over all molecules, we find as the total fiow of heat per unit area 
perpendicular to the axis of x, which arises from the translational energy of 
the molecules, 

^JJJ yAe^^”^d‘uy/ridudvdw (601), 

of which the value, after integration over all values of u, v, w, is found to be 




j/ — l * /9a? 




QimY'' 


1 ‘s 


Ax 


(602) 


301 If 9r IS the coeflScient of conduction of heat, the total flow of heat 


per umt area perpendicular to the axis of a? is 


• or, since x = 


1 

2AiS' 


^ 9A 
2A® iZ 9a? 


(603X 


If we assume that the ratio of mtemal energy to translational energy 

15 


3 G 
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involved m this flow is yS* as m § 261, then expression (603) must be equal 
to (1 -f 0) times expression (602) Hence we obtam 




2 iei/(l-h/9) 
3 V ^ 



(604) 


TJsmg the values of the specific heat at constant volume given by 
equation (471 and of the coefficient of ^useosity given by equation (595), 
we find that this value of can be expressed m the form 


S —€kG„ 

where e is a pure number, bemg given by 


(605;, 

(606) 


For the special case of 5 = 5, Ii and /g have been evaluated by Maxwell 
(cf below, ^ 323, 324) Usmg these values, equation (606) gives e = 2 507 

For the case of 5 =oo (elastic spheres), the values of Ii and /g are readily 
found to be Ji (c30 ) = ira- and — jTrer®, whence equation (606) is found 

to give € = 1 666 


Conduction of Seat m a Solid 

302 According to Dnide’s theory of metallic conduction (cf below, 
§ 404), conduction of heat m a sohd takes place through the agency of free 
electrons, movmg about, hke the molecules of, a gas, through the mter- 
stices of the sohd, and havmg their motion checked at intervals by collisions 
with the atoms oi molecules of the solid The physical conditions assumed 
by this theory of Drude's are accordingly almost exactly the same as those 
w hich we assumed m § 286 

On this theory, then, the coefficient of conduction of heat m a solid will 
be given by formula (604), with 0 put equal to zero, to represent that the 
whole energy of the electron is its energy of translation 

On the same theory, the coefficient of conduction of electricity may easily 
be found firom the analysis just given 

Conduction of Electnc%ty 

303 We suppose the current to flow parallel to the axis of a?, and to be 
produced by an electric force of mtensity B We may then put 



* This IS a very debate&ble asBompiion * see § 394 below 
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in equation (685) , we have h, v, tt,, and Wt independent of x, and so find 
that an adequate solution is obtained by taking 

2J«»±!» (50,,^ 


2 

Vg Jl (s) 

iifchere Ai is given by equation (598) 


Ai 


304 The current ^ is equal to the flow of electiicity per unit area ol 
cross-section perpendicular to the axis of a?, and so is given by 

2 = JJJ veuf{Uy V, w, Xy y, z) dudvdw 

-in® 

= jjj veu dudvdw 

- ^ kv!? ^ C - 1 5 

■ 3 "“i^TrA, 


(Am)*- 


2 ‘B 
Z^JttRT ,, *+i Ai 


(60S) 


306 The current % is also equal to o-B, where a is the specific 
conductivity of the solid, so that 

2 


0’ = 






(609) 


The value of the thermal conductivity S* is obtained on putting )8 = 0 m 
equation (604) On comparison of the two coefficients, we obtain* 

^ 2s JS^T 
<r 8 — 1 €^J 


(610) 


D%ffusion of a light gas into a heavy one 

306 The analysis of this chapter will give an exact solution of the 
problem of the diflFusion of a hght gews mto a heavy one, when the ratio mi/wig 
IS so small that it may be neglected, and may be expected to give a good 

For elastio spheres (»=<») this reduces to--= equation giYen by Loientz {The 

Xheory of Mleetromy p 67 and not© 29) Biehardson (The Electron Theory of Matter^ p 421), 

by a method similar to that of Iiorentz, obtains the more general equation - =s 

o s ” 1 e tT 

A formula si milar to that of Biohardson is also given by Bohr (Stvdier over MetaUemee 
Elehtrontheon y afhandhng for den filoeqfiske Doctorgrad, Copenhagen, 1911, p 63) 


15—2 
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approximation wlieii the ratio mil nit ^ quite small, as it is m many physical 
inatancca suoh as the diffusion of hydrogen into air, oxygen or carbon-dioxide 

For a diffusion problem (cf equation (586)) we take Ug, Vo, constant, 
and X=‘T=Z=0 A sufficient solution of equation (586) is accordingly 




vdv 
V dx 
<-5 
AiC*-i 


(611), 


where Ai is given by equation (598), and the diffusion is assumed to take 
place in directions parallel to the axis of x 

The flow of molecules parallel to the axis of x, measured per unit area 
per umt time, is 




8^i\ dudvdw 


( ov 

f'hm^'dv ^ ^ C ~ 1 ^ 


3 Ai \ TT / 




+2 


(612) 


Zv 


The coefficient of difffision, say 2), is the coefficient of m this 

ox 

expression (cf § 412), and so is given by 


S) = 




3Vi-A, -2-+i 


(613) 


Compaiing this with the coefficient of viscosity k given by equation (595) 
we find 

2)=^. 

P 

where ? is a pure number given by 

t-Mf: (614). 

Usmg the values of It/Ii previously given (§ SOI), we find that 
when a = 6, 1 5043 (615), 


15043 

IS It 


when a = 00 , f = 1 26 (616). 

We shall return to a discussion of the problem of difflisTon m a later 
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Mixtuee of Molecules having ant Mass-ratio 

307 The general solution, when the mass-ratio of the two kinds of 
molecules involved may have any mass-ratio whatever, has been worked out 
by Enskog*, following a method originally suggested by Loientzf The 
equation to be solved is now the general equation (562) 

Consider, as in § 290, the tentative solution 

and let the value of I given by equation (563) be denoted by 

where I(y!)i m addition to depending on u, depends on the various constants 
of the gas, Wi, mg, A, etc Similarly, let <E> = (c) lead to a value I=I(v) 

and let <I> = w(f>i (c) lead to a value 1= I (w) 

Then, since I is linear m <I>, it is clear that a solution 

^ = (lu + mv-\- nw) (f>i (c) (617) 

will lead to I— II {u) + ml (v) -h nl (w) (618) 

Now let Z, m, n be regarded as direction-cosmes, so that lu -h mv + nw will 
be the component velocity along a certain direction (I, m, n ) , it follows that 
the solution (617) will lead to a value of I given by 

I=^I(lu+mv+ nw) (6 19), 

where I {lu + mv + nw) is the same function of lu + mv + nw as 1 (u) is of u 
Comparing (618) and (619), we have 

I {lu + mv + nw) — II {u) — ml{v) — nl{w) = 0 (620) 

This equation must be true for all values of I, m, n and for all values of 
tt, V, w for which c retains the same value The condition that c shall retain 
the same value may be expressed in the differential form 

udu -h vdv + wdw = 0 . (621) 

Differentiating (620) with respect to u, v, w, while keepmg I, m, n and c 
constant, we obtain 

{Idu +mdv + n dw) I' {lu + mv + nw) — IduF (u) — mdvl' (v ) — ndwF {w) = 0, 
where accents denote differential coefficients 

This equation must be true for all values of du^ dv, dw which satisfy 
equation (621), so that we must have 

“ [ J' {lu + mv + nw) - F (w)] = ^ [/' (Zi^ -f- mv + nw) — (v)] 

= ^ [F {lu 4- mv + nw) — I' (w)]. 

* ' * Xmetische Theone der Vorgange m massig yerdunnlien Gasea ” (Inaug Dtssertatvm, TJpsala, 
1917) 

t Vortrage ilber die Ktnetische Theone der Materie und der EUktruitat (Leipzig, 1914), p 185 
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IS true for all values of I, m, n we must have 
r {lu +mv+ nw) =r(u)»r (v ) = r {w) 

Tr.fl<»h function must accordingly be a function of c and the constants of 
the gds only, so that we must have 

I{u) = uxi(c), etc. 

Thus we have shewn that a solution 

leads to a value of Ip of the form 

308 By almost precisely similar reasonmg* we can extend the results 
ohtamed in ^ 291, 292, and shew that a solution 

02(c) 

leads to a value of Ip of the form 


while a solution 

leads to 

7j. = (w“-jC»)5ts(c), 

= «»08 (c) 

Ip^uvxsio) 



309 Thus, precisely as m § 294^ the solution of the general steady-state 
equation will be 

^ = ‘0‘i + ‘0'a + -B -1- Cmu -1- Dmv + Erm + Fmc? (622), 

where 0^, have the forms 

0.,= . 


■ 01 (c) 

(623), 

0^8= • 



(624) 


Here ^ (c), 0a (c) are functions of e and the constants of the gas only As 
we have already seen, they cannot be evaluated in fimte terms Their 
expansion for a senes of powers of c? has been considered by Enskogf, who 
has also calculated numencal results^ [Diese are giv^ later in the present 
book 

*Bn8kog,Ic Ep 39,40. 1 1 « Ohaptere H and m J Z c Chapter IV 



CHAPTEE IX 

phenomena op a gas not in a steady state ( continued ) 
Maxwell’s Theoey. 

SlO The subject of the present chapter is pnmanly Maxwell’s theory 
of the behaviour of a gas m which the molecules are supposed to be pomt 
centres of force, repelling accordmg to the inverse fifth power of the distance* 
Maxwell's original theory has been greatly improved and elaborated by 
Eirchhoft and Boltzmann, and an important generalisation has been made by 
Chapmanf, who has extended the theory to molecules repellmg accordmg to 
any mverse power of the distance 


General Equations op Tbansfeb 


3H Let Q be any function of the velocity components of a smgle 
molecule, eg the ic-component of its momentum, or its energy. We proceed 
to form general equations expressmg the transfer of Q 

At any pomt «, y, z let Q be the mean value of Q, so that 

5 s= ti, w) Qdudvdw (625). 

The number of molecules inside a fixed rectangular parallelepiped dasdydz 
at this pomt is vdadydz, and hence ZQ, the aggregate amount of Q mside it, 
18 given by 

XQ = vQdxdydz (626). 

We now examme the vanous causes of change m XQ In the first place 
some molecules will leave the element dsndydz, tahng a certain amount of 
Qwith them It has been already found m expression (406), that the total 
number of molecules of class A lost to the element dasdydz m tune dt is 


dxdydzdt ^ ® ^ (*/) ^dvdw, 

and hence the total amount of Q lost by motion into and out of the element is 


(kiyife*/// [(-. I + » I + <» s) (>/)_ 


Qdudvdw (627) 


* “ On ilie Yisoosity of Intemal Pnciion of Air and other Gases,” OoUtsUi WorJu, n p 1 
ijPM. Trans 216 a (1916), p 279 and 217 A (1916), p 115 
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Ii we wiite 


JJJ % w) dudv dw = iiQ, etc , 


so that iiQ IS the mean value of uQ averaged over all the molecules in the 
neighbourhood of the pomt j?, y, z, expiession (627) can be put in the form 

d3,dydzdt + 1 (^) + 1 ( 628 ) 

A second cause of change in 2Q is. the action of external forces on the 
molecules For any single molecule, we have 


1 fy.dQ,„dQ 
dt 3m dt dv dt dt \ 3m 3» 




where J, F, ^ are the components of the external force acting on the 
molecule, so that m time dt the total value of SQ experiences an increase 


S + r © + -^ ©] (629), 

where again the bar over a quantity mdicates an average taken over all 
molecules 


Lastly, 2Q may be changed by collisions between molecules If Q is any 
one of the quantities which have previously been denoted by -x^, Xf< 
namely the mass, eneigy, and the three components of momentum of a 
molecule, there is no such change, but if Q is any other function of the 
velocities such changes will occur In general let us denote the mcrease 
in 2Q which is caused in the element dxdydz by collisions in time dt by 

dxdydzdti^Q (630) 

Expressions (628), (629) and (630) now contain between them the effect 
of aU possible changes m XQ The value of XQ is however given by 
expression (626), so that the change m 2Q in time dt will be 

^ {vQ) dxdydzdt 

Gompanng the two different values which have been obtamed for this 
change, we have 

^ (»^) = - ivuq) + ^ (jmQ) + ^ 

312. If we put Q = 1 m this equation, so that Q = 1, the equation becomes 
dv r9 ^ -V 9 3 1 

* — 

the equation of eontinuiJy already obtamed m equation (409) 


( 632 ), 



(633). 
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If we multiply both sides of this equation by Q, and subtract fiom corre- 
qjonding sides of equation (631), we obtam as a new form for the general 

equation, __ 

TV here 2 denotes summation with respect to a?, y and z. 

313 Let us now write w = -h U, etc 
so that u, V, w are components of moleculai velocity Then 
u = -Mo, u = 0, uQ^ UqQ 4- uQ = WoQ + uQ 

Hence 

® (*^) -^ (»^.Q) - ^ (*-nQ) 


dx' 


dQ d , -y;. 

If Q is now expressed as a function of tt,. u, etc. 

dQ dQ _dQ 


so that 


du d{Uo + u) 0«o ’ 
V9m/ \9m(i/ 0Mo 


Mftlnng these substitutions, equation (633) becomes 

-r 3/7T7iNj-’ 


or, again, if we write 


so that denotes differentiation followmg an element of gas in its motion, 
ut 

the equation becomes 

Equations of transfer for a single gas 
314 When there is only one kind of gas present, a transformation of this 
equation can be effected 

Put Q =« in equation^636), then smce there is only one type of molecule 
AQ = 0 Again we have Q = Uo, so that 


Dt dt 


"dx 


"dy' 



(634), 

1 

dz 

(635), 
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Also = u (u +«(,) = D®, 

^=v(u + Mo) = uv, etc 

The equation now becomes 

which IS identical with our previous equation of motion (417), and there are 
of course two similar equations obtained from equation (636) by puttmg 
Q—v and Q^w respectively 

From these three equations and the general equation (636) we can obtam 
an equation which does not contam X, T or Z, and which is therefore true 
for a gas independently of the action of external forces Effecting the 
elimination of X, F and Z, this equation is found to be 

rJQ dQ Suq dQDvp dQ Dwq I 
^ L Di 3wo Bt dvo JDt dwo JDt J 

-s [-|fri;®+g||(.in)+lfriiv)+|(.uw)|]+^« (688) 

In general Q will be a function of 'iig, Vo, Wq and of the mean values 
U*, uv, etc. Clearly the bracket on the left-hand side will be the value of 
BQjJDt calculated upon the assumption that U*, uv, etc axe functions of the 
time, but that m©, Vo> w'o 3xe independent of the time 


Spectcd values for Q 

316 The equation just obtamed is the general equation expressmg the 
transfer of Q when there is only one kind of gas Maxwell uses this same 
equation (638) for the investigation of the phenomena of viscosity and 
conduction of heat, regarding viscosity as a transfer of momentum and 
conduction of heat as a transfer of energy 

The values of Q must, ho’wever, be different for the two phenomena, and 
we shall proceed by findmg the special forms assumed by equation (638) 
when Q has the requisite special values 

L 

316 Let us first put 

Q = u® = V + 2«oU + u*. 

5 = «.*+iP, 


Then 
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Equation (638) now becomes 

✓ o O Ci ^ 

+ 2u, |g^ (»»u5) + ^ (vDv) + ^ (i;uw)| + Au? 
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■_ 3iio . — 3«o . — 9“o) 

- +UV^+UWj;.j 


+ Aii* 


(639) 


317. We shall require this equation m its present exact form when we 
come to discuss the conduction of heat For other problems it is adequate 
to obtain a first approximation by neglecting deviations firom Maxwell’s Law 
of distil ibution of velocities We accordingly take 

iP = ^ = ^ = gr, 

Uv = w = wu = 0. 

The general equation (688) now reduces to the simpler form 
\I>Q 3 § Dmo ZQJDv, dQBwJ 




LDt 3tt# Bt 3uo Bt dwt Bt J 

= s[-|« + glw] + A« 


while the special equation (639) becomes 


(640), 


(641), 


and there are of course two similar equations for w® and v®. 

Let us now assume the molecules to be pomt-centres of force, so that 
their only kinetic energy is energy of translation , then from the conserva- 
tion of energy, A {v? + v® + w®) must vamsh, so that on addmg together the 
three equations of the type (641) we obtain 




j> . ?t5! , M 
3® ^ dy dz 


) 


...(642) 


On ehmination of between this and equation (641) we obtain 
JJu 

% 

318 Ad%ahaUc Motion Incidentally we may notice that the equation 
of contmuity (632) may be expressed in the form (of equation (636)) 

Dv , fduo dVf, dwA 
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and this, in combination with (642), gives 

qBt 3 V Dt 

On mtegration, it appears that is zero, so that as we follow an 

element of gas in its motion, qv~i remains constant The value of g is 
howevei -JO® or p/p, so that this result simply expiesses that, followmg the 
motion of an element of gas, we must have 

pp~^ = constant (644) 

This IS the particular case of the geneial adiabatic law of § 242, obtamed 
by putting 7 = J, this bemg the value appiopiiate to point-centies of force 
for which all the energy is translational 


II Q = uv. 

319 We next put Q = wjva. equation (640) We have 


Q = (m« + u)(b,+v) = MoWo, uQ=®o?. vQ = «off, wQ = 0, 

^-0 

du~^^' dvo~ dwt~^‘ 

SO that equation (640) becomes 

[ 0 9 10 9 

^ (Woq) + ^ (j'Wog)J (vq) + ti, ^ (vg) + A (uv), 

givmg, upon simplification. 




(645) 


III Q=u(u^+if+ii/). 

320 Lastly, in equation (640) we put 
Q = m(w* +»’+«;*) 

= (llo + u) (Wo* + V + Wo* + 2«oU + 2voV + 2WoW + U* + V* + W*), 
so that Q = «o («o* + »o* + Wo*) + 5 m, g, 

uQ=(3Mo*+t%*+Wo*)g+u*(u*+v* + vv»), vQ = 2%Vi,q, wQ^^ZutWtq, 

^ = 3uo» + »,* + Wo* + 6g, |^ = 2M»t»o, ^^ = 2«oWo 

From 3faxweirs Law it is easily found that 

g 

= = u*va = u«w* = g«, U2(U* + V* + W2)==53* 
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Hence on putting Q = u (u® + in equation (640), we obtain 
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5ihV 


^ ^ (3m«® + i>o® + Wo® + 5?) ?} - I; (ZaoWovj) - 1; (2i«oW«vg) 


ay' 


dz 


9 3 0 

+ (3mo® + V + Wo® + 63 ) (vq) + 2u^Vo ^ (vg) + 2 moWo ^ (vq) 


+ Am (tt® + 1;® + i«®) 

= - ? (3«o® + *'»® + (2 mo»o) + ^ (2M«Wo)j 

+ Am (u® + -D® + w®) 

If we substitute for DqjDt from equation (642) and further simplify, this 
reduces to 

r 0Mo 2 

’L^0^"3Va® ■^ay’*' dz)\ 
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Calculations of AQ 

321 The various equations we have obtained depend on the values 
of AQ, where by definition AQ is such that the increase in 2Q caused by 
^Pimnna of all kinds IS AQ per umt volume per umt time To evaluate AQ 
we must return to the dynamics of collisions, which were worked out in detail 
m §§ 279 — 284 of the last chapter for the general law of force mimaKr-‘. 

As before, let there be two kmds of molecules, of masses wii and 
respectively, and let AQ for the gas of the first kmd be divided mto two 
parts Let 

AQ= AuQ + AjiQ, 

where AuQ, A^Q denote the changes m SQ caused by collisions with molecules 
of the first and second kinds respectively 

Let [Q] denote the change in the value of Q for a molecule of mass mi 
and velocity-components u, v, w produced by collision with a molecule of 
mass and velocity-components u', v', v/ 

The number of colhsions of this type is given by formula (616) on p 210 
Multiplying by [Q], and integrating over all colhsions which occur per unit 
time per umt volume, we fibid 

AuQ= jjjjjjJI CC] (“> “')/® u>')dudvdwdu'dv'dw'Vpdpde, 

where all the symbols have the same meanmg as before Using the value 
for pdpde given in § 311, this becomes 

AuQ = PiV, {(mi + m») fffjl [fi («, », w )/» « «^) 

xdudvdwduWda/ (647), 
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where f [Q]adade (648) 

J a=0 J e=0 

The value of [Q] for any single collision is given at once by the equations 
of § 284, which can be written in the foini 

u=>u+ [2 («' - m) cos* i + V - (u' - uy sm 0' cos (e- Oj)] 

mi + ffh 

(649) . 

V ® + — !!!*_ [2 (/ - v) cos* + VF»-(i»’ — »)*sin d' cos (e - w^)] 

TWi + ni2 

(650) , 

and a girmla-r equation for w Here tuj is equal to zeio, being introduced 
merely to mamtain symmetry, while from equation (558), 

(«' - w ) {if -v) . 

• a/( F» - («' -uY){Y^-{if- vh 

and there is a similar equation for cosea. 

The value of [Q] bemg obtamed fiom these equations, we can without 
trouble evaluate the integral given by equation (648) 

The further integral (647) involves the laws of distribution^,^ and so 
cannot m general be evaluated unless these laws of distribution are known 
In the last chapter it was seen that the laws of distribution assumed a 
specially simple form m the special case of ^ 5 


Law of the Inverse Fifth power 

322 Maxwells original theory was confined entirely to the particular 

law of force 8=5 For this law of force the &ctor F disappears entirely 
from the equation (647) for and the equation becomes 

= vjVj V(»ii + jjjjjj Jr{/idudvdw)(/idi^cbfdiif) .. ( 652 ) 

We notice that the integral on the right is simply the value of Jj. averaged 
over all molecules of the first kind and also over all molecules of the second 
kmd Owing to this simplification it will never be necessary to mtroduce 
actual expressions for the law of distnbution 

We now proceed to calculate the values of AQ for certain values of Q when 
the law of force is the special law of the inverse fifth power 

Gcdoulaiwm of Au 

323 Since Su is unchanged by collisions between molecules of the same 
kind, it IS dear that Anit will vanish, and we shall have Au= Auia 



239 


321-324] Law of Inverse Fifth P(ywer 

For the value Q=m, [Q] or u — « is given directly by equation (649) 
On calculating Jp by equation (648), the term in eo8(6-®i) disappears on 
integiation with lespect to €, and we are left with 

Tfll — OB 

Jp=2ir — ^ («' — u) cos- ^6' ada. 

J a-O »li + Wlj ' ^ 

Following Maxwell, we write 

47r f C 08 ^ 6 'ada=Ai (663), 

J a=0 ^ 

the quantity Aj being a pure number, and identical with the quantity 
denoted by 7i (5) m the last chaptei Maxwell gives tables for the evaluation 
of Ai by quadrature in his original paper, and finds 

J.i = 2 6595 (654) 

We now have /p =* — — — Ai (u' — ul 

and equation (652) gives immediately 

Au = Ai3 w = I'l /y/ (655), 

where Woa is the average of u' for all the molecules of the second gas, and so 
IS the mass- velocity of the second gas, and similarly for -Moi 

The value of Au is requiied foi the problem of diffusion m which two 
gases are necessarily piesent In the remaining calculations for AQ, which 
are needed for problems of \ iscosity and conduction of heat, we shall suppose 
that only one gas is present, so that we take mi = 7W3 = w 

CalculaMon of Au^ cmd Auv 

324 Putting the value of [tt®] or S* — w® is found from equation 

(649) to be 

[w®] = {u + (u' — u) cos® ^ -f i ^ — (w' — ^)* sin 0' cos e}® — u^, 

whence we obtain (equation (648)) 

Jp = 27r [ {2u (u* — u) cos® \6' + (w'— w)* cos* J ^'+ ^ ( F® - (w'— w)*) sm ® ^ ada 
Jo 

= 27r [ {(«'* — tt*) cos® 2 (»' — «)*+(»'—«)* +(w' — w)»} eon* ada 
J 0 

( 666 ) 

Equation (647) now gives 

Au^ = 2 w2/* V2wJSr i(— 20^-1- v*-f-^)J sm^O'ada .. (657) 
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Maxwell writes wj sai?6'a.da. — Az (658), 

this being identioid with the 7* (5) of § 291, and finds 

^2=13682 (659) 

The value of is now 

A«*=ii-»\/2j?iSr^2(— 2us+i^ + v;^) (660) 

326 We also require Am, hut this is more easily found by transformation 
of axes than by direct calculation 

Let us wnte hs + my+nz mstead of as, so that we wnte lu-^mv+nvi 
mstead of u The left-hand member of equation (660) becomes 

Alt® + 2lmAm + 

The bracket on the nght-hand may be written 

UM^VsTv^-SUi, 

and therefore transforms mto 

(Z® -h Ml* + w*) { ua + va-HW® - 3 ( Zu -1- iwv -Hiw)®}. 

As m § 318, we may equate coefficients of 2Zm, and obtain at once 

Auv——^v*>^2mKA2\]v (661) 

Calcidabum o/" A {it (it® -i- »> + if;*)} 

326 To evaluate Ait (a® -t- u® lo®), we need the complete system of three 
equations of the type of (649) 

On putting = m^, equation (649) becomes 

u = M + a + a' cos (e — ©i) (662), 

m which 

a = (it' - a) cos® ^ , a' = i V F® - («' - uf sm 6', 

and ffli = 0 Similarly, from the two remaming equations, 

»==D-1- J + 6'cos( 6— ©j) (663), 

iZi=it; + c + c'cos(e-fi) 2 ) (664), 

where 6, V and c, c' axe obtamed from o, a' by replacmg a by ® and lo 
respectively, and, by equation (651) and its companion, 

oos^^^(«£::jt)(^)_,^. 
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Squaring the system of three equations (662), (663) and (664), and 
adding corresponding sides, 

ys ^ 2 (« + a)’ + 22 (m + a) a' cos (e — <»i) + 2a'® cos® (e — ®i), 

so that 

(u® + V® 4“ u^) (i^ "I" a) 2 (u- + a)® + 2 (w -|- a) 2 (w + a) a' cos (e — © 2 ) 

+ (m + a) 2a'® cos® (e — o>i) 

+ d cos e2 (m + a)® + 2a' cos e2 (a + a) a' cos (e — a>x) 

+ a' cos e2a'* cos® (e — ®i) 

Hence, on integration with respect to e, 

— r \u (m® + «® + w®)] de 
27r J 0 

« - «2w ® + (m + a) (2 (a + a)® + i 2a'®) + 2a' 2 (m + a) a' cos ®i (665). 

To simplify this, we notice that 

2aa' cos ®i = 0, 

2 (m 4- a)® = 2w® + 22tt ( 11 ' — tt) cos® i 5 ' + F® cos* J 5 ', 
i2a'® = i sm® d'2 (F® - («' - a)®) = F® sm®^^' co8®i6>' . 

so that 

2 (m + a)® + i2a'» = 2ii® + 2 («'» - w®) cos® ^ l9' 

It IS now dear that the nght-hand side of equation (665) can be expressed 
as the sum of two 'terms multiphed by cos®J^' and sm®^' respectively 
Simplified as far as possible, we find for this expression the value 

(«'2a'® — u2m®) cos® ^ 6' 

+ i sin® e' [m (22m'® - 2m® - 2um') + u' (22m® - 2m'® - 2ifM')] 

After integiating with respect to a, and averaging over all values of the 
veloaties, the first Ime vanishes, while from the second we obtain, by the use 
of equation (647), 

AQ = i Agv® */2mK 

{4m, (w,® + u® + m;®) - 2u(m» + m® + w®) - 2 (moW® + m,um + w^mj)} 
Beplacing m by «, + u, etc , and also writing 

, = . ( 666 ), 

this equation becomes 
Am (m® + «® + to®) 

{mo (iP + ^ + w^) — 3 (woU® + »«uv + Wauw) + 3u (u® + V* + w®)}. (667) 

16 


1 a 
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F%nal Equations 


327 Substituting into this equation the value which was obtained for 
m equation (660), we have 


(V- + w- 



2 

3 


'dup dvp dwo\ 
^ dz) 


( 668 ) 


Similarly, substitutmg the value obtained foz Am from equation (661) 
mto equation (645), we ha\e 

„CV — + (669), 

and lastly, substitutmg the value of Au{u^ + ^ + v^) just obtamed into 
equation (646), we have, after simplification from equations (668) and (669), 

^T}vu (u^ + V2 + W2) = - ^ (670) 


We have now obtamed a suflScient amount of mathematical workmg 
material, and proceed to the discussion of physical phenomena 


TiTne of relaxation. 

328 Let us in the first place considei a gas m which the law of distribu- 
tion is initially some law other than that of Maxwell Our equations enable 
us to determine the late at which the gas approaches the steady state We 
take the simplest case, and suppose that theie is no mass-motion, so that 
tip = Vo^Wo = 0j we also suppose that the law of distnbution is the same 
throughout the gas, so that iP, Ov, etc are constants m space With these 
suppositions equation (638) becomes 

(671). 

expressmg that the whole change in Q is caused by collisions If we put 

Q = — — V®, 

we have, from equation (660), 

AQ = — f2mKA2 (u* — ^) 

= — ^z^(lP--v 2), 
givmg upon substitution m equation (671), 

^(05-^ = _,v(u5-v5) (672) 

Similarly, takmg Q = uv, and msertmg into equation (671) the value of 
A»» given by equation (661), we obtain 

0 

-(uv) — ,,y(0v) 


(673) 
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Thus iP — uv, etc satisfy an equation of the form 

of which the solution is 

4 > = 

shewing that ^ decreases exponentially with the time, at such a rate that; it 
IS reduced to 1/e times its original value in a time Ijr^v This time is called 
hy Maxwell the “ time of relaxation ” 

This time of relaxation measures the rate at which deviations from 
Maxwell’s law of distribution will subside A glance at equations (674) 
below will shew that it must also measuie the late at which inequalities of 
pressure must subside 

Numerical estimates for the value of 17, as given by equation (666), are 
not available, so that it is not possible to find the absolute value of this 
"tune of relaxation” We shall, however, be able to compare it with the 
known values of coefficients of viscosity, and shall find that it is extremely 
small (cf § 330, below) 

Viscosity 

329 We have already seen (§ 214) that the system of pressures at any 
pmt m the gas is given by the equations 

Pyx = /c>uv, etc 

To arrive at these formulae we have taken ~ 0 in equations (420) 

This does not mean that we neglect the mtermolecular forces which vary 
mversely as the fifth power of the distance, for we have already taken full 
account of these forces m supposmg that two molecules are m collision as 
soon as these forces become appieciable, in neglectmg the system of pressures 
tffasy, etc we are merely assummg that no forces exist other than those 
which vary mversely as the fifth power of the distance 

Let us write 

jP == i (,Pxx + Pyy + Pzz) = iP (U^ + V^ + W^) (675), 

without at present attachmg any physical mterpretation to p We have 
already supposed as a first approximation that U* = v2 = = g, so that p = pq, 

and we may now replace q by p/p. 

From equation (668) we have 

Pxx— p^^ip (u2 + v* + w«) — ip (^+ 2D2) 
p f 9 2 fduo dv^ dWo\ ] 

=-p - r ^ - 3 + ay + j; 




(674) 


16—2 
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and similarly, from equation (669), 

P2/*=/>UV = - 



(677) 


These pressures agiee exactly with those giving the components of 
pressure in a viscous gas (cf equations (593) and (594) of § 298) if we 
take p to be the hydrostatic pressure, and suppose a:, the coefficient of 
viscosity, to be given by 

P 

/c = — 



If we give to p its usual value vRT, this becomes 


JC 


V 


.(679), 


so that K is found to be mdependent of the density, and directly proportional 
to the temperature 


330 The physical discussion of this and other equations obtained horn 
Maxwell’s theory is reserved for later chapters We may notice, however, 
in passmg that equation (679) enables the value of rj, and hence of the time 
of relaxation, to be deduced when k is known 

Tor mstance, the value of k for air at 0® 0 is 000172, and RT = 3 69 x lO"*”, 
so that gy = 2 16 X 10“^®, and the time of relaxation is 


7]V 


1 

6x 10® 


seconds 


It is, as we should expect, comparable with the time of describing a free 
path 


Conduction of Heat 

3S1 On summing thiee equations of the type of (639), each multiplied 
by m, we obtam 

where Q = U* + + w» 

This IS the equation of transfer of Q , it is therefore the equation of transfer 
of energy, and this, m the Kinetic Theory, is the transfer of heat 

Wntmg u* + v*4- w« = 3g, the left-hand member becomes ^ 

regards the first term on the nght-hand side, we have from equation ^670) 


pu(ui + v^+w*)=-^|. 



329 - 332 ] Law of Inverse Fifth Power 245 


The remaining terms on the nght-hand side, contammg IP, Dv, etc , are given 
by equations (676) and (677) On substitntmg these values m equation (680), 
we obtain 


4mg /9^o 2mq ^ fdwp dvp^ 

St) \9ic dy dz ) t] ^zj 


(681) 


In equation (642) we obtained a value for ^ on the supposition that 

Maxwell’s law was true at every point The present equation is the 
generalisation of equation (642) for the more general case in which Maxwell’s 
law IS not assumed to hold 


If there is no mass-motion (-Wo — = 0), the equation reduces to 



15mq dg\ 
27) dx) ’ 


and smce my = RT, this is the equation of conduction of heat in a gas 

at rest By comparison with Fourier’s equation of conduction of heat. 





we obtain for the coefficient of conduction of heat the value 

5my ^ _5Rr^ 

or, mtrodacmg the coefficient of viscosity k from equation (679), 

^ = ... 

The physical significance of this equation will be discussed later 


(682), 

(683) 


Energy 

332 On substituting the values which have been found for «, etc , we 
find that equation (681) assumes the ffinn 

Obviously the term on the left-hand side is the mcrease of heat-enmgy of 
8n element of the gas On the nght-hand side, the first term is the mcrease 

* Maxwell, as the result of an anthmeboal mistake, gave the numenoal factor as f m place 
of } The error was pointed out by Boltamann and Poincare 


dw, \ 
dz) 
dvp 
dz 


V , 9»o , ^oVl 

) ^Kdx^dy^dz)} 
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of heat which ordinary physics regards as due to conduction, the second term 
IS that due to adiabatic expansion or compression, and the third term is that 
which ordinary physics attributes to the action of viscosity, being in fact twice 
the “dissipation function” of the viscous motion* 

To the Kinetic Theory, however, conduction of heat, change of tempera- 
ture resultmg from adiabatic motion and “ heat generated by viscosity ” are 
all equally resolved mto the transfer of energy by molecules, so that to the 
Kmetic Theory the equation just obtained expresses nothing more than the 
conservation of this eneigy 

Diffusion 

333 In § 312, we obtamed the general equation (633) 

where S denotes summation with respect to the three coordinate axes it, y 
and z 


This equation may be used to determine the value of the coefficient of 
diffusion We shall suppose there are two kinds of gas, distmguished by the 
suffixes 1, 2, and these will be supposed to be diffusing mto one another m a 
direction parallel to the axis of as There will be an equation of the form of 
(684) for each kmd of gas. 


We may suppose that there are no externally applied forces, so that 
X = 0 m equation (684) The motion of diffusion may be supposed so slow 
that squares of the mass-velocity may be neglected, and smce the motion is 


entirely parallel to the axis of x, we may put ^ ~ = 0. 


With these simplifications equation (684) reduces to 


In this equation, we put Q = so that the mass-velocity parallel 

to Oas. Neglectmg we may also put 




1 

2Am* 


Smce A, which measures the temperature, is not supposed to vary with a?, 

^(vwQ) reduces to The term Q ^ (pu) becomes tio ^ (vuo), and this, 

being of the second order of small quantities, may be neglected Further, m 
steady motion, the time-differential will vanish, and the equation reduces to 


1 dp^ 
2Am dx 


< 685 ) 


* Cf Lamt, Hydrodyruame^ p 518. 
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The value of Aw is not zero, because collisions with molecules of the 
second kind change the total momentum of the first gas In equation (654) 
we ohtamed the value of Aw for the first gas in the form 


Aw= 




-d-i (Wi)2 — Wqi), 


where Woi, Wo2 are the values of Mq foi the first and second gas respectively 
On substituting this value for Aw, equation (685), for the first and second 
gases, yields equations which can be put in the foim 




mi +7722 


^i(Wo2-?4oi) 


334 The equation of equilibnum in the gas ^ ^ ~ ^ 

fi:om which we deduce 

In order that the pressure may continue to maintain equilibrium, 
must remain the same at all points of the gas throughout the whole time 
Thus the total flow of molecules across any plane must be zero, and this 
requires 

4- = 0 688) 

The flow of molecules of the first kmd per unit area per umt time, 

0^ 

namely z'lWoi, is however equal to — 2)i2 ^ , where 2)i2 is the coeffieient of 
diffusion from the first gas into the second (cf below § 412) Similarly of course 

-(689), 

whence equations (687) and (688) shew that 2)12 aud JDai must be the same 
there is only one mutual coeflScient of diffusion between the two gases 

Instead of expressing SSa m the unsymmetncal form of equation (689), 
we may, with the help of equations (686) and (688), express it m the form 

3)i 2^ (j'l + J'a) = - (^1 + *'2) == *'i*'2 (2% - 'Mra) ••• (690), 

which is symmetncal. 

Comparing the equation just found with equation (686) obtained from the 
dynamics of collision, we find at once 

^ 1 / mi + 772a 

“ 2Amim2-di (*^1 + *'2) V ^ 

For the diffusion of a single gas into itself, this becomes 
^ 1 _ 


hpA^ V %mK 2hpAi7f 


( 692 ), 
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where -q is mtrodnced from equation (666) If we farther introduce «, the 
coefficient of viscosity, given by « = , the coefficient of diffusion is 

(608), 


given hy 


or, introducing Maxwell’s numerical values already given for Ai and A, 


3) = 15043" 
P 


(694) 


The physical discussion of these equations is reserved for Chapter XIII 


More General Law of Force 

335 As abeady mentioned, the theory of Maxwell just given, which 
apphes only to imaginary molecules repelling accordmg to the law has 
been extended by Chapman* so as to apply to the general case of molecules 
repellmg according to the law Chapman’s analysis is unfortunately too 
long to be given here even in outline, but some of its more interesting pomts 
may be noticed 

The mam diflSculty, as will be clear from what has already been said, 

1 

centres round the circumstance that the factor V remains m equation 
(647) for all values of s other than 5=6 It is consequently necessary to 
assume a definite law of distribution f(u, v, w) before the quantity AjgQ 
given by equation (647) can be evaluated The value of f{u, v, w) cannot 
depend upon the special choice of axes made, so that /is necessaiily invanant 
as regards orthogonal transformations of the axes of (v, y, z. Now the only 
mvanants possible are 

du^ dva Zwq 
dz ’ 


.dVn 


and others involvmg derivatives of the second order with respect to y, ^ 
For gases m which temperature and density gradients are small, these second 
order derivatives may be neglected, mdeed the ordinary assumption that 
defimte coe£6cients of viscosity, conduction and diffusion exist, will be found 
to involve the assumption that all derivatives of second and higher orders are 

* PhU Trans 216 A (1916), p 279 See also footnote to p 219 
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negligible Thus it is permissible at the outset to assume a distribution of 
velocities of the form 

/(«, V, w) = ii’, (C2) + eF„ (c2) + (C2) + r]Fi (c^ 

This IS obviously of the general form already obtamed in § 309 Chapman 
assumes expansions of Fi^, F^, F^, F^ in powers of c% and calculates the values 
of AiiQ for various values of Q from equation (647) The substitution of 
these values into equation (631) leads to a system of equations which deter- 
mine the coefficients in the senes J\, F^, Fs, F^, and the subsequent analysis 
IS similar in all essentials to that of Maxwell already given 

The numerical results obtained by Chapman are stated and discussed in 
Chapters XI — XIII below 



CHAPTER X 


THE FEEE PATH 

336 In the two preceding chapters we have seen how pioblems of 
viscosity, conduction of heat, diffusion, etc can be reduced to a problem of 
the dynamics of collisions We shall in subsequent chapters see how these 
same problems can be treated by a study of the problems associated with the 
free path For this and other reasons, the present chapter is devoted to 
problems connected with the free path m a gas, the molecules being assumed 
for this purpose to be elastic spheres. 

Length of Mean Feee Path 

337. In § 33 we gave a calculation of the mean free path m a gas We 
shall now give a more detailed mvestigation applicable to the free paths of 
molecules in a mixture of gases, the molecules of the different gases being 
of different sizes, and shall at the same time examine the correlation between 
the veloaty of a molecule and its probable free path 

We shall suppose the constants of the molecules of different types to 
be distmguished by sufl&xes, those of the firat type havmg a suffix umty 
{vi, rwi, oi, ), and so on We shall reqmre a system of symbols to denote 
the distances apart at collision of the centres of two molecules of different 
hnds Let these be Sa, 8^, Sg,, etc, Spg being the distance of the centres of 
two molecules of types p, q when in collision Obviously 

Sa = i (<^i + etc (.695) 


Mcmudl’s Mean Free Fatii 

338 As in expression (48) the number of colhsions pei unit time 
between molecules of types 1 and 2 and of classes A and B respectively 
(pp 18, 19) 18 

ViVgfi (u, V, w)fa (u', o', w') Y8^ cos ddudvdwdu'd^ d/uf da (696), 
where V is the relative velocity, and do the element of sohd angle to within 
which the line of centres is bnuted 

Replamng/j, A by the values appropriate to the steady state, and cany- 
ing out the int^ration with respect to do, the number of collisions per umt 
tune is found to be 

e" * VSjdudvdnodv!dv'dw' (697), 
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thjB expression being exactly analogous to expression (50) previously ob- 
tamed 

Let the velocity-components u, v, w, u\ w' now be replaced by new 
vanables, u, v, w, a, J3, 7 given by 

miW+ mau' 


u = 


• , etc j a — w, etc 


(698). 


W'ii + ma 

so that u, V. w are the components of velocity of the centre of gravity of the 
two molecules, and a, /3, 7 are as usual the components of the relative 
velocity V We may put 

u® + v®-|-w*=sc^ + 

miTTla 


so that + 

We readily find that 


'2 — 


(mi + wia) c* -h 

a(u,a) 
3(16,240“ ’ 






W2 « 


so that dudv! = c?uda, and expression (697) may be replaced by 
n [(«,+»,) e^+ 

(699). 

339 On integrating with respect to all possible directions m space foi 
the velocity c of the centre of gravity, we may replace dudvdw by 47ro®dc 
while similarly, integrating with respect to all possible directions for we 
may replace dad/Sdy by 4m‘V^dV. We accordingly obtain for the number 
of colhsions per unit volume per umt time for which o, V lie withm specified 
small ranges dccZF, 

Poo) 

Integrating from o = 0 to o ■= oo , the number of collisions for which V 
hes between V and V + dV is found to be 

w”" v>dr (701), 

and again integrating this expression from 1^ = 0 to V=^ oo , the total number 
of collisions per unit volume per umt time between molecules of types 1 and 2 
is found to be 



340 This formula gives the number of free paths of the Vi molecules of 
the first type m unit volume, which are termmated per unit time by molecules 
of the second type When the difference between the two types of molecules 
IS Ignored, it reduces to twice expression (53) already found, the reason for 
the multiplymg factor 2 being that already explained on p. 86 
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Expression (702) divided by vi will represent the mean chance of collision 
per unit time for a molecule of tj’pe 1 with a molecule of tj^e 2 Hence the 
total mean chance of colhsion per umt time for a molecule of tjrpe 1 is 




'Vf (— +-) 

V k \mi mj 


(703) 


The mean time mterval between collisions is of course the reciprocal of this 
The total distance described by Vi molecules of the first kind per umt 


time is 


ViOi^ 




*^7rhmi 


(704), 


while the total number of fi:ee paths described by these vi molecules is equal 
to vi times expression (703) By division, the mean fi:ee path foi molecules 
of the first type is found to be 





(705) 


When there is only one kind of gas present, this reduces to formula (56) 
already found 


An Alieimative Calmlation of the Mean Fiee Path 

341 There is another way of estimating the length of the mean free 
path, as has already been indicated m §33 According to this method of 
calculation, the mean free path is not taken to be the mean of all the paths 
described m unit tune, but the mean of all the paths described from a given 
instant to the next collision 

Let us fix our attention on a molecule of the first type, moving with 
velocity c The chance of collision per unit time with a molecule of the 
second type having a specified velocity c' is equal to the probable number of 
molecules of this second kmd m a cyhnder of base trSj, and of height 7, 
where Y is the relative velocity 

The second molecule is supposed to have a velocity o' Let d, ^ be angles 
determining the direction of this veloeily, 0 measuring the angle between its 
direction and that of c, and <f> being an azimuth The number of molecules 
of the second kind per umt volume for which c', 0, ^ he withm small specified 
ranges do', d0 , dif> is 

o'^ am 0d0d<f>do' 

The result of integrating with respect to 0 is obtained by replacing d6 
by 2w, and on multiplymg this by we obtam for the number of 
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molecules of the second kind which he within the cyhnder of volume -n-SjV 
and winch are such that c\ 0 he within a range dc', dd, 

^ Ve “ c'® sin 6d6do (706) 

When c, c' are given, the value of V depends on 6, being given by 

F® = c® + — 2 cc' cos 6, 

whence we obtain by differentiation, keeping c, c' constant, 

VdV = cc' sin ddO 

Thus expression (706) can be replaced by 

^ dc'V^V (707). 

We first integrate with respect to V, keepmg c and c' constant We have 

fr-dr^iiv^], 

in which the hmits foi V are c + c' and c ^ o\ so that 

J V^dV = (c® + 3c'®) when c' > c, 

= |c'(c'®+3c®) when o' <c 

Thus the result of integrating expression (707) with respect to F is 

when c' > c, 1 ^ 2 ^ 12 * 0 ' (c® + 3c'®) do' . .(708), 

when c' < c, f Z/ 2 S 12 * V irl^mie “ ~ (o'® 4 - 3c®) dc' (709) 

If we now integrate this quantity with respect to c' from c'= 0 to c'=: 00 
(using the appropriate form according as c' is greater or less than c), we 
obtam for the aggregate chance per umt time of a collision between a given 
molecule of the first type moving with velocity c, and a molecule of the 
second type, 

l^j” d (c* + 3o'») e - dc' + e " do' j 

(710) 

342 The former of the two mtegials inside the square bracket can be 
evaluated directly, and is found to be equcd to 

The second integral cannot be evaluated in fimte terms If, however, we 
replace Am^c'® by y®, the mtegral becomes 

1 f^s/ fmu « 

77 ==-l g^(f+Zhm^)e-^ dy, 
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which, after continued integration by parts with regard to y®, reduces to 

-1= L e - c (2Am^ + f ) + i (2A»i*o‘ + 1) f' e - dyl 

oNUmi ( H 

The sum of the two mtegrals in expression (710) is accordingly 

3 


4c VA’ 


mi 


|^cVA//i2e”^’”2^ + (2A?n2cJ® + l) (7ll) 

Tf we mtroduce a function* defined by 

i/r(a,) = a;e-*“+(2it®+l) j‘e-y"dy 


(712), 


expiession (711) may be expressed in the form 


3 


and hence if we denote expiession (710) by @ 12 , its value is found to be 

V TTvSr^ 


01.= 


AwisC 


- (c V AttIs) 


(713) 


With this defimtion of we see that when a molecule of the first kind 
IS movmg with a velocity c, the chance that it collides with a molecule of the 
second kind in time dt is ©ijcZf 


343 If we change the suflSx 2 into 1 wherever it occuis, we obtam an 
expression @n for the chance per unit time that a molecule of the first kmd 
movmg wuth velocity c shall collide with another molecule of the same kmd 
By addition, the total chance per umt time that a molecule of the first 
kind movmg with velocity 0 shall collide with a molecule of any kmd is 

l@„ = @n + ®i8 + ®i»+ (714) 

In umt time the molecule we are considering describes a distance c, hence 
the chance of colhsion per unit length of path is 


r“®» 


(715) 


The mean free path Xe> for molecules of the first VmH moving with 
velocity c, is accordingly 




20„ 


(716) 


Ta%^s Flee Path 

344 When there is only one kmd of gas, equation (716) assumes the form 


= ~ = =_ 

© ^lr(c^ hm) 


(717), 


* The value oaimot be expressed m simpler terms, so that ^ (a?) as defined by 

eq.nation (712) is already in its simplest form Tables for the evaluation of are given m 
appendix B. 
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and from this formula we can without difficulty calculate Tait’s expression for 
the mean free path, defined as explained in § 33 For, in a single gas, there 
IS at any instant a fraction 





of the whole nnmber of molecules moving with velocity c, and therefore, on 
the average, starting to describe distances c/@ each before collision Hence 
Tait's mean free path (X.^) is given by 




dx 


This integral can only be evaluated by quadrature The evaluation has 
been performed by Tait* and Boltzmann f, who agree in assigning to it the 
value 0 677, leadmg to the value lor which has already been given m § 33 


Maxwell's Free Path 

346 We can also deduce Maxwell’s formula for the free path from the 
results obtamed in § 343 

Out of all the molecules of the first kind, a fiaction 

(^dc 

will be moving with a velocity between c and c + dc, and the chance of 
colhsion per unit time for each of these molecules is 2®^ Hence the average 
chance of colhsion per unit time, for all molecules of the fiist kind, is 

or, from equation (713), 

r ^-hrnic’^ (j, dc (719) 

s hmg J 0 


Putting c VAm, = x, this becomes 

42 r e~ (®) C^SO) 

s (/m,)* J 0 

Upon substitution for yfr(x) from equation (712), the integral m this 
formula becomes the sum of two integrals 


e xy^{x)dx 


/•oo i + ^'\ /•« rx 

I e ^ a^dx +1 X (2a^ + 1) < 
Jo J a J Q 


. yS 

dxdy (721) 


^ Edtn Tram xxsm p 74 (1886) 

t Wiener Sitzungsbenehte, xovi p 905 (1887) , Gastheone, i. p 73 
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The first of these mtegrals has for its value 

while on writing y = Kx, the second integral 

= a?{%a? + l)e 

0 j 0 


V ”«./ dxdK 


(722), 




[Sot.® 


■^-^1 



>+?)'*} 

(OTi® 

( otJ 


^ msJ 


^ OT,/ 3 


AHHing this to expression (722) and simpbfying, we obtain as the value of 
expression (721) 


^ ^ /\A- — 

2 jn,»V m. 


2 jni®'V ■ m, 

This IS the value of the integral which occurs in expression (720) The whole 
expression is therefoie equal to 

which IS identical with expression (703), as of course it ought to be 

Formula (723) gives the mean chance of colhsion per unit time for a single 
molecule of the firat kind, and every colhsion terminates a free path of this 
molecule The total number of free paths described by all molecules of the 
first kmd per unit time per umt volume is therefore 


Tti - ^V,V,8J (^ + 


(724) 


The distance described per unit time by the Vx molecules of the first kmd 
m a umt volume is, as before, given by expression (701), so that the mean 
free path, Xi, of all molecules of the first kmd is 

2^1 1 


^ niVwAmi 
agreeing with formula (706) 


1 + 




(725), 


Pboblems connected with the Free Path 
Dependence of Free Path on Velocity 

346 The way m which X<, depends on the value of c is of some interest 
The formula expressmg X^ as a function of c is, however, too complex to 
convey much defimte meaning to the mind, atad we are therefore compelled 
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to fell back on numerical values The following table, which is taken from 
Meyers Kinetic Theory of Gases (p 429), gives the ratio of (equation (7lT)) 
to Maxwell’s mean free path X (equation (56)) for different values of c, from 
c=:0 to c=oo. 


cjc 

hmc^ 

X./X 

XK 

0 


0 

00 

0 25 


03445 

2 9112 

05 


0 6411 

1 5604 

0 627 

i 

0 7647 

13111 

0 886 

1 

0 9611 

10407 

10 


10257 

9749 

1253 

2 

11340 

8819 

1535 

3 

12127 

8247 

1772 

4 

1 2572 

7954 

2 


12878 

7765 

3 


13551 

7380 

4 


1 3803 

7244 

5 


13923 

7182 

6 


13989 

7149 

QC 


14142 

7071 


Probability of a Free Path of given length 

347 It IS of mterest to find the probability that a molecule shall describe 
a free path of given length 

Let /(Z) denote the probability that a molecule moving with a velocity c 
shall describe a free path at least equal to I After the molecule has 
described a distance Z, the chance of collision withm a further distance dl is, 
by formula (715), equal to cZZ/Xc Hence the chance that a molecule shall 
descnbe a distance Z, and then a further distance cZZ, without colhsion is 

/(Z)(l-cZZ/X,) 

This must however be the same thmg as /’(Z + dt) or 

Equatmg these expressions we have 

8/(0 _ /ffl 

dl Xo ’ 

of which the solution is 

f(l)^e--^f^^ (T 26 ), 

the arbitrary constant of the integration bemg determmed by the condition 
that/(0)=:l 

J G 


17 
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By differentiation, the piobability that a molecule moving with a velocitj c 
shidl descnbe a free path of length between I and Z 4- is 

(727) 

A*c 

348 It IS cleat from the form of these expiessions that free paths 
which are many times greater than the mean free path will be extremely 
rare For instance, the probability that a molecule moving with velocity c 
shall descnbe a path greater than n times \c is f{nk^ or, by equation (726), 

Thus only one molecule m 148 desciibes a path as great as only one 
m 22,027 a path as gieat as lOX^t only one m 2 7 x 10^ a path as gieat as 
lOOX-cj and so on 

The foregomg results apply only to molecules moving with a given 
velocity c At any given instant the fraction of the whole number of mole- 
cules which have descnbed a distance greater than I since their last collision 
will be 

lo (728) 

This function is not easy to calculate m any way As the lesult of a 
rough calculation by quadratuie, I have found that through the range of 
values for I in which its value is appreciable, it does not ever differ by more 
than about 1 per cent from which is the value foi molecules movmg 

with velocity l/VAm 

Law of Distribution of Yelocities in Collision 

349 In many physical problems, it is important to consider the distn- 
bution of relative velocities, ratios of velocities, etc in the different collisions 
which occur. We attempt to obtain expressions for various laws of distribu- 
tion of this type 

In formulae (708) and (709) we obtained expressions for the chance per 
umt time that a molecule of type 1 movmg with velocity c should colhde 
with a molecule of type 2 movmg with a velocity between o' and c' -f- cfc' 

The number of molecules of type 1 per umt volume movmg with a velocity 
between c and c + d is 

47rz/i 

Multiplying expressions (708) and (709) by this number we obtain as the 
total number of collisions per unit time per umt volume between molecules 
havmg specified velocities withm ranges do, do', 
when o' > c. 

We" (fo' (c» + 3c'*) dcdo' (729), 

when 0 < c, 

+ dode ' ... (730), 
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360 We proceed next to find the number of collisions in which the 
velocities c, c' stand in a given latio to one anothei Let c = ko, and let the 
variables in expressions (729) and (730) be changed fi:om c, o' to k, d 
Clearly the differential dodd becomes ddicdd, and the two expiessions become 

when /c > 1, 

^ ( 3 /^ + 1 ) dKd^dd (731), 

when a: < 1, 

{raiK^^Tn^) (^2 4 . 3 ) dtcd^dd (732) 

On mtegrating these expressions with respect to d fiom c' « 0 to c' = 3 o , 
we obtain the number of collisions for which k, the ratio of the velocities, 
hes within a given range dx The numbers are readily found to be 


when /c > 1 , 


\ h J (jmik“ + wis)? 


(733). 


The total number of collisions per unit time per umt volume may of course 
be derived by integratmg this quantity from /c = 0 tOAr = oo. It is found 
to be 

which agrees, as it ought, with formula (702) 

361 The law of distribution of x in different collisions can be obtained 
by divichng expressions (733) and (734) by the total number of colhsions (735) 
This law of distribution is found to be 


when K>ly 


when a: < 1, 


6 K (3/c* + 1) 

2 {mi + Tn*)^ (mi/c® + ma)^ 

5 m^m2 (^ + 3) 


(736), 


(737) 


2 (ttIi + ^Tla)^ (WiAC* + Wla)^ 

The law of distribution of values of x when the molecules are similar is 
obtained on taking mi = mg We must notice however that if we simply put 
= mg in expressions (736) and (737) each collision is counted twice, once 
as havmg a ratio of velocities x and once as having a ratio of velocities 1/x 
It seems simplest to define the value of x for a collision m this case as the 
ratio of the greater to the smaller velocity, so that x is always greater than 
umty, and we then obtain the law of distribution by putting mi — m* in 

17—2 
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expression (736) and multiplying by two so that each collision shall only 
count once The law of distnbution is found to be 


5 ^( 3 ^ + !) , 


(738), 


of which the value when integrated from /c = 1 to /e = oo is unity, as it ought 
to be 


Peesistence of Velocity after Collision 

352 The next problem will be to examine the average effect of a collision 
as regards reversal or deflection of path We shall find that in general a 
collision does not necessarily reverse the velocity in the original direction of 
motion, or even reduce it to rest there is a marked tendency foi the original 
velocity to persist to some extent after colhsion It is obviously of the 
utmost importance to form an estimate of the extent to which this peisistence 
of velocity occurs 

Persistence of Velocity when the molecules are similar elastic sphe-ies» 

353 Let us begm by considermg two molecules of equal mass colliding 
with velocities c, c' In fig 18 let OP and OQ represent these velocities, and 
let R be the middle point of PQ Then we can resolve the motion of the two 
molecules into 

(i) a motion of the centre of mass of the two, the velocity of this motion 
being represented by OR, and 

(u) two equal and opposite velocities relative to the centre of mass, these 
being represented by RP and RQ 

Imagine a plane RT8 drawn through R parallel to the common tangent 
to the spheres at the moment of impact, and let P\ Q' be the images of P, Q 



Fig 18 


m this plane Then clearly RP' and RQ' represent the velocities relatively 
to the centre of gravity after impact, so that OP' and OQ' represent the 
actual velocities m space 
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364 Let us now suppose the molecules to be elastic spheres of uniform 
diameter o- In fig 19 let the directions of motion relative to the centre of 
gravity before impact be AB^ BE, and let those after impact be BG, EF 
Then the line of centres bisects each of the angles ABC, BEF Let us call 
each of these angles <j>, measured so as to be acute in the figure Imagme the 
point E surrounded by a circle of radius a of which the plane is perpen- 
dicular to the direction AB Then m order that a collision may take place, 



the line AB produced must cut the plane of this circle at some point P 
inside the circle Also, all positions of P mside this circle are equally 
probable, so that the probability that the distance EP shall lie between r 
and r + dr IS 2rdrla^ Smce r *= <r sin ^<f> this may be written sm cos i<j>d(f) 
This, then, is the probability that tp shall he between p and p + and 
therefore that the angle which EF makes with BE shall be between <p and 
pi- dp The# expression found is, however, equal to ^smpd<f> and therefore 
to that part of the area of a umt sphere for which the radius makes an angle 
between p and p + dp with a given hne It follows that aU directions for 
EF are equally probable, a result which was first given by Maxwell m 1859* 
Hence in fig 18 all directions of BQ', BP' are equally probable, so that the 
“expectation” of the component of velocity of either molecule after impact 
in any direction is equal to the component of 012 m that direction 

366 Let us now average over all possible directions for the velocity of 
the second molecule, keeping the magnitude of this velocity constant In 
fig 20 let OP, OQ as before represent the velocities of the two colliding 
molecules, and let B be the middle pomt of PQ, so that OB represents the 
velocity of the centre of gravity of the two molecules We have to aveiage 
the components of the velocity OB over all positions of Q which lie on a 

* Collected Works, i p 378 
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sphere having 0 for centre It is at once obvious that the average component 
of OR vd any direction perpendicular to OP is zero We have, therefore, 
only to find the component in the direction OP, say ON We must not 
suppose all directions for OQ to be equally likely, for (cf Chapter 11) the 
probability of collision with any two velocities is proportional to the relative 



velocity Thus the probability of the angle POQ lying between 6 and O-^dB 
IS not simply proportional to sin 6d6, but is proportional to PQ sm ddB, for 
PQ represents the relative velocity The average value of the component 
ON is theiefore 




{’on PQsmede 



ON= 

Jo 

,v ••••••• 

.(739) 



/ PQsmddff 

Jo 


Let us 

1 now write OP = c. 

OQ = o', P(2=F, 


that 

F* = 

c’ + c'*— 2cc cos d 

. .(740) 

Then 

Ojy=J(OP + OJlf) = 

‘^(c + c'cos 0) = i (3c^+ c'*— F*) 

. (741) 


By differentiation of relation (740), we have VdV^od smBdd, so that 
equation (739) becomes 

/(3c»+cr»-F»)F»dF S<?+o'^ SV*dF 

4c;F*(iF ~ 4c 4c/F^dF ^ 
ishe linuts of integration 'being from F=c'"«»cto V = o' + o 
Performing Ifoe mtegiation we find that 


when c > o'. 


OJ!r = 


ON = 


15c* + (S'* 
10c (3c* + (S'*) 
c(5c'*+3c*) 
5(3c'»+C“) 


(748X 

.(744). 


when c < (S', 
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We notice that these expressions are necessarily positive for all values 
of c and c\ so that whatever the velocities of the two colhding molecules 
may be, the “ expectation ” of the velocity of the first molecule after collision 
IS definitely in the same direction as the velocity before collision Naturally 
the same also is true ol the second molecule 

If we denote ON, the “expectation” of velocity after collision of the first 
molecule in the direction of OP, by a, then the ratio ajc may be regarded as 
a measure of the persistence of the velocity of the first molecule 

Formulae (743) and (744) give the values of a, and hence of the persis- 
tence ajc It IS at once seen that the values of ajc depend only on the ratio 
clc\ and not on the values of c and c' separately If, as before (§ 350), we ^ 
denote cjc by k, the values of the persistence are 


Tvhen /t > 1, 

a _ 
c "" 

15k* +1 

10k*{Sk* + 1) 


(745), 

ifvhen Ac< 1, 

a __ 

c 

3k? + 5 

5(«s + 3) 


(746) 

356 These expressions are too intricate to convey much meanmg as they 
stand The following table gives numerical values of the persistence ot/e 
corresponding to different values of k, the ratio of velocities 

11 

8 

bo 


1 1 i 

i 0 


- = 600 492 473 
c 

44] 

400 368 354 

339 333 


-- 0 i i 

i 

1 li 2 

4 00 



It now appears that the persistence is a ^fraction which varies from 33 J to 
50 per cent, according to the ratio of the original velocities From the values 
given, it IS clear that we are likely to obtain fairly accurate results if we 
assume, for purposes of rough approximation, that the persistence is always 
equal to 40 per cent of the original velocity 

357 By averaging over all possible values of the ratio k we can obtam 
an exact value for the mean persistence averaged over all collisions 

TTiQ.ft'h collision involves two molecules of which the r61es are entirely inter- 
changeable Let us agree to speak of the molecule of which the mitial 
velocity IS the greater as the first molecule, so that cjc or a: is always greater 
than umty 

The persistences of the velocities of the two molecules involved in any 
one collision are respectively 

3 -h 

10i^(3iK»-hl) 5(3ic«+l)’ 
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the first of these expiessions being given directly by formula (745), while the 
second is immediately obtamed by writing l//e for k m expression (746) 

The mean persistence of the two molecules concerned in this collision> 
bemg the mean of the two expressions just found, is 


26/e* + fiAir* + 1 
20a^(3/v' + 1) 

A few numerical values of this quantity are found to be 

«= 1 li 2 3 4 

mean persistence = 400 401 404 413 415 416 


. (747) 


00 

417 


The law of distribution of values of « in the different collisions which 
occur has been found m formula (738) to be 




(748) 


Multiplying together expiessions (747) and (748) and integrating from 
to we obtain for the mean persistence of all velocities after 

colhsion 




Thus the average value of the persistence is very nearly equal to the 
value when the molecules colhde with exactly equal velocities. 


Persistence when molec'ides have different masses 

368 The calculations just given apply only when the molecules are all 
similar Let us now examine what value is to be expected for the peisistence 
when the molecules have different masses and sizes, but are still supposed to 
be elastic spheres 

Consider a collision between two molecules of masses mi, let their 
velocities be a, b respectively as before, and let their relative velocity be V 

It IS clear upon exammation of §§ 853, 354, that all the analysis of these 
sections will be directly applicable to the present case, the only alteration 
bemg that (cf §337) must replace a as the distance BE between the 
centres. Thus Maxwell's result is still true , all directions are equally likely 
for the velocities after impact relative to the centre of gravity, and the 
expectation of any component of velocity after collision is exactly that of 
the common centre of gravity 

We may accordmgly proceed to average exactly as in § 355. But if OB 
m fig 20 repiesents the velocity of the centre of gravity, B will no longer be 
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the middle point of PQ , it will divide PQ in such a way that mJiP^mJRQ 
Thus in place of relations (741) we have 

_ miOP + 'miOM _ m^o+m^c cos 9 

mi + m2 7^1 + 


mi — mg . mg 

c H 

mi 4- mg mi + mj 


(c + o'cos 6) 


(749) 


So long as c and c are kept constant we can aveiage this exactly as before 
The first term ^—-37 0 , being constant, is not affected by averaging, while 


mi + mg 

the average value of the second term 


mg 


(c + c cos 9) is equal to 


2 m> 


mi + wig ' mi + ma 

times the average of the term ^ (c + c' cos 9) already found in § 355 

Hence, if denotes the value of the peisistence ^ when the two masses 

are equal, we have, in the general case m which the masses are unequal. 


a mi — TWg 




(750) 


c mi 4* mg mi+mgVc/e 
This gives the persistence of the velocity 0 of the molecule of mass mj, 

the values of being given by the table on p 263 The peisistence is of 
course a function of the two quantities mi/mg and c'/c 


359 If we assume as a rough approximation that the value is 


equal to 400 regaidless of the ratio of velocities tc, then equation (750) 
reduces to the approximate formula 


c mi + mg 


(751), 


which of course depends only on mj/mg This formula, however, must not be 
apphed when the ratio mi/m^ is either very large or very small 

When mi/mg is very small, c will be large compared with c m practically 
all collisions, so that /c is very great and the appropnate value to assume foi 

0) IS this corresponding to 00 From equation (760) we now obtam 

the approximate formula 


c miH-mg vmg J 


(752) 


We notice that m the limit when mi vanishes in comparison with mg, the 
persistence vamshes Indeed this can easily be seen directly at a collision 
the light molecule simply bounces off the heavy molecule , all directions can 
be seen to be equally likely by the method of § 354, and therefore the per- 
sistence is ml 
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At the opposite extreme, when mijm^ is very large, the appropriate values 
to assume are /c = 0 and The approximate formula derived from 

equation (760) is now 

purge) (758) 

0 nii + nis \m2 ® ^ 

In the hmit when vanishes, the persistence becomes equal to umty 
This also can be seen directly the heavy molecule merely knocks the light 
molecule out of its way, and passes on with its velocity unaltered 


360 In place of these approximate formulae, we can obtain a formula 
accurate for all values of milrn^ by averaging the exact equation (750). 

When /c > 1, we have (by formula (745)) 

/a\ 15/c* + 1 

while the law of distribution of the a:'s is (by formula (736)) 

5 K (Sj<^ ^ 

2 (nil + nia)^ 

When /c < 1, the corresponding quantities are (formulae (746) and (737)) 

and ° ±j>- d,c 

6 (/c® + 3) 2 (nil + ^)^ (wi^ + 


Hence the value of 



averaged over all collisions is given by 


/a\ _ hTfir^mj r f^ (3x‘+ 5)x^d/c ^ f* (15j^+l)d/c "j 
Ic/e 2 (nil + L-/ 0 5 (nziAc* + i 10/c (nzi/^ + ^)^J 


= 7 == log (VI + u) + 


where On substitutmg this mto equation (750) we obtain a 

formula givmg the average persistence of velocity for any ratio of masses 


361 It IS readily verified that when =s 1 the value of this average 
persistence is *406, as already found in §357. 

When fi IS veiy small, formula (754) reduces to 

/a\ 1 2 4 

and siimlarly when /* is large, the expansion is 


1 1 log./* . . 


'a' 


1 
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From formulae (754) and (750), the following values can be calculated 


^2^ 0 

Wi 


i 

i 

1 

2 

5 

10 

00 

ii)r ''' 

335 

339 

360 

406 

432 

491 

498 
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o 

o 

o 

rH 

11 

1 

879 

779 

573 

406 

243 

152 

086 

000 


These figures shew that the persistence is always positive but may have 
any value whatever, according to the ratio of the masses of the molecules 

362 For laws of force between molecules different ffom that between 
elastic spheres, the persistence of velocity will obviously be different from 
what it IS for elastic spheres Clearly, however, everythmg will depend on 
our defimtion of a collision If we suppose that a very slight interaction is 
sufficient to constitute a collision, then the mean free path will be very short, 
while the persistence will be nearly equal to unity If, on the other hand, 
we require large forces to come into play before calling a meeting of two 
molecules a collision, then the free path will be long, but the persistence will 
be small, or possibly even negative In fact, the vanations in the persistence 
of velocities ]ust balance the arbitrariness of the standard we set up in 
defimng a collision This being so, it will be understood that the conception 
of persistence of velocities is hardly suited for use m cases where a collision 
is not a clearly defined event; 
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363 In Chapters VIII and IX we developed a purely mathematical 
theory, which was found to lead to an explanation of the phenomena of 
■viscosity, conduction of heat and diffusion of gases This theory, although 
mathematically perfect, did not go fer towards revealing the physical mechan- 
ism underlying the phenomena 

There is another method of treating these problems, in which we follow 
as closely as possible the physical processes which result m the phenomena 
This method we now proceed to examine It does not lead to results possess- 
mg the same mathematical exactness as the former method its importance 
lies rather m its disclosure of the physical mechanism at work Bnefly, the 
three phenomena under consideration are regarded as transport phenomena— 
viscosity 18 a transport of momentum, conduction of heat is a transport of 
energy, and diffusion is a transport of mass The mechanism of transport is 
provided by the free path , a molecule descnbmg a free path of length X is 
m effect transporting certam amounts of momentum, energy and mass 
through a distance X If the gas were in a steady state each such transport 
would be exactly balanced by an equal and opposite transport m the reverse 
direction, and the net transport would always be ml But if the gas is not m 
a steady state there ■will always be an unbalanced residue, and this want of 
balance results in the phenomena we wish to study 



364 We begm by disoussmg the motion m a gas m which the mass- 
velocity vanes from pmt to point At the particular pomt considered, let us 
choose our axes so that the mass-velocity is parallel to the axis of ®, while 
the surfeces of equal velocity are parallel to the plane of xy, thus m the 
neighbourhood of the pomt the mass-velocity is a ftinction of z only 

Let us wnte n for mu, the momentum of any single molecule m the 
direction of the ®-axM The mean value of /t at any pomt ■will be denoted 
by ft, where of course ju vanes from pomt to pomt m the gas At the 
particular pomt considered we have chosen the direction of our axes so that 
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ihe gas IS arranged, as regaids the distribution of /I, in a series of layeis 
parallel to the plane of ssy, so that ^ is a function of z only We proceed to 
attempt to calculate the amount of y, which is transported by the molecular 
motion across any one of the planes z— constant 

The physical principle underlying the calculation can easily be explained 
To fix our ideas, let us suppose that the average value of fi mcreaseb as 
z increases, that the planes z = constant are horizontal and that z increases 
as we move upwards as in fig 21 The molecules will cioss the planes 

constant in both directions Those which cioss any plane, say z^Zq^itl 
the downward direction will, however, be coming ftom regions in which the 
average value of ft per molecule is greater than it is over the plane z = z^^ 
and will therefore, on the average, possess a value of ft in excess of that 
appropriate to the plane z—z^ In the same way those molecules which 
cross this plane in the upward direction will, on the average, possess a value 
of ft smallei than that appropriate to the plane z = Zq Since, howevei, theie 
IS no mass motion parallel to the axis of z, the number of molecules which 
cross the plane ^ in one direction is exactly equal to the numbei which 
cross it m the opposite direction There is, therefore, more momentum earned 
through the plane z — z^ in the downward direction than in the upward 
direction In other words, there is a downward transport of momentum 

366 As regards any smgle molecule which meets the plane z^z^di,t any 
point P, the amount of ft carried across the plane z — Zq will of course depend, 
in actual fact, upon the whole past history of the molecule before reaching 
the point P We are going to conduct our prelimmary calculations upon 
the supposition that the history of the molecule previous to the last collision 
before meeting P, say at Q, is immaterial This would be justifiable if, on 
the average, all past histones previous to the pomt Q were equally probable 
This, unfortunately, is not so when the molecules are elastic spheres Fiom 
the persistence of velocities investigated in the last chapter, it follows that a 
molecule which is known to have arnved at P fi:om Q has probably started 
ongmally jfrom some pomt further away jfrom P than the point Q Since, 
however, the amount of the persistence depends m general on the particular 
molecular structure assumed, it will be simplest to neglect it altogether at 
first, and subsequently correct our results for it as far as possible 

366 Consider a molecule meetmg the plane z = z^mP, havmg previously 
come from a collision at Q Let the velocity components of the molecule be 
Mi % w, and let the velocity be regarded as consistmg of two parts 

(i) a velocity Mq, of components 0, 0, equal to the mass-velocity of the 
gas at P, 

(ii) a velocity c, of components u—Uq, v, w, the molecular-velocity of the 
molecule relatively to the gas at P. 
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In fig. 21, let QP be the actual path descnbed in the gas before the 
molecule aruves at P Let RP repiesent the distance travelled by the gas 



Fia 21 

m the same interval of time, owing to its mass-velocity Wo, 0, 0 Then QE 
will represent the path descnbed by the molecule relative to the mass-motion 
of the surrounding gas Let the length QR be denoted by and let this 
make an angle 6 with the axis of z 

We are working upon the hypothesis that the expectation of fi for the 
molecule m question is that appropnate to the pomt Q We shall therefore 
take it to be the mean value of fj, at the point Q, of which the z coordmate is 

— V cos ^ . (755) 

Since ja, the mean value of is a function of z only, we can denote the 
value of Ji over the plane z^^hyli (J), and the value of at Q will be 

Ji{zo^7^ cos 6) 

Since Xr IS small compared with the scale of variation in jS, this expression 
may be written as 

p, {z^ — Xr cos ^ (756) 

This 18 the expectation of /x for any molecule which crosses the plane 
z^z^, having a relative molecular- velocity c inclmed at an angle 6 to the 
axis of z 

Smce all directions of this molecular-velocity may be regarded as equally 
probable, the probability of 0 lying between 0 and 0-hd0 is proportional to 
sin Odd 

The number of molecules per unit volume which have relative molecular- 



866] Genercd Theory 271 

velocities for which c and 6 he within specified small langes dc, d9 may 
therefoie be taken to be 

\vf(o) sm 6dMdc, 

where of course /(c)dc = l 
J 0 

The number of molecules having a velocity satisfying these conditions, 
which cross a unit area oi the plane SqIR time dt^ is equal to the number 
which at any instant occupy a cylindei ot base unity m the plane and 
of height c cos 0dt, and is theiefore 

^vcf{c) cos 6 sin ddOdodt . (757) 

Each molecule, on the aveiage, carries with it the amount of momentum 
given by expression (766) The total momentum transferred across unit 
area of the plane by the molecules now under discussion is therefore 

ivcf(c) jju (-s'o) — Xr cos ^ (^)} ^ Sdddcdt, 

where Xr denotes the mean value of X^, and is therefore the mean value of the 
path QR relative to the moving gas of all molecules which move witn a 
velocity c relative to the gas Clearly X^ is the same as the X^ of § 343, and 
will therefore be replaced by X^ 

On integrating the expression just found with respect to 0, we shall 
obtam the total transfer of momentum by all molecules with velocities 
between c and c + dc, whatever their direction The limits for 0 are 0 to tt, 
values of 0 from 0 to covering molecules which cross the plane from 
below, and values of 0 from to tt those which cross the plane from above 
The result of this integration is 

Jwo/(o)Xe dodt, 

a negative sign indicatmg that the transfer is from above to below On 
further mtegratmg from c = 0 to c “ oo , we obtam for the total transport of 
momentum across umt area of the plane in time dt, 

Jo •• • • (758), 

where denotes the mean value of c\e averaged over all the molecules of 
the gas 

In the foregoing argument it might perhaps be thought that Xy ought to 
be replaced by JX^ instead of by Xc For if QO (fig 21) is the whole free path 
described before collision occurs, there is no reason why PO should be less 
than PQ, so that the probable value of PQ might be thought to be JX. 

The fallacy in this reasonmg becomes obvious on considermg that m 
selecting free paths at random by choosmg points on these free paths, the 
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longer free paths have a greater chance of being chosen than the shorter 
ones, the chance of any path being chosen being in fact exactly pioportionai 
to the length of the path The average path chosen in this way, accoidinglj, 
■v\ill be much longer than that calculated m § 33 To see that is the nght 
value to assign to Xr, we notice that after a molecule has left P, its chances 
of collision are exactly the same whether it has just undergone collision at P 
or has come undisturbed from Q Hence PO = \c and therefoie, by a similar 
argument, PQ = Xc 

A simple example taken from Boltzmann’s Vorlesungen* will perhaps 
elucidate the point further In a senes of throws with a six-faced die the 
average mteival between two throws of umty is of course five throws But 
starting from any instant the average number of throws since a unit thiow 
last occurred will be five, and similarly, working back from any mstant, the 
average number of throws since a umt throw occurred is also five 

367, We can conveniently suppose that 

^ = (759), 

where i is a new quantity, which is of course the mean free path of a 
molecule, this mean bemg taken in a certain way The way m which the 
mean has to be taken is not the same as any of the ways in which it was 
taken m the last chapter, so that we do not obtain an accurate result, in fche 
case of elastic spheres, by replacing I by any of the known values of the mean 
free path At the same time the mean values calculated m different ways 
will not greatly differ from one another, and as our present calculation is at 
best one of approximation, we shall be content for the moment to suppose I 
to be identical with the mean free path, however calculated The extent of 
the error involved in this procedure will be exammed later 


368 We have shewn that the aggregate transfer of momentum per unit 
of time across a umt area of a plane parallel to the plane of ayy is 

ivcl^ (760) 

Across the plane z-^dz the similar transfer is 






so that the gsin of nLomentuiu to the layer between the planes z and + d? is 




Smce fj, is equal to mu^ we may replace fju by and this expression assumes 

the form 

^vclm^^^dz 


* I p 72 


• (761) 
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Also if we have a viscous fluid of coefiBcient of viscosity k moving with 
the mass-velocity of the gas, of which the components are 0, 0, the force 
per umt area of the z plane m the direction of the axis of x, actmg upon the 
layer of fluid enclosed by the planes z and z -}• dz, is 

9mi) 

(762) 


Similarly that on the plane z + dz, acting m the other direction, is 


tc 




0^; 


(763) 


The rate of mcrease of momentum per umt area of the layer between these 
two planes must be the resultant of the two forces (762) and (763), namely 


K 


3^ 


dz 


This will be identical with expression (761) if 

/c^^vclm . (764) 

We therefore see that our gas will behave exactly like a viscous fluid, of 
which the coefccient of viscosity is given by equation (764) If we replace 
mv by p, this takes the simple form 

fc = lpcl (765) 


369 From the results of our analysis we can now obtain an insight into 
the molecular mechanics of viscosity in the case of a gas Iiet us imagme 
two molecules, with velocities w, v, w and — u, v, w, penetrating &om a layer 
at which the mass-velocity is 0, 0, 0 to one at which it is u^, 0, 0 By the 
time the molecules have reached this second layer we must suppose that 
their velocities are divided mto two parts, namely, 

u — Uo,v,w and tto, 0, 0 

for the flrst, and 

— « — V, w and 0, 0 

for the second The first part m each case will represent molecular-motion, 
and the second part will represent mass-motion Now in equation (32), we 
saw that the total energy of the gas could be regarded as the sum of the 
energies of the molecular and mass-motions The sum of the energies of the 
molecular-motions of the two molecules now under discussion is, however, 

[(m — t^o)2 + 4- J m [(— w — -M®)* + 

which can be written 

+ vf) + mu^ 

The first term is equal to the energy of the molecular-motion of the two 
molecules at the start , the second term represents an increase which must 
j-a 18 
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be regarded as gamed at the expense of the mass-motion of the gas Thus 
the phenomenon of viscosity m gases consists essentially in the degradation of 
the energy of mass-motion mto energy of molecular-motion , it is therefore 
accompanied by a use of temperature in the gas 


Corrections when Molecules are assumed to he Elastic Spheres 

370 Fiom want of definite knowledge of the molecular structure two 
errors have been mtroduced into our calculations In the first place we 
have neglected the persistence of velocities after collision, and in the second 
place we have ignored the difference between two different ways of estimating 
the mean free path If the molecules are assumed to be elastic spheres, 
it IS possible to estimate the amount of error introduced by both these 
simplifications 

We may begin by an exact calculation of replace the assumption 

of equation (759) The quantity required is 

^ = f /(o) Xccdc (766), 

J 0 

where \e is the same as the Xc of § 343 Substituting the value given for Xg 
by equation (717), and puttmg 


we 


^ 0 (c */h^) o 


(c VAm) 

Thus if Z is defined by equation (759), we must take 


{x^e~^^dx 

ylr(x) 




f 


a^e ^^dx 
•\lr(x) 


The integral can only be evaluated by quadrature Tables for its evaluation 
are given by Tait* The integral has also been evaluated by Boltzmannf, 
whose result agrees to three significant figures with that ob tamed by Tait 


Usmg this value for the mtegral, it is found that 


I 


1051 


1 

sf^irva^ 


(767) 


The value of Z, calculated accurately for our present purpose, accordingly 
differs only by about 5 per cent from Maxwell’s mean free path calculated 
in § 33. 

* Collected Worhe^ u pp 152 and 178 
f Wiener SUzimgeher lzxziy p 45 (1881) 



369 - 372 ] General Theory 275 

371 We turn now to the more senous error which has been introduced 
by Ignoring the persistence of velocities In a gas of which the molecules are 
elastic spheres, we have found that this persistence is measured by a numerical 
fector which is always intermediate between J and and of which the 
value, aveiaged over all collisions, is 406 

If, on the average, each particle has descnbed a path of which the 
projection on the axis of ^ is with a velocity of which the component 
parallel to the direction of the axis of z is la, then, on tiaemg back the 
motion, we know that as regards the previous path of each molecule the 
expectation of average velocity parallel to the axis of z is dw where B 
measures the persistence The expectation of the projection of this path on 
the axis of z may therefore be taken to be 6^ Similarly, the expectation of 
the projection of each of the paths previous to these may be taken to be 
and so on 

It follows that if we trace the motion a suflScient distance each 
molecule must be supposed to have come, not from a distance f measured 
along the axis of z, but from a distance 

... (768) 

We must not, however, assume that each molecule on arriving at the 
plane has, on the average, a value of (a appropiiate to the plane 

z — ^ For the molecule has not travelled a distance undis- 

1 — u 1 — u 

tarbed, and at each collision a certam amount of its excess of momentum 

will have been shared with the colhdmg molecule Of the various simple 

assumptions possible, the most obvious one to make is that at each collision, 

the excess of momentum above that appropriate to the pomt at which the 

colhsion takes place is halved, half gomg to the colhdmg molecule and half 

remaining with the ongmal molecule Makmg this assumption, it is clear 

that the excess of momentum to be expected is not that due to havmg 

travelled undisturbed a distance equal to that given by expression (768), but 

a distance 

t+im+im+im+ '( 769 ) 

Taking 0 = 406, this becomes 1 265f 

372 It follows that the persistence of velocities, when the molecules are 
elastic spheres, can roughly be allowed for by supposing the free path m the 
viscosity formula to be the mean free path multiplied by a factor 1*265 Com- 
bining this with expression (767), we find that the free path m the viscosity 
formula must be taken to be 

^ 1317 


18—2 
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A better approximation can be obtained by inserting the factor 1/(1 
in the integrand of § 370 before integration, the value of 0 being obtained 
from the table on p 263 As the result of a rough integration by quadratures, 


I find 


1382 


(770) 


for a gas, in which the molecules are elastic spheres, the viscosily 
coefficaent (equation (766)) is given approximately by 


a: — ipcl = 461 


me 


(771) 


373 This foimula, although undoubtedly better than formula (766), is 
still only an approximation It would doubtless be possible to improve 
on the rough assumptions just made, and so obtain results still closer to the 
truth 


This, however, seems unnecessary, smce exact numerical results are 
obtainable by the mathematical methods of Chapters VIII and IX 
Chapman, following Maxwell’s method, arrived m his first paper* * * § at the 
formula 


^ * 491 

V 27 r<T® *sl%Trer 


(772) 


This, as already explained f, could only be regaided as an approximation, 
smce the function was assumed to be hmited to teims of the third degree 
In a later paperj. Chapman exammed the error of this approximation by 
taking successive further approximations, and found that the successive 
further approximations m turn require that the numerical factor 491 should 
be multiphed by 101485, 101688, 101606 These numbers clearly con- 
verge rapidly to a number which, to three places of decimals, may be taken 
to be 1 016, and we may therefore suppose that the true value of a: is 1 016 
times that given by equation (772), or 


/c= 499 


Trie 


(773) 


Enskog, in the paper already referred to§, also takes formula (772) as a 
first approximation, and calculates two further appioximations for all mverse 
powers of the distance For elastic spheres, his last approximation agrees 
with the second approximation of Chapman, the correcting factoi bemg 
1 0159. Thus formula (773) may be regarded as fully established 


* PUl Trans 211A(19iaj,p 433. 

t See footnote, p 219 

t Phil Trans 216 A (1915), p 279 

§ See footnote to p 229 
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Yar^aUon of k with Density 

374 Equation (773) shews that theoretically « is independent of the 
density of the gas, when the molecules are assumed to be elastic spheres 

Indeed, whatever structure we assume for the molecules of the gas, it is 
clear that I will, to a first approximation, vary inversely as the numbei of 
molecules per unit volume of the gas Hence equation (765) gives a value 
of K which IS independent of v, and we obtam Maxwell’s law 

The coefficient of viscosity of a gas is independent of its density 

In spite of its apparent improbability, this law was predicted by Maxwell 
on purely theoretical grounds, and its subsequent experimental confirmation 
has constituted one of the most stnkmg triumphs of the Kmetic Theory 

Some of the physical consequences of this law are interesting, and 
occasionally surprising For instance, accordmg to the well-known law of 
Stokes, the final steady velocity of a sphere falling through a viscous fluid is 
given by 

Qiraic ’ 

where a, M are the radius and mass of the sphere, and the mass of fluid 
displaced Since k is, by MaxVeU’s law, independent of the density it follows 
that, within the limits within which Stokes’s law is true, the final velocity of 
a sphere falling through air or any other gas, will be mdependent of the 
density of the gas, or more strictly will depend on the density of the gas 
only through t|ie term if — J/i, which will differ only mappreciably from M 
Thus, a small sphere will fall as rapidly through a dense gas as through 
a rare gas Again the air-resistance experienced by a pendulum ought to be 
independent of the density of the aax, so that the oscillations of a pendulum 
ought to die away as rapidly in a rare gas as m a dense gas, as was found to 
be the case by Boyle m 1660* * * § 

At the same time it ought to be mentioned that Maxwell’s law is by no 
means completely confirmed by expenment Meyerf gives a detailed and full 
account of a variety of experiments which have been designed and performed 
m order to test this law, and concludes that the divergences from the law 
found by expenment are not suflSciently great to mvahdate the law withm 
the limits of pressure from 1 to ^ atmosphere^ 

The most interesting example of such expenments is perhaps found in a 
set by Maxwell himself § He suspended three parallel and coaxal circular 

* Thomson and Poyntmg, Properties of Matter ^ p 218 

t Kinetic Theory of QateSf p 181 

X See idso Winkelmann’s Handibueh der Fhysik (ii^ and ) x. pp 1899, 1406 

§ PHI Trans 156 (1866), p 249 



278 


Viscosity 


[oh XI 


discs honzontally on a common axis by a torsion thread m such a way that 
they could oscillate between foui parallel fixed discs If the law in question 
were tiue, the oscillations ought, as m Boyle's pendulum expeiiment, to die 
away at the same rate whether the air were dense or rare, or at least ought 
only to vary by a small difference of the nature of that found above m 
discussmg Stokes’s law The following table shews the values of the 
logarithmic decrement found experimentally by Maxwell, and also the values 
calculated by him on the assumption of constancy of the coefiScient of 
viscosity . 


Pressure 

of 

Logarithmic decrement 

mercury) 

Observed 

Calculated 

0 54 

0157 

0156 

5 68 

0166 

0166 

20 09 

0152 

0153 

29 29 

0153 

0154 


At considerably higher pressures, Maxwell’s law fails altogether for certain 
gases Foi mstance, the following values give the viscosity of carbon-dioxide 
at high pressures* and at a temperature of 32 6® 0 


Pressure 

(atmospheres) 

Density 

K 

60 3 

0170 

0 000189 

69 9 

0240 

0000214 

74 6 

0 310 

0000241 

76 6 

0 380 

0000273 

77 2 

0450 

0 000316 

77 6 

0 620 

0 000367 

782 

0 690 

0 000426 

80 7 

0 660 

0 000496 

88 5 

0 730 

0 000575 

1073 

0800 

0 000678 


A similar dependence of viscosity on density has also been observed 
m hydrogen at moderate pressures by Kamerlmgh Ormes, Dorsman and 
Weberf 

* Expenments by Warburg and v Babo (Wted Ann. xm (1882), p 390, and B&lm 
Sitzimgtiber (1882), p 509) 33ie numbers here given axe those of Warburg after correction by 
BnEomn (Legons sur la vuconU de^Jlmdes, 1907) 

t Gommumcattom from tke Leiden Bhys Laboratory, IBi a (IdXB) 
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At the other limit of excessively small pressure, a remarkable departuie 
from Maxwell’s law may also occur, owing to the free path becoming com- 
parable with, or even greater than, the dimensions of the vessel m which the 
experiment is conducted If the molecule has not room to describe a free 
path equal to the theoretical free path assumed m § 366, the resulting 
formula obtained for the viscosity must obviously fail If I cannot, from the 
arrangement of the apparatus, be greater than some value then k (c£ 
equation (766)) cannot be greater than and so ought to vanish with p 
This IS found to be the case Crookes’*^ measured the viscosities of gases at 
pressures of only a few thousandths of a millimetre of mercury, and obtamed 
values much smaller than those at higher pressures, which tended to vanish 
altogether as the density of the gas vanished 


Variation of k with Temperature 

375 Smce c is proportional to the square root of the absolute temperature, 
it appears from formula (773) that if the molecules were true elastic spheres, 
the value of tc would be proportional to the square root of the temperature 

As a matter of fact, it is found that ic vanes a good deal more rapidly than 
this as the temperature increases The divergence between expenment and 
the theoretical value obtained on the assumption that the molecules are elastic 
spheres is, however, one that could have been predicted This assumption is, 
at beat, only an approximation, and we must continually examine what devia- 
tions are to be expected from the results to which it leads 

The peculiarity of a system of elastic spheres is that the motion remains 
geometrically the same if the velocity of each sphere is increased m the same 
ratio Thus m order to determme the motion of two spheres after collision 
it is only necessary to know the directions of motion before collision, and the 
raho of their velocities, we are not concerned with the actual values of these 
velocities When, on the other hand, we suppose the molecules to be sur- 
rounded by fields of force, this ceases to be true • the paths after collision do 
not depend solely on the rat/io of the velocities, but on the absolute magnitudes 
of these velocities For mstance, m fig 22 let OPQB, O'l^QiJSf be the paths 
described when two molecules surrounded by fields of force meet one another, 
the figure being drawn, for the sake of simphcity, for the case m which the 
two velocities are equal and opposite. If now we suppose the molecules 
moving along the same lines before encounter, but each with double its 
former velocity, the paths will be different For obviously the higher velocity 
will carry each molecule further into the others field of force before the 
centres of the two molecules reach their shortest distance apart, so that 
the path described, instead of being OPQB, will be, let us say, OP ST 


FUl Trans 172, p 887. 
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We can, howevei, by an obvious geometncal construction find tbe size 
of two spheres which would descnbe paths having the same deflections as 
OFQR or OPST If we perform the construction for the two paths of 
fig 22 we find that the size of the sphere for the former path described 
with small velocity is greater than for the latter path descnbed with large 
velocity Thus, if we attempt to represent our molecules by spheres, the 
size of these spheres must be supposed to deciease as the mean molecular 
velocity mereases, and therefoie as the temperature rises. 


o' 

P' 



P 


Fio 32 


O 


376 Thus in formula (773), * must be supposed to depend on the 
temperature both through the fector e m the numerator, and also through 
the ^tor a- m the denominator. The value of * wiU accordingly not vary 
as aie square root of the temperature, but will vary with the temperature 
more rapidly than this 
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In Meyer’s Kinetic Theory of Gases^, there will be found a full account of 
^xpenments to test the variation of k with temperature The following table 
gives the variation of k with temperature found by Schultzef for the gases 
helium and argon, together with the corresponding values of Jo- calculated 
from them by use of formula (773) 


Gas 

Temperature 

jc (observed) 

icr (calculated) 

Hehum 

16 3“ C 

0001969 

108x10-8 


99 6“ C 

0002348 

104xl0-« 


184 6" C 

0002699 

102x10-8 

Argon 

14 7“ C 

0002208 

181x10-8 


99 7*0 

0002733 

174x10-8 


183 7* C 

0003224 

168x10-8 


377 A table expressing the variation of o- with the temperature will 
give some information, although slight, as to the field of force surroundmg 
the molecules For the calculated value of o- is, roughly speakmg, the 
average distance of closest approach of the centres of two molecules in 
collision, so that the mutual potential eneigy of two molecules at a distance 
<r is, on the average, equal to the kmetic energy of the velocities along the 
Ime of centres before collision 

From formula (52), the average value of V\ the square of the relative 
velocity before collision, is f (7® Thus the square of the velocity of each 
molecule relatively to the centre of gravity of the two collidmg molecules 
will be, on the average, The probability that the direction of this 

velocity makes an angle with the line of centres, which lies between 0 and 

IS 2 enxdcoBddO, so that the average square of the relative velocity 
along the Ime of centres V cos 6 is 

fir/S 

|C7*j 2sin^co8*^<Z^=jO* 

The kinetic energy which has been destroyed by the intennolecnlar field of 
force when the molecules are, on the average, at their point of closest approach 
at distance <r apart is therefore ■JmC* or RT 

Thus we may say that the mutual potential energy of two molecule at a 
distance <r apart will be BT, where T is the temperatme correspondmg to the 
value of o- m question The force of repulsion between two molecules at a 

distance «r is accordmgly — B ^ 

* § 85, English translation, p 216 et Mg 

+ Aim. d Phyt yi (1901), p 802 for hehnm, and ▼ (1901), p UO for aigon 
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For instance if the law of force is we must have 


giving on integration 





O' = 


[iJ2’(s-l)] 


1 

S-1 


(774) 


In this argument c has been taken to be the distance of closest appioach 
of two molecules at an encounter, and when the orbits are at all cuived, this 
IS not quite the same thing as the diameter of the equivalent spheie obtained 
by a construction such as that of fig 22 Thus equation (774) will give a 
value of o- which will he in error by a numerical multiplier This multipher 
will of course vary for different values of s It will reduce to unity for elastic 
spheres, and will differ most from this for the smallest values of s 


378 It will be remembered that m § 172 we found that molecules with 
a law of force /xr-* could be regarded as elastic spheres for the puipose of 
calculatmg the pressure, if a were supposed given by 

■ J~l) 

which agrees with (774) except for the numerical factor We see that 
molecules which are really point centres of force may be treated as elastic 
spheres, both as regards pressure and viscosity, but the spheres must be of 
different sizes m the two cases 

When s is nearly infinite — % e when the molecules are very hard — ^formulae 
(774) and (775) become identical, but for smaller values of s, the divergence 
between them becomes very considerable The lowest value for s which can 
be supposed to occur for any gas is piobably about 5 = 5 (cf § 380, below), and 
when 5 = 5, 

V^r(l-^) = ^rg) = 15363 . . . (776) 

Thus for such a gas as carbon-dioxide, for which ^ = 5 2, we may expect 
a difference of as much as 60 per cent between the values of a calculated 
firom viscosity and Boyle’s law 

In such a case as this, however, the calculation from Boyle’s law fAiTs 
because 6, which from equation (341) ought to vary as is supposed, m 
evaluating 5 experimentally, to remain independent of the temperature 

379 Whatever the value of the numerical multiplier may be, it appears 
1 

that — will vary as 7^“^, so that k will vary as 7^, where 

n = i + — ^ 

* «— 1 


( 777 ). 
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It IS of interest to notice, as was first pointed out by Lord Rayleigh* 
that this result could have been obtained purely firom a consideration of 
physical dimensions, without any exact analysis or detailed study of the 
mechanism of viscosity 


For a:, the coefficient of viscosity, can only depend on the following 
quantities m and 0 which measure the mass and mean velocity of the 
molecules, /a which measures the distance at which their action on one 
another reaches a certain intensity (replacing the " size ” of the molecules, 
which has now become meaningless), and v the number of molecules per 
cubic centimetre It is clear, as m § 374, that tc must be mdependent of 
so that tc must be expressible as a function of m, C and fi 

The physical dimensions of ac, m, G and are as follows 


tc IS of dimensions 
G „ 


M, 

LT-\ 






Hence /c must be propoitional to 

(^iA+i(7s+8^-2)n:, 


this being the only way of combming m, G and fi, so as to get a quantity 
of the same physical dimensions as ac If a: is obseived to vary as the nth 
power of the absolute temperature, and therefore as the 2nth power of 0, 
we have the relation 


2n = 


a+3 

5-1 


(778), 


which IS the same relation as is given by equation (777) 


380 For a great number of substances, it is found as a matter of experi- 
ment that K varies approximately as a power of T, bemg represented with 
very tolerable accuracy by the formula 

where /to is of course the coefficient of viscosity at O*’ 0 

The molecules of such substances may be regarded as pomt centres of 
force, repelling according to the law ft/?*, where s is given by equation (778) 

The following table gives the values of n observed for various substances, 
together with the values of s calculated from relation (778). An mstance of 
the closeness of agreement between formula (779) and observation will be 
found below (§383). 


Proe JRoy Soc ixti p 68 
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Gas 

Autboniy* 

Value of n 
(observed) 

Value of 8 
(calculated) 

Hydrogen 

1 

681 

12 05 

4 

70 

110 

Helium 

1 

681 

12 05 


2 

6852 

1180 


3 

647 

14 6 

Nitrogen 

4 

74 

93 

1 Carbon-monoxide 

4 

74 

93 

' Air 

1 

754 

8 87 

Oxygen 

1 

782 

8 09 

4 

80 

77 

Argon 

1 

815 

7 36 

2 

8227 

719 

Nitrous 02 ude 

4 

1 93 

56 

Carbon-dioxide 

4 

98 

52 


381 Sutherland's Formula The supposition that the molecular force 
falls off as an mverse power of the distance leads to formula (774) which 
requires a to vanish absolutely at high temperatures It seems more probable 
that a molecule possesses a hard kernel which is not penetrated by other 
molecules no matter how violent the collision between them may be 

Sutherland’s formulaf is based upon certam physical assumptions which 
amount to assummg that the effective value of cr at temperature T is 

= + . (780), 


where (7, are constants, <r^ being the value of <r when T=oo, and there- 
fore being the diameter of the hard kernel of the molecule, while G is the 
temperature at which 2<ro® 

If Z IS the free path at temperature Tand Zo its value at 0®C , we must have 


Z _ 

Zo 


1 + 


2731 


‘4 


* AnthoriiieB: 

1 Lord Bayleij^, Proc Boy Soc. ixn p 68, and Collected Scientific Papers, rv pp 462 

and 481 

2 Sohnlize, Ann, d Phys y p 163, and vx p 310 

3 Eamerlingli Onnes and Sophns "Wehet, Commvmcaiums Jrom the Leiden Phys Labolatay, 

134 3, p. 18 

4. von Obeimayer, Wiener Siimnysber. nxxin (2), p 433 
t PhiL Mag [6], xzxvz (1833), p 607. 
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vhich IS Sutherland’s formula for the free path From this it at once follows 
that 

Q 

K_ cl _( T 

*0 (cO«=o V2731/ 0 ’ 

f T 0+2731 

or '^“'"®V273iy 0+r ’ 

and this is Sutherland's formula for the viscosity Sit temperature T. 

382 For many gases this formula meets with very considerable success 
m measuring the variation of viscosity with temperature As an illustration 
may be given the following tables, taken from a paper by Breitenbach* in 
which the observed and calculated values of the viscosity are compared 

Ethylene Oexbon-diozule 

(<o= 00009618, C=32S 9) («))= 00018879, (7= 239 7) 


Temperature 

jc (observed) 

K (calculated) 

-20 7° 0 

0001294 

0001284 

16 0 

1457 

1462 

991 

1861 

1857 

182 4 

2221 

2216 

302 0 

2682 

2686 


j Temperature 

1 

K (observed) 

K (calculated) 

1 -31 2' C 

0000891 

0000890 

^ 15 0 

1006 

1012 

993 

1278 

1278 

182 4 

1630 

1519 

302 0 

1826 

1833 


The following aie the values for C found by different observers 
Kehum (7 = 80 3 (Schultze), 78 2 (Schmitt) 

Argon C = 169 9 (Schultze), 174 6 (Schmitt) 

Krypton 0 = 142 (Eiankme) 

Xenon C = 262 (Eankme) 

Hydrogen (7 = 722 (Rayleigh), 717 (Breitenbach), 79 (Sutherland), 

83 (Schmitt) 

Nitrogen C = 110 6 (Bestelmeyer), 113 (Schmitt) 

Oarbon-monoxide C = 100 (Sutherland) 

Air C = 111 3(Baryleigh),119*4 (Breitenbach), 113(Sutherland) 

Nitnc oxide (7 = 195 (Sutherland) 

Oxygen G = 127 (Sutherland), 188 (Schmitt) 

Chlorme (7 = 199 (Sutherland) 

Nitrous oxide C = 260 (Sutherland) 

Carbon-dioxide C = 239 7 (Breitenbach), 277 (Sutherland) 

Ethylene C = 226 9 (Breitenbach), 272 (Sutherland) 

Methyl chloride 0 = 464 (Breitenbach) 

* Ann d Phys n p 168 
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383 On the other hand Kamerlmgh Onnes* finds very definitely that 
the viscosity of helium at low temperatuies cannot be represented by 
Sutherland’s formula with anything like the accuracy given by the simpler 
formula ( 779 ) This is shewn in the followmg table the first column gives 
the values of k obseived for helium, the second column gives the values 
calculated fi:om formula ( 779 ) on taking a : o = 0001887 , n— 647 , while the 
third column gives values of at calculated by Sutheiland’s foimula, taking 
0=782 

Viscosity of Helium 


Temperatnre 

K (observed) 

/ 2> \M7 

*■"1,273 ly 

K (calculated, 
Sutherland) 

183 7' 0 

0002681 

0002632 

0002682 

99 8 

2337 

2309 

2345 

18 7 

1980 

1970 

1979 

176 

1967 

1965 

1974 

-228 

1788 

1783 

1771 

-60 9 

1587 

1603 

1663 

-70 0 

1564 

1558 

1513 

-78 5 

1606 

1515t 

1460 

-102 6 

1392 

1389 

1317 

-183 3 

09186 

09185 

0746 

-197 6 

08176 

08213 

0628 

-198 4 

08132 

08155 

0621 

-253 0 

03498 

03489 

0136 

-2581 

02946 

02887 

0092 


Very similar results have also been obtamed for hydrogen by Kamerlmgh 
Onnes, Dorsman and WeberJ 

The general failure of Sutherland's formula to represent viscosity at low 
temperatures has been noticed and discussed by Schmitt, Bestelmeyer, Vogel 
and'Others§ 

General Formula fob the Coefficient of Viscosity 
Lqajd of Force 

384. We have seen that molecules attracting according to the law 
may be treated as elastic spheres havmg an effective diameter given, except 

* EamerlmgL Ozmes and Sophns Weber, Cornmunieatwns from the Letden Phye Laboratory , 
134 &,p 18 

+ This entry, which was obviously wrong m the original table, has been reoaloulated 
t Communications from t7te Leiden Phye Laboratory, 134 a (1913) 

§ For references see Chapman, Phsl. Trane 216 A (1916), p 342. 
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for a multiplying constant, by equation (774), and on substituting this value 
for c into equation (765) or (773) it appears that the coeflScient of viscosity 
must be given by an equation of the form 

2 


’where ^4 is a numerical constant 


(781), 


Chapman*, using the method already explained, has determined the 
value of this constant To a first approximation he found its value to be 


5 tjir 

87.(.)r(*-,43) 


(782), 


where I^is) is the number defined by equation (575) With this value for A, 
equation (781) reduces to Maxwell’s exact formula (679) when 5=5, and to 
Chapman’s approximate formula (772) when a = cjo 

In his second paper, Chapman cames the calculations to a second 
approximation, and finds that the value of A given by equation (782) must 
be multiplied by a factor which mcreases continuously fi:om umty when 5=5 
to 1 01485 when 5 = oo This last number of course agrees with Chapman’s 
second approximation for elastic spheres already given m § 373 This mdi- 
cates that the error in using approximation (782) for A is never more than 
about 1 J per cent , and as this is smaller than experimental errors of obser- 
vation, it IS hardly woith carrymg the approximation further Before leaving 
this question, it may be remarked that Enskogf has given the &ctor by 
which A must be multiplied when the molecules repel as the mverse 5th 
power of the distance in the form 


1 + 


3 ( 5 - 5 )* 

2 ( 5 - 1 ) ( 1015 - 113 ) 


+ 


This of course reduces to unity when 5 = 5 and has the value or 1 01485, 
when 5 = 00 , thus agreeing with Chapman’s value already quoted 


Viscosity in a Mixture of Gases 

385 As the proportions of two kmds of gas in a mixture change firom 
1 0 to 0 1, the coefficient of viscosity of the mixture will of course also 
change, starting firom the coefficient of viscosity ki of the first gas, and 
endmg at the coefficient of viscosity of the second gas tc^ But for certain 
pairs of gases, it is found that tl^e change is not a contmuous one, and the 
coefficient of viscosity of the mixture Ki% may for certain proportions of the 
mixture have a value greater l^an either of the coefficients of viscosity 
/Cl, of the pure gases 


* See footi^ote on p 219 
t Z 0 ante (see footnote to p 229), 
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The theoretical investigation of viscosity in a mixture of gases is very 
complicated Tormnlae for the coefficients of viscosity of mixture have been 
given by Maxwell, Kuenen, Chapman and Enskog, and in every case the 
theory predicts a maximum value for a certam ratio of the gases in accord- 
ance with observation Maxwell’s investigation* deals only with molecules 
repelling as the mverse fifth power of the distance, Kuenenf deals with 
elastic spheres, the formulae being corrected for the phenomenon of '‘per- 


Gas 

Holec 

Weight 

K (observed) 

Antho- 

niiyj 

1 

Assumed k 
atOoC 

io- (calculated) 
(cms ) 

Hydrogen 

H, 2 

00008822 (23" C) 

1 

0000857 

136x10-8 



00008574 ( 0 “C) 

2 



Heliam 

He 4 

0001969 (16" C) 

3 

000189 

109x10-8 



0001887 ( 0 °C) 

4 



Water- vapour ' 

HjO 18 

0000904 ( 0 “C) 

6 

0000904 

2 29x10-8 

Carbon-monoxide 

CO 2 S 

000163 ( 0 “C) 

6 

000163 

190x10-8 

Ethylene 

C 2 H 4 28 

0000961 (0"C) 

2 

0000961 

2 78x10-8 

Nitrogen 

N, 28 

00017648 (23' Cl 

1 

000167 

189x10-8 



0001674 ( 0 "C) 

4 



Air 

— 

00018227 (23" C) 

7 

000172 

187x10-8 



0001725 (0"C) 

8 



Nitric oxide . 

NO 80 

0001794 

9 

000179 

1 88 X 10-8 

Oxygen 

0, 32 

00020423 (23" C) 

1 

000192 

181x10-8 



0001926 ( 0 "C) 

4 



Argon 

Ar 40 

0002208 (16" C) 

10 

000211 

183x10-8 



000211 ( 0 "C) 

4 



Oarbon-dioxide 

00, 44 

0001388 ( 0 "C) 

2 

000139 

2 31 X 10-8 

Nitrous oxide 

NsO 44 

0001363 ( 0 "C) 

8 

000136 

2 35x10-8 

Methyl chloride 

CH,01 60 

0000988 ( 0 "C) 

2 

0000988 

2 83x10-8 

Ethyl chlonde 

C^HoCl 64 

0000936 

6 

0000935 

3 09x10-8 

Chlonne . 

a, 71 

0001287 

6 

000129 

270x10-8 

Benzene 

CgH, 78 

0000700 

8 

0000700 

3 76 X 10-8 

Krypton 

Kr 83 

000246 (16" C) 

11 

000238 

207x10-8 

Xenon 

Xe 130 

000222 (15" C) 

11 

000214 

2 44x10-8 


* Collected Worlcs, n p 1 

t Komnk Shod Wetemchappm, Amsterdam, Proe 16 (1914), p 1162, and 17 (1915), p 1068 
Ctmmunuiatums from the Leiden Phys Laboratory , Supplements 36 a and 38, 
t Authorities 

1 Eia-Lok Yen, Phil Mag jxlvui (1919), p 582 

2 Breitenbaoh, Ana d. Phys v. (1901), p 166 

3 Sohultze, Ann d Phys yi (1901), p 310 

4 K. Schmitt, d Phys xxx (1909), p 398 This paper contains a summary of results 

obtamed in recent years at Halle, by the pupils of Prof. Dorn 

5 Puluj, Wiener Sitzungsber 1878 

6 JRecueil de Constantes physiques^ The values are those deduced from the transpirahon 

experiments of Graham (Pb»Z Trans 1846, 8) 

7 Milli'kan, Proe Nat Aead Set in. (1917), p 233 

8 JReeucil de Constantes physiques (mean value) 

9 Vogel (Halle), quoted by Eucken, Phys Zevts xiv (1913), p 324 

10 Sohultze, Ann d Phys y (1901), p 140 

11 Eankine, Pioc Boy Soe 83 A (1910), p 516, and 84 A (1910), p 181 
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sistence of velocity” explained in Chapter X, while Chapman* and Enskogf 
discuss the viscosity of gas-mixture by following the general methods which 
have already been explained m Chapters IX and VIII respectively Unfor- 
tunately the requisite analysis is too lengthy to be reproduced here, reference 
must be made to the onginal papers. 

Determination op Size op Molecules 

386 We have already, in §3*76, had an instance of the calculation of 
molecular radii from the coeflScients of viscosity When the coefficient of 
viscosity of any gas has been determined by expenment, it is possible to 
regard equation (773) as an equation for <r, and so obtain the molecular 
raffius on the supposition that the molecules may be regarded as elastic 
spheres 

In the table on p 288 are given the coefficients of viscosity of various 
gases, and the values of ^cr, calculated from equation (773) 

It is at once seen that the values of |<r m the last column are at least of 
the same order of magnitude as the values calculated from the deviations 
from Boyle’s Law in § 179 The reason why still bettei agreement cannot 
be expected will be clear from what has already been said m § 378 

*PAiZ Tram 216 A (1915), p 279, and 217 A (1916), p lU,Proc BoydlSoc 93 A (191b), p 1 
t Kxnetmiihe Theone der Vorgange tn mamg verdtLnnten OateSf Xnang Dissertation, Upsala, 
1917 
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COraUOTION OF HEAT 
Elembntaby Theory 

387 An elementary theory of conduction can be developed in the same 
way as the elementary theory of viscosity, given at the beginning of the last 
chapter 

Let a gas be supposed arranged m layers of equal temperature parallel to 
the plane of asy Let E denote the mean energy of a molecule at any point 
in the gas, so that E mil be a function of z 

Let us fix our attention on the molecules which oioss a umt area of the 
plane z=Zo Some molecules will cross this unit area after having cornea 
distance I from their last collision m a direction making an angle d with the 
axis of z. The last colhsion of these molecules must accordmgly have taken 
place in the plane 

z^Zf^ — loo&d 

We may suppose that the mean energy of these molecules is that appro- 
priate to this plane, and this may be taken to be (cf formula (756)) 

E-l<me^-f (783), 

oz 

where E is evaluated at x = ar. 

The number of molecules which cross the unit area m question in a 
direction making an angle between 6 and 6 -^-dB mth the axis of s per unit 
time IS (cf formula (767)) 

•J-vccos^sm^rf^, 

and if we assume that each of these has an average amount of energy given 
by formula (783), the total flow of energy across the unit area of the plane 
willbe 

^ ^E - 1 COB B —j ^vc cos ^ am BdJB - -^vZl ^ (784) 

If E had been mdependent of z, this flow of energy would of course have 
been md, fiir as much would have crossed the plane in one direction as in the 
other. But if E mcreases with z, the molecules which cross the plane in the 
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(Juigctioii of z decreasing, since they come from legions in which z is gpreater, 
carry more energy than those mossing the plane in the reverse direction, and 
BO there is a resultmg flow of energy in the direction of z decreasing 

If a- IS the coeflSment of conduction of heat, the flow of heat acioss unit 


area of the plane the direction of z increasing is — S- , so that the 

dT 

flow of energy is — ^ , wheie J is the mechanical equivalent ot heat 


Equating this to expression (784), 


, .,dEdT 


fiom which it follows that the \alue of a is 

~ _ 1 mI dE 

From equation (465) we have the relation 

r - 2 -^ 
^~JmdT 


(786) 

(786), 


where is the specific heat at constant volume, and again, liom equation 
(764), if K IS the coefficient of viscosity, 

K^^vclm (787) 

Usmg these relations, equation (785) becomes 

(788) 


Meter’s Theory 

Correction when Molecules are Elastic Spheres 

388 We found that the first formula obtamed for the coefficient of 
viscosity was tiue as regards order of magmtude, but required correction by 
multiplication by a numerical flgictor substantially different fi:om unity So 
also here, we shall find that strict analysis leads to a value of ^ which differs 
very appreciably from that given by equation (788), although agam the only 
difference will lie in the occurrence of a numerical multiplier We proceed 
to apply analysis, as rigorously as possible, to the case of conduction of heat 
in a gas of which the molecules are elastic spheres The solution which 
follows 18 substantially that given m Meyer s Evnetic Theory of Oases The 
mam difference arises out of the fact that Meyer neglects certain terms 
expressing the variation of collision-frequency, although these terms are of 
the same order of magmtude as terms retained, while I have found it possible, 
to give the more complete investigation m which these terms are taken into 
account 

19-2 
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We consider any element dscdy of tlie plane z = Zq, and with the centae 
of this element as ongin, we take spherical 
polar coordinates r, 6, the line ^ = 0 
being parallel to the axis of z 

The curvilinear element of volume for 
which r*, 6, ^ lie between r and r + dr^ 

6 and 6 -^dd, and <f> + dtp is the volume 
cZv = r® sm dd9d(f>dr 

We begm by considering the possibility 
of a molecule undergoing collision in the 
element dvj leading it with a velocity c in 
such a direction as to pass through the 
small area dajcZy, and describing a free path 

which reaches at least as far as the element da;dy without collision 



Smce the whole motion is reversible, the number of collisions in which 
one of the molecules has a velocity between c and o + do after collision in 
the element dv is exactly equal to that of the collisions in which one of the 
molecules has a velocity within these limits before colhsion 


The number of molecules which at any instant are moving with a velocity 
between c and c + dc m the element dv is 


i/r® sm dddd^ dr do 


\irJ 


(^ 89 ), 


so that the number of collisions experienced by these molecules m time dt is, 
by § 3412, equal to 

%dt X (expression (T89)) (790), 

where @ = (c VAm) (791) 


This, then, is the number of molecules which, in time dt^ experience a 
collision m the element dv^ and leave it with a velocity between c and c + dc 
All directions are equally likely The element dwdy subtends a solid angle 


dscdy 


cos 6 
r® 


at the element dv, so that the chance that, if a molecule escapes collision, it 
will pass through the element da?dy, is 

7 7 cos 0 

(792) 

Multiplying expresmona (790) and (792) together, we obtain for the 
number of molecules which leave the element dv m time di with a velocity 
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between- limits c and o + dc, in a direction suitable, for passing through the 
element of area dxdy, 

vdxdydt sin d cos 0 ddd(f>dr ©c^ie “ dc (793j 

In this expression the quantities @, h, r are to be evaluated m the 
element dv, and therefore for the value z — t* cos 6 We may accordingly 
put 

and give similar values to h, r The expression then becomes 
vdtcdydt sin 6 cos 6ddd^dr dc 


X 



T COS 6 dv 
V dz 


3 r cos 5 dA r cos 6 d@ 
2 h dz % dz 


+ mc®y cos 6 


dK] 


m which all quantities are evaluated for the plane z=Zq 


(794), 


389 We next calculate the probability of a molecule describing the free 
path r from dv to dxdy without collision 

We cannot use the analysis of 1 347 to determine this probability, foi m 
the present problem the state of the gas vanes from pomt to pomt as we 
proceed along the path of the molecule If, however, we denote by f(l) 
the fraction of the whole which travel a distance at least equal to I without 
collision, we obtain, just as m § 347, the differential equation 


9 /( 0 , fm 

dl Xe C 


(795), 


in which 0 IS now evaluated at a pomt at distance I along the path. The 
solution of this equation is 


m 


pedi 


f7961 


If the path is small compared with the scale of variation of conditions m the 
gas, we may to a suflScient approximation wnte the value of © at a distance I 
alone the path m the form 

fi 90 

sothat J &dl—lQi-o + i^'§i> 

and the nght-hand side is equal to I times the value of 0 at a distauoe -J-Z 
along the path, at which the value of a: is - Jr cos ^ Thus 

J*0<B=Z ^0,.,^- Jrcosd^), 
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giving on substitution into equation (796), 

-re/c , 


,, , ->•©/«/, 1 , 


[oh xn 


390 By multiplication of this expression and (794) we find, as the 
number of particles which cross the plane z = per unit area per umt time 
with velocities between o and c 4- do, havmg started fi*om the element d% 

dxi = vsmd cos 0d0d<f> @ e “ (1 - Fr cos 0) dodr, 


where 


1^31^ 1 d@ ^dh r d® 

V dz 2hdz~^ ® dz dz 2c dz * 


and all quantities are evaluated in the plane z = z^. 

We first mtegrate this expression with respect to 0 and ^ so as to obtain 
the total number of molecules which cross the plane z — z^ from the side z<z^ 
with velocities between c and c -f dc^ coming from a distance intermediate 
between r and r -f dr In this integration, the limits for are from 0 to 29 r, 
those for 0 are fi:om 0 to only With these limits of integration, 


Jj sm0 cos 0ddd<j> = tt, JJsm 0 cos® 0d0d^ = f tt. 


Thus if we denote the number m question by dur^c, we have 

/ OssirfZ /"^*s2ir /'hvn\^ 

3 0 Vo = 

We can now mtegrate this over all values of r, the limits bemg r = 0 
to r = 00 The number so obtained, say dua will be the total number of 
molecules crossing unit area of the plane z^z^ in the direction of z increas- 
mg, having velocities lymg between o and c + do. 

The quantity Fr depends on through the terms , and on 

multiplying by and mtegrating, these terms destroy one another 

Omitting these terms, F becomes mdependent of r, so that 

re-’^/‘®dr=c, rFre-^/oedr=S, 

Jo Jo 0 

and we finally obtam 


dnc = 27rv 



c_ dv 
2 3i^0 dz 


c® dh m& dhr\ 

2h®Tz^mdz\ 


This expression gives the flow, m the direction of z mcreasmg, of mole- 
cules havmg velocities intermediate between c and c + do The corresponding 
flow in the opposite direction, say dn/, will be given by an expression which 
will be exactly similar except that the signs of all the differential coefficients 
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with respect to z must he changed Thus Sn^, the excess flow m the direction 
of z increasing, of molecules with \elocities mtermediate between c and 
c + dc, will be given by 

Sbc = dne — dnj 


2’7rv /Amy ^ , 1 /■( 
WKitJ [Zvdz'^h^^ 





On substitutang the value of @ from equation (791), and wntmg x for 
oVAm, this becomes 


and the total flow of molecules of all velocities is found by integrating this 
expression from c = 0 to c = oo 


391 Heat can be transferred either by conduction or by convection If 
we msh. to deal, as in the present case, with conduction only, we must mtro- 
duce the condition that there is to be no convection This simply requires 
that there shall be no transfer of mass, and therefore that expression (797), 
mtegrated over all values of c, shall vanish This condition becomes 


vdzJo '^(®) Adz Jo ‘>]r(a!) 


(798) 


The mtegrals have been calculated by W Conrau, and the result is given 
m Meyer’s Kmeho TAeory of Gases (p 464)* It appears that equation (798) 
can be written m the form 


i^ = 071066i^ 

V dz iidz 


392 A condition which ought also to be satisfied f is that the pressure 
BT<a.H be the same throughout the gas m order that equilibrium may be 

mamtamed The condition for this is ^ ^ 


1 _ 1 
V dz A dz 


(800), 


and this is at once seen to be inconsistent with equation (799) 

The ftwgiTi of this inconsistency is easily found if we remember that the 

analysis of this chapter has assumed Maxwell’s Law to be true throughout 

the gas, while in Chapter VDI it was conclusively shewn that Maxwell’s Law 

could not hold throughout the gas Our analysis is m pomt of feet defective 

because we have based it all on the assumption of an erroneous law of 

* See also footnote to p 299 below , , 

t See Meyer’s Kinetw Theory of Gases, or Sommerfeld’s paper m Vortraye Hher dts Kifhettsche 

Theorte der Materie wid der Slektnzttatj § 6, p 158. 
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distribution The amount of divergence between equations (799) and (800) 
gives a rough indication of the amount of error introduced by the erroneous 
law of distribution 


S93 As the diveigence revealed m this way is not excessive, and more- 
over as there is no better way available, we may proceed by assuming the 
relation expressed by equation (799) to be true 

Assuming this relation, equation (797) becomes 

- W'S t W ^ ; 5 W 

Each of the molecules counted in carries kinetic energy of translation 
Jmc® or af^l2h across the plane The amount of heat energy transferred 

by this kinetic energy of translation is accordingly per molecule If 

the total transfer of heat energy ansing in this way is denoted by Ft we 
obtain, on integration, 

(802) 

2 


X=ao 

r*= 2 

x=0 




where 


Zh^Jira^ *slhm 
j r [ic=*- 221066 ]rt^ . 

Jo ir(^) ® 


®2 


da; 


(803), 


(804) 


394 We may suppose, as m § 241, that the average, for all molecules, 
of the ratio of internal to translational energy is /8, but we are not entitled 
to assume that the transfer of mtemal energy is equal to /3 times that of 
translational energy 

For the mtemal energy to be expected in a molecule coming from 
collision m the element dv is not J3 times }mc^, where c is the velocity 
of the molecule, but is /8 times where me* is the average value of me* 
m the element dv The internal energy to be expected is therefore f)9/A, 
where h is evaluated m the element dv, or 


4 A 


3 dh 


m which all quantities are evaluated m the plane 

If IS the transfer of mtemal energy, we shall have 

where d\x is the number evaluated in § 390, and the summation is equivalent 
to mtegration with respect to ff, 0, r and o Unfortunately these integrations 
cannot be effected m fimte terms 
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395 As a very rough approximation, we may assume 

(806), 

and more generally we may assume 

= (807), 

where 0 is a pure number, of which the value cannot be calculated 

We can see that 6 must be less than unity, in the following way The 
process of conduction consists essentially in molecules coming fiom elements 
such as dv and bringing to the plane ^ amounts of energy appropriate, 
not to the plane but to the element dv If the free path were 

vanishingly small, this process could not occur, indeed, we may notice 
that S’, as given by equation (785), vanishes when Z = 0 The molecules 
which desciibe very short free paths are therefore useless as carriers of 
^neigy, and the molecules which are eflScient carriers are those which 
desciibe long free paths But it has been seen (§346) that on the whole 
the molecules which describe long free paths are the fast moving molecules 
These molecules have an amount of translational energy which is above the 
average, but only have their average share of internal energy 

Thus the mechanism of conduction is specially favourable to the transfer 
of translational energy, but is not specially favourable to the transfer of internal 
energy Molecules which have an especially large amount of translational 
energy to carry are %pso facto particularly eflScient as earners, but the same 
18 not true of molecules which possess a specially large amount of mtemal 
energy The former kind of energy is accordmgly the more readily trans- 
ferred, whence it results that 9 is less than unity 

396 It has for a long time been recognised that the problem of the 
conduction of heat must be complicated by the difference m the conditions 
of transfer of translational and mtemal energy, mdeed, if this had not been 
expected on theoretical grounds, a consideration of the values obtained 
experimentally for the coeflScient of conduction would soon shew that we had 
to deal with something of this kmd (cf. § 403, below) 

Steian^ and Boltzmannf made the assumption that the translational 
energy of the molecules was passed on from place to place with greater speed 
than the remaimng energy Since the mternal energy travelled the less 
rapidly, the conductivity would be less for a gas with much mternal energy, 
than for one in which the energy was mainly translational Meyer seems 
to have accepted these ideas m the first edition of his Kinetic Theory of 
Oases (1877), but repudiated them in the second edition^ (1899) It would 

* Wtm Sitzungsher lxzu [2] (1875), p. 74 
t Ibtd p 468, JPogg Ann olvil (1876), p 457. 
t EngUsli translation, p 285 
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seem, howevei, to be fairly certain that the two kinds of energy must travel 
at precisely the same rate — otherwise there could be no regular propagation 
of sound in a gas The considerations brought foiward in § 395 merely shew 
that the internal energy plays a smaller part in the piocess of conduction 
than the translational energy The facts appear to be as assumed by Stefan 
and Boltzmaim, although the explanation of them that we have ariived at is 
different from thens 


397, As in § 301, the total transfer of heat energy of all kmds must be 

^dT & dh 
2h?B dz 

Hence, using equations (806) and (807), we must have 

& dA 


giving, on companson with equation (803), 

4(1 + 6))8)a j 
^Jira^ •dJim 


(808), 

(809) 


398 If we agree for the present to neglect the difference between Q and 
unity, then, by use of the formulae 


equation (809) may be replaced by 


5 ( 7 . 

9 Vtto^ 


(810) 


The value of * obtamed before correction for persistence of velocities 
(equations (765) and (767)) was 

By companson with equation (810), 


(811) 


3 1 051 


.(812), 


giving the multiplying factor by which equation (788) must be corrected 
when the molecules are tsreated as elastic spheres, but persistence of veloQties 
IS neglected 

399 We proceed to the evaluation of the integral I given by equation 
(804). Let us wnte 


J 0 


•^(®) 
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The value of In can he obtained by quadrature from values for and 
tables of In to the upper limit 4 are given by Tait* The values of the 
complete integrals have been sent me by Prof L V Kingf, who finds that 
J 3 = 1 4625 and I^ = 4631, so that J = I 9 - 2 21066 J, 4387. 

Substituting this value, equation (812) becomes 


^here 6 = 1 395 




(813), 


400 So far no correction has been mtroduced for the persistence of 
velocities We are, however, trying to correct equation (788), namely, 

by determining the numerical multiplier In other words, we are trying to 
evaluate the ratio ^//c Now 9 r and k are each proportional to the mean 
free path, and are therefore both affected in the same way by the persistence 
of velocities It is therefore clear that the fraction ^//c will be appioximately 
unaffected by this persistence 

Hence, since we have used the value of k which was obtained before 
correction we can use the value of ^ given by equation (813) without 
further correction, and shall obtam approximately accurate results 

As m § 372, a bettei lesult can be obtamed by puttmg the correctmg 
fector 1/(1 — ^0) inside the integral (804), using the values for 0 given on 
p 263 I have evaluated the integral obtained in this way by quadratuie, 
but find that the only effect of this extra refinement is to mcrease the value 
of € to 1 497 


401 Although Meyer’s method is of value in throwmg light on the 
physical processes at woik in conduction of heat, yet it cannot be said to be 
very successful in approximating to the value of the numerical multiplier e 

The value of e has been calculated for monatomic gases by Chapman, 
usmg the method of successive approximations explained m the last chapter 
(cf §373) In his first paper he obtained the first approximation e = 2 600 for 
all laws of force of the form this mcludmg of course the special case 
a = 6 studied by Maxwell, for which the value e = 2 500 is known to be exact 
(cf § 331) In his second paper he finds that further approximations alter 
this value by less than one per cent of its value The greatest error in the 

* Trans Boy 80 c Edinburgh, xxxnx (1886), p 74 

t In a letter of date Deo 17, 1908 Prof King has oheohed his values by an independent 
oomputation, which also confirms the calculation of Goniau used in equation (799) 1 am 

mdehted also to Prof. Ehng for drawmg my attention to an inaccurate equation which 1 had 
unfortunately copied from Meyer’s booh mto the first edition of the present booh, namely the 
equation S-— 1 6027 kC^, which appears to be the result of a faulty calculation by Meyer I have 
mysdf evaluated the integral I independently* and obtamed a value agreeing very dosely with that 
sent me by Prof King. 
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first approximation is found to occur m the case of elastic spheres, for which 
the value of e is 2 522 


Enskog* has obtained results identical with those of Chapman, and has 
fiirthei given the general formula for monatomic molecules repelling as the 
mverse sth power of the distance 


1 + 


( 5 - 6 ^ 


€ = 


4(^-1) (11^ -13) 


2 3(g-5)^ 

■^ 2 ( 5 - 1 ) ( 1015 - 113 )“^ 


which reduces to Maxwell’s exact value e = ^ when 5 = 5 


Expebimental Values 


402 We pioceed to examine the relation between Sr and fc which is found 
experimentally 

Monatovi%c Gases The following table of recent determinations of 
the quantity we have denoted by e, is given by Enskog+ 


HeliumJ at 

o=c, 

e = 240, 

» 

-191 e'C, 

6=2 23, 

9* 

-252rc, 

II 

to 

o 

to. 

Argonf at 

o°c, 

6 = 249, 

9» 

182 6°C, 

6 = 267 

Neon§ at 

10” 0, 

6 = 2 501 


Other investigators have found similar, although not identical values 
Thus Schwarzell in 1903 found e = 2 507 IF for helium and e = 2 501 for argon, 
while Hercus and Laby ** give e = 2 31 for helium and e = 2 47 for argon 
Thus the theoretical law seems to be confirmed to within the limits of experi- 
mental error except at low temperatures 


Polyatomto Gases In the table on p 301 the first column gives the 
observed values of Sr for a number of polyatomic gases The values of « in 
the third column are observed values taken direct from the table on p 288 
It has been more diflScult to assign values to When no direct experimental 
determination is available, it is possible to use either of the formulae of 
Chapter VII, 

^ . ...(814) 




Jm(y^ 1 ) 


* See footnote to p S29 t 2 c p 104. 

t Eucken, Phyt Zeit zn (1911), p 1101, xiv. (1913), p. 324 
§ Bftnnawitz, Ann. d Phys ZLvin (1915), p. 577 
II Ann d Phys zi (1903), p 303 

^ Eaoken (Phys Zeit ziv p 328) states that Sohwarze gives too high a valae for hdiom 
owing to nusoaloalation of the value of 
** Proc Roy 8oc xov A (1918), p 190. 
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The values of foi H2, O2 and CO3 have been calculated from 
the first formula, using the values given in the table on p 190 ^ for the 
remaining cases, the second formula has been used, except where otherwise 
stated 

403 It appears that there is no umformity in the values of 
An inspection of the values obtained shews, however, that Sr//c( 2 p is greatest 
for monatomic gases, and least for gases m which the molecules are of most 
complex structure (ethylene, carbon-dioxide, etc ) In other words &/a:(7„ is 
largest when )S = 0, and smallest when ^ is large This suggests that the 
want of umfoimity may come largely fi-om the ignormg of the factor 0, by 
which P ought to have been multiplied 


Values of a- and of ^IkG^ 


Gas 

^ (obs ) 

Authority* 

jc(p 288) 

C, 

k/*C,(0b8),i(9Tr-5) 

Hydrogen 

0003970 

1 

0000857 

2 42 

191 

190 ' 

Helium 

0003360 

1 

000189 

746t 

2 38 

244 

Oaibon-monoxide 

00005425 

1 

000163 

177 

188 

191 

iTitrogen 

0000566 

1 

000167 

178t 

191 

191 ' 

i Ethylene 

0000407 

1 

0000961 

274§ 

165 

155 ' 

< Ait 

0000566 

1 

000172 

17211 

191 

191 ! 

j Hitnc oxide 

0000555 

1 

000179 

167 

186 

188 

' Oxygen 

0000570 

1 

000192 

156 

190 

190 

1 Argon 

00003894 

2 

000211 

0746V 

2 49 

244 

1 

1 Carbon-dioxide 

0000337 

1 

000139 

156 

155 

1 72 i 

j Nitrous oxide 

0000361 

3 

000135 

148 

176 

173 1 
1 


It will be remembered that the factor 6 was required by the circum- 
stance that the moving molecules formed earners which were more efficient 
for the transport of translational than of internal energy. 


* Authorities 

1 Eucken, Phys ZeiUchnft, xiv (1913), p 324 

2 Sohwarze, Ann d Phys xi (1903), p 303 

3 Value assumed by Eucken (Z c ) This is the mean of determinations by Winkelmann 

and WuUner 

t Determined by Vogel, and quoted by Eucken The value of for hehum given by the first 
of formulae (814) is, however, 767 

J Calculated from the first of formulae (814) Eucken takes Cp— 177, Pier gives 175. 

§ The of values given by Winkdmann (Pogg Ann ozux (1876), p 177) and Wullner 
(Wud Ann rv (1878), p 321) 

It Direct experimental value 

If The value assumed by Eucken Sohwarze uses the ^lue Cpss 0740, based upon an 
experimental determination of Cp by Dittenberger {Halle Hiss 1897). Pier gives Op= 0746 
The theoretical value given by formula (814) is 0767. 
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Neglecting this cncumstance, we found, m § 387, the simple formula 

& = >e(7, = f (1+)S)^« (816), 


this last form being obtained by substituting the \alue of from equation 
(472) We have seen that when the energy is wholly translational (^ = 0), 
the value of Sr given by this formula must be multiplied by (appioximately) | 
Euoken* has, however, suggested that the simplei formula (815) may be 
accurate for the transport of mtemal energy, foi which (cf § 395) there is no 
correlation between the velocity of the molecule and the amount of mtemal 
energy earned 

Combimng these two contnbutions, we amve at the foimula 






fC 


1+/8 


/cCv 


= J (07 - 5) /ctTp (816), 

the last two forms being obtamed on substituting the values of and 7 
from equations (472) and (474) According to this equation the ratio 
ought to have a value i (9y - 5) which depends on the ratio of the 
specific heats In the last column of the table on p 301 the values of 
J (9y — 5) are given, and are seen to agree very well with the observed 
values of ^/xGi, 

It IS worthy of remark that Boltzmannf proposed a theory accordmg 
to which the value of S/zcO® was to be (7 — 1), but this is obviously not 
m accordance with observationj 


Conduction of Heat and Electricity in Solids 
Gonductwn of Heat 

404 In 1900 Diude§ propounded a theory of conduction of heat in solids, 
according to which the piocess is exactly similar to that in gases which we 
have just been considering, except that the earners of the heat-energy are the 
free electrons m the metals 

According to the simplest form of this theory, the coefiScient of conduction 
of heat in a sohd will be given by equation (786), namely 

BJdT 

* Phys, Zetts xiv (1913), p 894 
t Pogg Atm olvii (1876), p 467 
t See Chapman, Tram. 211 A, p 465. 

§ Arm d. Pkys 1 (1900), p 666 


( 817 ). 
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in which all the quantities lefer to the free electrons m the solid, so that v is 
the number of free elections per unit volume, I is their average free path as 
the} thread their way through the solid, and so on Since an electron is 
believed to have no energy of rotation or mteinal motion, we may take 
and the formula loi S- becomes 



This formula is only of the roughest nature, when the complicated 
physical conditions aie taken fully into account, it must be replaced by 
the more complex formula (604) obtained by exact analysis m Chapter Till 

Conduction of Electi'icity 

406 Drude’s theory supposes that the free electrons also act as earners 
in the conduction of electricity If there js an electnc foice H m the 
direction of the axis of os, each electron will be acted on by a force Be, and 
so will gain momentum in the direction Oos at a rate Se per umt time The 
time required to desenbe an average free path I, with average velocity c, will 
be Ijc, so that an describing such a free path, the electron will acquire an 
additional momentum in the direction of the axis of x equal to Beljc 

Smee the mass of the electron is very small compared with that of the 
atom or molecule with which it colhdes, we may suppose (cf § 359) that 
there is no persistence of velocities after colhsions, so that an electron starts 
out from collision with a velocity for which all directions are equally likely, 
and, m describing its free path, superposes on to this a velocity 

Trie 

parallel to the axis of x It follows that at any mstant the free electrons 
have an average velocity Uq, parallel to the axis of a?, given by 

IBel 
z me 

Across umt area perpendicular to the axis of x, there will be a flow of 
electrons at the rate vUq pei unit time, and these will carry a current z 
given by 

1 Bv^l 

The coeflScient of electric conductivity <r is defined by the relation t = crB, 
and IS therefore equal to the coefficient of E m the above equation To the 
order of accuracy to which we are now aspirmg, c may be supposed to be 
the velocity of each electron, so that we may put Jm(c)* = |J2ir, and the 
conductivity is given by 

— 


( 819 ) 
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This IS Drude’s formula for electric conductivity Numerically it can 
obviously only give an approximation of the roughest kind’^, and must be 
replaced by the exact formula (609) when exact numerical values are 
requued 


of the two OonducUvities 

406 The Wiedemann~F7anz Icm By comparison of equations (818) 
and (819), we obtam 

J 


This IS Drude's approximate formula for ^/a 
Richardson and Bohr, obtained in § 306, was 


^ 2s /RVT 
<7 $ — 1 ve/ / 


The exact formula of 


(820) 


From these equations it appears that 

at a given temperature, the ratio of the electric and thermal conductivities 
must b&the same for all substances 

This IS the law of Wiedemann and Franz, announced by them as an 
empincal discovery m 1863t 

The Law of Lorenz From equation (820) it also follows that 
the roMo of the thermal cmd electric conductivities must he propoftional to 
the absolute temperature, 

a law put forward on theoretical grounds by Lorenz in 1872J 


Comparism with Experiment 

407 For elastic spheres (5 — 00) equation (820) reduces to 

the formula originally given by Lorentz§ Using the numerical values given 
m ^ 8 and 151, we find that this equation becomes 

^ « 1 777 X 10® in electromagnetic units. 

For instance, at 18° 0 (T = 291 1), the value of ^/<r ought to be 
5 17 X 10^ The values of S-/<r have been determined experimentally by 

* Yanoii 3 attempts have been made to obtain more aconrate values for the numencal 
multiplieir in Drude’s theory; see in particular N. Bohr, Studier over Metallemes ElektronSheone, 
p 54, and W F G Swann, Fhtl Mag xxvn (1914), p 441 But nothing short of the full 
analysis of Ohap Vltl is likely to lead to an accurate result 
+ Fogg Ann jsxnx (186S), p 497 

t Fogg Ann oxlvii (1872), p 429 and Wud Ann xm (1882), p 422 
§ See footnote to p 227, 
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Jager aaad Diesselliorst* for a large number of substances at 18® 0 and 
at 100® 0 They find for example, 

for three samples of copper, = 6 76, 6 65, 6 71 x 10“, 

„ silver, 9-/o- = 6 86 x 10^®, 

„ two samples of gold, Sr/er = 7 27, 7 09 x 10^° 

More elaborate experiments, covermg a wide range of temperature, have 
been conducted by Leesf A sample of his results is given in the following 

S' 

table, which gives values of at difterent temperatures 


Values op ^ x 10“*® 



1 

Prom the experiments of Lees 

1 

i 

Prom expenments 
of Jager and 
Biesselhorst 

Temperature 

-170°C 

-60®C 

~50°C 

(PQ 

18® 0 

18® 0 

100»C 

Copper 

185 

217 

2 26 

2 30 

2 32 

2 29 

2 32 

Silver 

2 04 

2 29 

2 36 

2 33 

2 33 

2 36 

2 37 

Zinc 

2 20 

23a 

240 

2 45 

2 43 

2 31 

2 33 

Lead 

2 65 

2 54 

2 52 

2 53 

2 51 

246 

2 51 

Steel 

3 34 

3 09 

310 

3 06 

305 

310 

309 

Mangamne 

5 94 

416 

j 3 58 

3 41 

3 34 

314 

1 

2 97 


408 These numbers shew that the observed values of S/cr, although of 
the same order of magmtude as those predicted by theory, are m every case 
somewhat too large 

It IS more diflScult to test the values for S and separately which are 
predicted by theory, since the theoretical formulae for these coeflB^cients 
separately contam the quantities v and Z, for which it is diflScult to form a 
rehable numerical estimate But such evidence as is available shews quite 
definitely that the formulae for ^ and or separately do not shew anything hke 
so good an agreement with observation as that shewn by the formula for 
their ratio ^ja 

* B&rhn Sitzwr^sher zxxvm (1899), p 719, and AbJumd d Phys -Tech BetchsarutaUf iii 
(1900), p 369 

f O H Lees, **Tlie effects of low temperatures on the Thermal and Bleotnoal conduotivxties 
of certam appioximately pure and alloys” (Bakenan Lecture^ 1908), Phil TVafto. 208 A, 

pk.381 
J.G 


20 
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Even at ordinary temperatures the value predicted for <r by equation (819) 
can only be reconciled with the observed values of a by assignmg to the 
product vl a value considerably greater than is consistent with other available 
evidence as to the values of v and I At low temperatures this difficulty 
becomes much greater For instance Kamerlmgh Onnes* has found that at 
very low temperatures the specific resistance of many metals is reduced to 
only an infimtesimal fraction of the resistance at 0“ 0 , at helium tempera- 
tures (i e below about 4“ absolute) the resistance may be only of the order of 
10““ times that at ordmary temperatuies At these very low temperatures 
the value of c m formula (819) will be decreased to about one-tenth of its 
value at 0° C , while we cannot suppose that any very great change occurs in 
the value of v It accordingly appeals that the 10“-fold increase m the 
conductivity would requiie a 10“-fold mciease m Z, if the theory on which 
formula (819) is based were true This requues that the electrons b>»i.11 
describe free paths measured in metres or even in kilometies, a requirement 
which it IS quite impossible to reconcile with the known facts of the structure 
ol matter 

The need for these long free paths can be seen in a veiy direct mannei 
In one experiment described by Kamerlmgh Onnes, a coil of lead wiie was 
placed m hquid helium, and was found to have a lesistance equal to 
6 X 10““ times its resistance at 0“ 0 The ends of the coil were then fused 
together and a current started m the coil by magnetic induction It was 
found that the "time of relaxation” of this cunent — %e the time required to 
fall to 1/e times its imtial strength — was of the older of a day, wheieas under 

ordinary conditions it would have been about second In an observa- 

tion lastmg one hour no perceptible decrease of the current could be noticed 
If the current consisted of firee electrons m motion, each fi:ee electron in this 
time would have had to describe a path of about 30,000 kilometres without 
its motion bemg senously checked by colhsions 

Wienf has suggested a modification of Drude’s theory, based on Planck’s 
quantum-theory, which attempts to remove this difficulty An alternative 
suggestion, also based on the conceptions of the quantum-theory, will be 
referred to m Chapter XVII below But it would be beyond the scope of 
this book to examme mto these theories in detail their relation to the 
conceptions of the dynamical theory of gases is only shght 

* Expenmenta wiih hqmd helium, Komnh Akad Wetmtchaippen, Amterdum, tree zxm 

aSUhP 12 

t Berliner Sttzmysber va (1918), p 184 
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Elementaey Theories 
Meyer’s TJmry 

409 The difficulties in the way of an exact mathematical treatment of 
diffusion are similar to those which occurred m the pioblems of viscosity and 
heat conduction Following the method adopted m discussmg these earlier 
problems, we shall begm by givmg a simple, but mathematically inexact, 
treatment of the question 

We imagine two gases diffusmg through one another in a direction 
parallel to the axis of z, the motion bemg the same at all pomts m a plane 
perpendicular to the axis of z The arrangement of the gases is accordingly 
m layers peipendicular to this axis Let the mass-velocity of the whole gas 
in the direction of z increasmg be Wo, and let the molecular densities of the 
two gases be vi, Vi Then vi, vj and Wj, are functions of z only. 

We assume that, as far as the order of approximation required m the 
problem, the mass-velocity of the gas is small compared with its moleculai- 
velocily, and we also assume that the Imear scale of variation of either gas 
IS great compaied with the average mean free path of a molecule We shall 
also, to obtain a rough ffrst approximation, assume that Maxwell’s law of 
distribution of velocities obtains at every pomt, and that h is the same for 
the two gases 

410 The number of molecules of the first kind, which cross the plane 
z—Zt pel unit area per umt time m the direction of z mcreasmg, is 

wdudvdw (822), 

in which the limits are from — oo to -I- oo as regards u and v, and from 0 to oo 
as regards w 

Smce these molecules do not all come from the same point, Vi must, in 
accordance with the prmciples already explained, be evaluated at the point 
from which they started after their last collision Those which move so as 
to make an angle 6 with the axis of z may be supposed, on the average, to 

20-3 
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come from a point of which the js coordinate is ^ cos 6, and at this point 
the value of Vi may he taken to be 

Vi = Vi — X cos 0 (823) 

We may now divide the integral (822) into two integrals corresponding 
to the two terms of the nght-hand side of equation (823). 

The value of the first is 


I IJui (s,) «-*%[«*+»*+(“- wdudvdv) 

= (^o) («»+»*+ w«) (vv + w,) dudvdw (824), 


m which W, as usual, stands for The limits of integration are from 

— 00 to + 00 for and v, and from w = — to oo . We have 


and, as for as the first power of Wo, 

■*“'*©*• 

Hence we obtain, as the value of expression (824), 

^ (^,) + «'o) = + Wo) (825), 

where Cj, €ts in § 30, denotes the mean molecular- velocity of all the molecules 
of the first kind, and is given by equation (44) 

The second mtegral required for the evaluation of expression (822) is 


JJJe-^”^^«*+^->-('^-'^*}wcoB0dudvdw (826) 

Owing to the presence of the multiplier X expression is 

already a small quantity of the first order, so that in evaluatmg it we may 
put Wo = 0. Beplacing cos 6 hy w/c, it becomes 




in which the integral is taken over all values of u and v, and over all 
positive values of w 

This expression is easily evaluated by noticing that it has just half the 
value it would have if taken over all values of u, v, w, and is therefore equal 


to 



times the average value of taken over all molecules, m a gaa 
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hamg no mass-motion This average value is equal to one-third of the 

^ <2^3 

average of ^ or c, and is therefore Hence the value of ex- 

pression (826) IS 






Combining this with expression (825), we find as the total value of 
expression (822), 

m which all quantities are to be evaluated in the plane z = Zq, 

This is the total flow of molecules across unit area of the plane z^z^^ 
in the direction of z mcreasmg The corresponding flow in the opposite 
direction is 

«'o) + ix ^ 


411 The rate of increase of the number of molecules of the first kind 
on the positive side of the plane z^z^^^ measured per umt time per unit 
area, is the difference of these two expressions Denoting this quantity by 
Fi, we have 

Fj — ^ Cj • • « (82/) 

Similarly, for the rate of increase of molecules of the second kind, 

o 

r2 “ 0^ C 2 *• •* •••• • (828) 

Eliminating Wq flom these equations, we obtain 

rijf2 — r2Vi = (829) 


412 The pressure must be constant throughout the gas, so that we 
must have 

V 1 + V 2 — cons , 

whence, by differentiation with respect to z, 

dz^dz^ 


Moreover if the flow is steady, vi+ys must not vary with the time, so 
that the total flow of molecules over every plane must be zero, and this 
requires that 

r,+r,=o 

Equation (829) now becomes 


-r,=:r2= 


1 "H ^V'l 

3 Vi + 1^2 9 - 8 ^ 


( 830 ) 
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The number of molecules of the first kind m a layer of unit cross- 
section between the planes z = z^ and z—Zii + dz, is v-idz , the rate at which 

dv 9r 

this quantity increases is dz^ but is also found to be — dz^ by calcu- 
lating the flow across the two boundary planes Hence we have 

dv^ _ __ 
dt'' dz " 


and on using the value of Ti provided by equation (830), and neglecting 
small quantities of the second order, this becomes 




(831), 


where ^ 1 

S V 1 + V 2 ^ ' 

Equation (831) is the well-known equation of dijBFiision, SJig bemg the 
coefficient of diffusion of the two gases Hence the coefficient of diffusion 
IS given by formula (832) Clearly it is symmetrical as regaids the physical 
properties of the two gases, but depends on the ratio Vi/i^a in which they 
are mixed 


The foregoing analysis is essentially the same as that given by Meyer in 
his Kinetic Theory of Gases ^ and formula (832) is generally known as Meyer’s 
formula* for the coefficient of diffusion 

Some special cases of this formula may be noticed 


Coefficient of Self-difftmon 

413 If we consider diffusion between two gases m which the mole- 
cules are approximately of equal size and weight, and agree to neglect the 
differences m size and weight, we may take \ and c to be the same for 
each gas, and so obtain 

= (833) 

Oomparmg this with the value of the coefficient of viscosity (equation (766)) 

K—i\cp, 

we obtam the relation S) = ~ (834) 

P 

The quantity 3) obtamed m this way may also be regarded as the 
coefficient of self-diffusion or interdiffusivity of a smgle gas It measures 
the rate at which selected molecules of a homogeneous gas diffuse mto the 
remainder 

* The actual valae of S)]^ given by Meyer {Kinetic Theory of Qaeee^ p 266, English trans ) 
18 iir times that given by foimnla ^832) Meyer’s formula has, however, attempted to take into 
aocoimt a oorrectxon whioh is here reserved for later discussion (§ 416) Meyer does not claim 
that his eoneetion is exact 
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Dependence on Propositions of Mixture 


414: In the special case to which formula (833) applies, the value of 2) 
IS independent of vi and V 23 but formula (832) shews that in general 
ought to vary with the proportions of the mixture In the limiting case in 
which Vilv 2 == 0 , we have 


3)ia — — 


2 

3 (wii + TTla) TTvSj Wi/ 


and there is a similar formula for the case of VqIvi = 0 , in which mi and ^ aie 
interchanged 

Thus the coefficients of diffusion in these two cases stand m the ratio 


TJIq 


(835), 


shewmg that the value of 2) ought accordmg to Meyers's formula to vaiy 
greatly with the proportions of the mixture The predicted variation will be 
greatest foi molecules of very uneven mass For example for the diffusion of 
H 2 — CO 2 , the extreme variation would be 22 to 1 , for A — He it would be 10 
to 1 , and so on 

As we shall see later, the observed variation of 3>ia with vi/v^ is nothing 
like as great as is predicted by this formulae, but we shall now proceed to 
correct the formulae for persistence of velocities, and shall find that the 
corrected equations predict a much smaller dependence of 2)32 on i/j/va 


Correction to Meyer's Theory when the Molecules are Elastic Spheres 

415 As was the case with the corresponding formulae for viscosity and 
conduction of heat, the approximate formulae which have been obtamed can 
be improved by a correction of the numerical multiplier. 

We shall consider first the correction to be applied to the simple formula 
for self-diffusion, namely 

2)=iXc (836) 

= - (837) 

P 

As before, there have been two sources of error mtroduced mto these 
approximate equations, the first arising firom the assumption that X is the 
same for all velocities, and the second from neglect of the persistence of 
velocities 

As regards the first, it is clear that in expression (826), X must be 
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replaced by and taken under the sign of integration Hence instead of \ 
in the final result, we must have Z, where 


rx,e-’^^o>clo ^ 

iJjL^ 

j " e-ft'^Vdc ° 

J 0 


(838) 


This however is exactly the same as the I of the viscosity formula, of 
which the value was found m § 370 to be 

1051 

^7rv<r^ 

Hence this correction affects S) and k exactly similarly, multiplying each by 
1 061, but does not affect equation (837) 

416 We now examine the effect of the persistence of velocities We 
found m § 371, that when a molecule arrives at the plane s — Zq in a given 
direction, the expectation ot the distance it has travelled in that direction is 
not X, but Ax, where 

1 


A- 


1-fl 


Here 0 is the persistence of velocities at a collision between two molecules 
of equal mass, of which the value was found m § 367 to be *406 Thus the 
expectation of the molecule belonging to the one gas or the other is not that 
appropriate to a distance X back, but to a distance AX, and the effect of 
"persistence '' is therefore to multiply the value of S) given in equation (836) 
by a factor A Also, as we saw in § 371, the effect of persistence on the 
coefficient of viscosity is to multiply the simple expression ^Xcp by a factoi 

The values of 2) and /c, both corrected for persistence, accordingly become 


2 ) = 


3(1-^)' 
1 


so that the corrected form of equation (837) must be 

<s=lzif f 

1-e p 

Putting 6 = 406, the value found in 1 357, this becomes 

2> = 134- 

P 

It is of interest to examine mto the origin of the difference between the 
effect of persistence of velocities on diffusion on the one hand, and on viscosity 


. . (839) 
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and conduction of heat on the other Diffusion, it will be seen, is a transport 
of a quahty, while viscosity and heat-conduction are transports of quantities 
The difference rests ultimately upon the circumstance that qualities remain 
unaltered by collisions, whereas quantities do not 


417 The effect of persistence when the molecules aie not of equal mass 
IS more difficult to estimate 

When the molecules were equal, the expectation of the distance a molecule 
had come was increased by persistence from \ to 

\ + ^ + + = .. .(840) 


When the molecules are of unequal masses, the persistence will be 
^erent at different collisions, and instead of expression (840), we shall 
have one of the form 

X + jpX 4- pqX^ +pqrX^ + (841), 

where p, q, r, are the different persistences at the various collisions 
Suppose we are considering the motion of a molecule of mass mi in a mixture 
of molecules of masses mi, mixed m the proportion vijv^ Then of the 
quantities p, g, r, a certam proportion, say j8, of the whole will have an 
average value d — 406, these representing collisions with other molecules of 
the first kind, while the remainder, a proportion 1 — of the whole, will 
have an average value which we shall denote by 0^, this bemg the persistence 
for a molecule of the filrst kmd colliding with one of the second kmd 

Let P denote expression (841), and let s denote + (1 — 13) this 
being the expectation of each of the quantities j), g, r, . . We have 

P = X +jp\ 4-pgX® -h pgrX® + , 

Ps = ^X +ps\^ +pg5X* -h , 


and hence, by subtraction, 

P(l~a) = X-h(jp-s)X + p(g-5)X®-f-pg(r-a)X»+ . 

Clearly the expectation of the nght-hand side is X, for the expectations 
of p — a, g — a, r — 5 , are all zero Hence the expectation of P is 


P = 


X 

1— a 


X 


(842) 


Accordingly the effect of persistence m this mixture of gases is to 
mcrease X to a value of which the expectation is that on the nght-hand 
side of equation (842) 

In § 345 we found for the mean chance of collision per unit time for a 
molecule of the first kind, movmg in a mixture of two kinds of gas, 




rt a 9 


r 


WITT 
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In this the first term represents collisions with molecules of the first 
and the second represents collisions with molecules of the second kind 
The ratio of these two terms is therefore exactly the ratio /S 1 — and 
we have 

$ 1-1 




Each fraction is equal to 

1 

V27n/iO-i^ + TTVzS^^ \/(^ “^ 

and this again is equal to Xi by equation (840) 

Using this value lor A value of expression (842), the free 

path of a molecule of the first kind increased by persistence, 

P, j- r (843), 

(1 - 0) •J2irviC^ + (1 - irViSj V ^ 

and for the correspondmg quantity foi the second molecule, 


(844) 

(1 - 6) V'27rvg0s? + (1 - 6a) irv^Bj 

On replacing Xj, Xg in equation (832) by their enhanced values, as given 
above, we find as the form of Meyer’s equation, after correction for persistence 
of velocities, 

li^P5^+_^ (846) 

O V1+V2 


418 In this formula the value of 6 is always 406, the value of 
depends, as was seen in § 369, on the ratio of the two masses It was found 
that ^12 was of the form 

(7jg 

Wi + TWa 

where a was a small positive number, depending on the ratio of the masses, 
but lying always between 0 and J, and equal to 188 for equal masses 

When i/j is small, we have, mstead of the hmitmg form given m § 414, 

5) ^ 1 VjPi^ 2 / m3 

“ Zvi+vt 8(1 — ^B)w(vi + »'j)i8ij® V TrAnii (mi + OTj) 


3(l + au)7r(j'] 
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The limiting form, when is small, is the same except that olu is replaced 
ty « 2 i Thus the latio of the extreme \alues of 3) as vijvz \anes is 

1 + 0f2i 
1 + «12 ’ 




^ 1 / 2=0 

instead of the ratio mi found from Meyer’s formula (835) Since the 
extreme values possible for a are 0 and it appears that the greatest range 
possible for 2) is at most one of 4 3 

Thus, when persistence of \elocities is taken into account, Meyer’s foimula 
yields values which do not vary greatly with the proportion Vi of the 
mixture*. 

The Stefan-Maxwell Theory 

419 Another theory of diffusion was put forward by Stefan*^ and 
MaxwellJ, based upon physical prmciples which will now be explained 

It will be noticed that equation (831) is of the same form as the well- 
known equation of conduction of heat it indicates a progress or spreadmg 
out of the gas of the fir^ kmd, similar to the progress and spreadmg out of 
heat in a problem of conduction The larger 2) is, the more lapidly this 
progress takes place , 2) is largest when the free paths are longest, and vice 
versa Long free paths mean rapid diffusion, as we should expect 

Now the formula for the mean path \i m a mixture of two gases was 
found in § 340 to be 

1 




V27JTiO-i® + rrViS^ 


. (847), 


where 8^ is anthmetic mean of the diameters of the two kinds of 
molecules The larger the denominator m this expression, the smaller Xj 
Will be, and so the slower the process of diffusion Both terms in the 
denominator of expression (847) accordmgly contribute somethmg towards 
hmdermg the process of diffusion. 

The second of these terms arises from colhsions of the molecules of the 
first kind with molecules of the second kind, and that these collisions should 

♦ This was pointed out m a valuahle papei by Kuenen (“The diffusion of Gases according 
to 0 E Meyer,” Supp no 28 to the Oommumcatwns from the Fhys Lab of Leiden^ Jan 1913) 
Xuenen took a uniformly equal to 188, its value when Tni^m^, and assumed the number of 
collisions to be m the ratio so that his result is different from mme, but the principle 

was essentially the same In a later paper by the same author {CommumeatwM from the Fhys 
Lab of Leiden, Supp 38) the mass difference was taken mto account 

t Wienei Sttztmgsberzehte, Lxni [2] (1871), p 63, and i«xv (1872), p 323 
t OoU Scientiflo Facers, i p 392, and n p 57 and p 345 See also Boltzmann, Wiener 
Bitzmgsbenehte, ulvi [2] (1872), p 324, locsvin (1878), p 733, iixxxvi. (1882), p 63, and 
T.TTTTTTTT 1883), p 835 Also Vorle&iuingeti i£ber GastheortSf z p 96 
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hinder diffusion is intelligible enough But it is not so clear how collisions 
of the molecules of the fiist kmd with one anothei, represented by the first 
term in the denominatoi of expression (84#7), can hindei the process of 
diffusion When molecules of the same kind colhde, their average forward 
motion will, from the conservation of momentum, remain unaffected by the 
colhsion, and it is not easy to see how the process of diffusion has been 
hindered by the collision 


420 If we entirely neglected collisions between molecules of the same 
kind, we should have free paths given by the equations 






(848) 


in place of equation (847) Usmg these values for the free paths, equation (832) 
becomes 


+ 

3?r (vi + Vj) /Su* ^ 

” 3ir(i/i + ^a) Su® \/ irh (mi m*) 
or, m terms of the molecular-velocities*. 


(849), 


3>I2 


1 

37n/8*i2* 


a/0i“+ 


(860) 


421 If the two kmds of molecules are of equal mass and size, formula (850) 
becomes 




3 fs/2irva^ 


(852), 


which may be contrasted with Meyer's uncorrected formula (833). 


* Meyer, nsmg the value of JDu already explained (see footnote to p 310), obtains a value 
for £Dis on Maxwell’s theory equal to f w tunes this, namely 

(S51)i 

and this same value IS given by Maxwell (Z c aTite and Mature, vin (1873), p 298) On the other 
hand, Stefan {Wiener Sitzungsber Lxvni (1872), p. 323), Langevm {Ann de Chmie et de Fhyngue, 
[8], V (1905), p. 245), and Chapman m his first paper (Phil Trans 211 A, p 449) aU amved at 
the formula 

3 

vla<di diflets from (851) by a faotor | Chapman and liangevin both maUinJ to 

the general law of foroe their met h od was somewhat giTnilar to that of Maxwell as given in 
Chap IX (§ 358), but they assumed Maxwell’s law of distribution to hold, so that their results 
were only exact for the case of a=:6, for which their result agrees with Maxwell’s formula (694) 
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Using Chapman’s corrected formula (773) for the coeflBcient of viscosity, 


499 


Jpg 

V 27rvo'® * 


equation (852) may be put in the form 

2) = 1336- (853), 

P 

agreeing almost exactly with equation (839) which was obtained on correcting 
lleyer s formula for persistence of velocities 

It IS more difficult to compare equation (849) with equation (845) which 
was obtained by correcting Meyer’s formula for persistence of velocities We 
at once notice the outstanding difference between the two, namely that 
Meyer’s formula depends on the ratio vijvz , whereas Maxwell’s formula (849) 
does not In the limitmg case of vi = 0, Meyer’s formula reduces to 
formula (846), which is identical with Maxwell’s formula (849) divided 
by the factor (1 + aia), where is the small number defined in ^ 418 
Thus it appears that the formulae approximate closely, although they 
naturally cannot agree exactly, as one predicts slight variation with vj/va, 
while the other predicts none at all 


Exact General Formulae 


422 The formulae we have so far obtained are only approximate formulae 
for the very special case of molecules which may be treated as elastic spheres 

In two special cases, we have obtamed perfectly ngorous values for 5)ia 
In § 306 (equation (613)) we found the solution 


®12 ' 


Va («) 



(864) 


for the case in which vijva = 0 and «ii/ ma = 0 

Alan in § 334 (equation (691)) we obtained Maxwell’s solution 

®“"2Ami7ns(vi+»g)AV K ^ 

for the case in which s — 5, independently of the values of ratios Vi/vq 
and 

The two solutions (854) and (865) are both perfectly ngorous and exact, 
and so must be expected to agree m the case which they cover m common, 
namely the case of ^ = 6, v^j V 2 = 0, mi/mj = 0, as it is easily verified that they 
do They are two special cases of a general solution, which as we have seen, 
cannot be expressed m finite terms 
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423 "When the molecules are treated as pomt centres of force repelling 
as the ath po-wer of the distance, the methods of Chapman and Enskog, 
already explamed, allow the value of Sja to be calculated, by successive 
approximations, to any desired degree of aceuiacy 

A, jSist appioximation, amved at hy the assumption that the compo- 
nents of velocity u, v, w relative to the velocity of mass-motion were dis- 
tributed accoiding to Maxwell’s law, had been given by Langevm* in 1905 
the same formula was given independently by Ohapmanf m 1917 To a 
first approximation the value of is found to be given hy 




3 [it (Wi + 


8 (vi + Vi) [AmiJJis ff ] * - 1 ^ J, (s) r ^3 — 


. (856) 


When s = 5, this is exact, and reduces to Maxwell’s foimula (865) In 
other cases, the exact value of Su will be obtained on multiplying the above 
approximate value of S>ja by a numerical multiplier 


Self-Ihffuswn 

424 Chapman gives the following table of the values of this multipher 
obtained fiiom calculations carried as &r as a second appioximation for special 
values of s m the case in which the two kinds of molecules are exactly 
similar (self-diffiision) 


S — 5 5 = 9 5=17 5=00 

Multiplier = 1 000 1 004 1 008 1 016 

It appears that the multiplier inci eases steadily as s mcreases from 5 
upwards, and reaches its maximum of 1 015 when 5 = oo (elastic spheres) In 
the special case of elastic spheres, Ohapman supposes that the multiplymg 
factor, to a third appioximation, would have the value 1 017, and that this is 
the value to which successive approximations are converging, to an accuracy 
of one part m a thousand Assuming this, Chapman finds that the accurate 
value of the coeflScient of self-diffusion for elastic spheres^ is 


S) = 


01520 

4sva^{hm)^ 


(857) 


= 1200^ (858) 

Fidduck§, following a method origmated by Hilbert ||, based on the trans- 
formation of Boltzmann s characteristic equation (618), had previously arrived 

* Aimales de Ohame et de Phy^t^ue, [8], v (1906), p 245 
t Phil Tram 217 A (1917), p 166 

t Zc p 172 § proc Land. Math 80 c it (1916), p 89 

D Ifatik. Atmalen, ixxn. (1912), p. 662 
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at the formula (857) for the only difference being that the numbei in the 
numerator, calculated to three places of decimals only, is given as 0 151 

Diffusion in a Mixture 

426 Both Chapman* and Enskogf have shewn how to obtain, by suc- 
cessive approximations, formulae for the general value of in a mixture 
of gases Chapman starts by taking the value given by equation (856) as a 
first approximation Denotmg this value by ( 3 ) 12 ) 0 , the general value of 2)i, 
is put in the form 

^ 12 (859), 

wheie €0 IS a small quantity, to be evaluated by successive approximations As 
we have already seen, the value of €q is zero for Maxwellian molecules repelling 
as the inverse fifth-power of the distance In other cases the formulae, even 
when carried only to a second approximation, are extremely complicated, and 
the reader who wishes to study them m detail is referred to the origmal 
memoirs* 

The pimcipal interest of these general formulae lies in the amount of 
dependence of ©u on the proportion of the mixture which is piedicted by 
them We have already seen that the appioximate Maxwell-Stefan theory 
(§ 420) predicted that Sw would be independent of this proportion, whereas 
the theoiy of Meyei predicted very great dependence when the molecules of 
the two kinds of gas were of very unequal mass This latter dependence, it 
IS true, was greatly reduced when " persistence of velocities ” was taken into 
account, but still remained quite appreciable 

For the ratio of 3)32 in the two extreme cases of Vijvz — O and , 

Enskog§ gives the formula (accurate to a second approximation) for the 
case m which the molecules may be treated as elastic spheres, 

T , wis? 

®yj=0 _ ^ 12m2^-h 16mima-f 



12mi* + IBrnim, + 30?7i2® 

This may be compared with the value TTig/mi predicted by Meyer’s uncor- 
rected formula (835), and with our formula (§ 418) obtained by correctmg 
Meyer’s formula for persistence of velocities To take a definite instance, it 
will be found that when mi/7?i2= 10, the predicted values are as follows 
Meyer 10 000 

„ (corrected for persistence) 1 324 

Chapman-Enskog 1 072 

* JPhil Trans 217A(1917). p 166 
t 2 c ante (see footnote to p 229) 

t Chapman, I e equations (13 07), (IS 28), etff , Bnskog, lo equation (168), etff 
§ le p >103 
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COMPABISON WITH ExPERIMEKTT 

426 As a matter of convemence, it will be well to consider first the 
experimental evidence bearmg on the question as to how far the coefiScient 
of difiFusion depends on the proportion m which the gases are mixed A senes 
of experiments* have been made at Halle to test this question, a summary 
of which will be found m a paper by Lomusf 

Experiments were made on the pairs of gases Hg — Og, Hg — and Ng — 0, 
by Jackmann, on Hg — Og and Hg — COg by Deutsch, and on He — ^A by Schmidt 
and Lomus On every theory which has been considered, we should expect 
the greatest variation of SDig with to occur when the ratio of the masses 
of the molecules differs most fi:om unity The following table J gives the 
values obtained for 2 )i 2 with different values of vijv^ for the two pairs of 
gases for which this mequality of masses is greatest 


Pair of Gases 
(1, 2 respectively) 


(observed) 

Observer 

S)i 2 (calculated) 
(Chapman) 


3 

021351 

Deutsch 

0 212 


1 

021774 


0 222 


5 

0 22772 


0 226 

He-A 

2 65 

0 24418 

Lomus 

0 248 


2 26 

0 24965 

n 

0 250 


166 

0 26040 

Schmidt 

0 251 


1 

0 25406 


0 264 


477 

0 26626 

Lomus 

0 257 


311 

0 26312 


0 259 


In the last column are given the values calculated by Chapman from his 
theoretical formulae In these calculations an absolute value of 2)i2 is assumed 
such as to make the mean of the calculated values of S)i 2 for each pair of gases 
equal to the mean of the observed values 

It will be seen that the degree of variation m Djg predicted by the formula 
of Chapman is at least of the same order of magnitude as that actually 
observed The superiority of Chapman’s formulae over the two others already 
discussed is shewn m the following table, which gives a comparison between 
the extreme values of SDig for He — ^A observed, and those predicted by these 
various formulae (All values of iDgg are multiphed by a foctor chosen so as 
to make 2>ia = l when vx — v ^ ) 

* B Schmidt, Ann, d PhynlB, xiv (1904), p 801, and the following Inaug -Dissertations 
B S dimi dt (1904), O. Jaokmann (1906), B Dentsoh (1907), and Lomus (1909) 

t Arm. d Phya xm (1909), p 664. See also Chapman, Phil. Trans 211 A, p 478 
X Lomas, I c p 676 
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VJV2 

3)i 2 (obs ) 

(calculated) 

(Chapman) 

(Meyer , 
corrected) 

(Meyer) 

2 65 

961 

976 

910 

546 

100 

1000 

1000 

1000 

1000 

0 311 

1036 

1021 

1110 

1526 


From the foregoing discussion, it will have been noticed that the actual 
variation of 2 )i 2 with the proportion of the mixture is, in any case, very shght 
Consequently, thioughout the remainder of the chapter we shall be content 
to disiegard the dependence of 3!)i2 on the latio vjv^ 

Goeffioient of Self-Diffusion 

427 The simplest formula to test numerically is that for self-diffusion, 
but the coefficient of self-diffusion of a gas mto itself is not a quantity which 
admits of direct experimental determination 

A convenient plan, adopted by Lord Kelvm, is to take a set of three 
gases for which the coefficients !£)i 2 , 2)2s» 2)a are known All the quantities 
m formula (849) are then known with great accuracy except only Hence 
from the three values of IDja, 'W'e can calculate S^i and so 

deduce values of Os Instead of comparmg these values with other 

determinations of o-i, o-g and o-j, Lord Kelvm inserted them mto formula (852) 
and so obtamed the coefficients of self-diffusion of the three gases m question 

Lord Kelvm* gives the followmg values of coefficients of mterdiffusmty 
of four gases, calculated from the experimental determinations of Loschmidt 




/ Pairs of Gases 

®ii 

Pairs of Crises 

®2S 



(12. 

13, 

23) 

132 

(12. 

13, 

23) 

193 



(12, 

14, 

24) 

135 

(12, 

14, 

24) 

190 

Gases 


(13, 

14, 

34) 

126 

(23, 

24i 

34) . 

•183 

Hs -(1) 




Mean 

131 



Mean 

189 

Oa — <2) 

1 









00— (3) 


1 Pairs of Gases 


Pairs of Gases 


00,-(4.) 


(12. 

13, 

23) 

169 

(12, 

14, 

24) 

106 



(13, 

14, 

34) 

176 

(13. 

14, 

34) 

111 



(23, 

24, 

34) . 

178 

(23, 

24, 

34) 

109 





Mean 

m 



Mean 

109 


* Baltwiore Lectui es, p 295 
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The agreement %nter se of the values obtained by different sets of three 
gases gives a striking confirmation of the theory, except of course as regards the 
numerical multiplier which does not affect the values obtained for 2)u, etc 

428 It remains to test the numerical multiplier The calculations of 
Chapman, Enskog and Pidduck combine m predicting the relation (approxi- 
mately) 

S) = 1200- 
P 

for elastic spheres, while Maxwell’s theory given m Chapter VIII predicted 
the relation (exactly) 

2) = 1504- 
P 

for molecules repelling according to the mveise fifth-power of the distance 
In the following table, the first column gives the value assumed for k 
in the table of p 288, the second column gives p, the third gives the value 
of X calculated from Loschmidt’s experiments, and the fourth gives the 
value of Xp/x 


Gas 

K (p 288) 

P 

® (p 821) 

5)p 

K 

Hydrogen 

0000857 

0000899 

131 

137 

Oxygen . 

000192 

001429 

189 

140 

Carbon-monoxide 

000163 

001250 

174 

134 

Carbon-dioxide 

000139 

001977 

109 

150 


It at once appears that Xp/x has in each case a value mtermediate 
between the two values 1 200 and 1 504 predicted by theory for elastic 
spheres and mverse fifth-power molecules Not only is this so, but the 
values of Xp/x vary between these hmits m a manner which accords well 
with the knowledge we already have as to the laws of force m the 

different gases concerned, as the followmg figures shew 



Value of 8 
(P 384) 

S>p 

K 

Theory 

00 

1200 

Hydrogen 

12 

137 

Carbon-monoxide 

93 

134 

Oxygen 

79 

140 

Carbon-dioxide 

52 

150 

Theory 

60 

1504 





427 - 430 ] JExpeHmental Values 323 

It IS somewhat remarkable that the values of for hydrogen and 

carbon-monoxide, in which the molecules are comparatively “hard” (in the 
sense of § 37 5), approximate closely to the value 1 34 predicted by Meyer’s 
corrected theory (§416) and also by the Stefan-Maxwell theory (§421) This 
suggests that for ordinary natural molecules the two simpler theories may 
represent the processes at work with as g^eat accuracy as the more elaborate 
theories of Chapman and Elnskog so long as we remam m ignorance of the 
exact molecular structure which ought to be assumed m the latter 

Coefficient of Diffusion for EloLStic Spheres 

429 In the following table are given the observed values* of 2)i2 for a 
number of pairs of gases in which the molecules are comparatively hard, 
havmg values of s greater than 8 m the table of p 284 The table gives also 
the values of S 12 calculated from them by foimula (850) (using values of c 
gi\en on p 119), and, in the last column, the values of Si^ calculated from 
the coeiBcient of viscosity as on p 288 

The agreement between the two sets of values of Sn^ is as good as 
could reasonably be expected, providmg a corresponding confirmation of 


Oases 

a>i3 

(observed) 

^13 

(calc from 

Sl3 

(calc from viscosity) 

Hydrogen — ^Air 

0 661 

323x10-8 

323x10-8 

„ —Oxygen 

0 679 

318 

317 

Oxygen — ^Air 

01776 

3 69 

3 68 

„ — Nitrogen 

0174 

3 74 

3 70 

Caibon-monoxide — Hydrogen 

0 642 

328 

3 26 

„ —Oxygen 

0183 

365 

3 71 


formula (850) When one or both of the two kmds of molecules mvolved 
is softer than those in the foregomg table the agreement is still good 
although less stnkmg than that found above, as is shewn in the table on 
page 324 

Thermal Diffusion 

430 Maxwell’s treatment of diflFusion for molecules repellmg as the 
mverse fifth-power of the distance was based upon the general equation of 
transfer (§ 333) 

^ M) - Q I; (»^) = AQ . ..( 860 ), 

* The yalnes used are taken from the Smithsonian tables (1910 edition) 

21—2 
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Gases 

®12 

(observed) 

(calo from 
®is) 

^12 

(calc from 
viscosity) 

Carbon-dioxide — Hydrogen 

0 538 

3 66x10-® 

3 67x10-® 

„ —All 

0138 

4 03 

418 

„ — Carbon-monoxide 

0136 

4 09 

4 21 

I Nitrous oxide — Hjdiogen 

0 535 

3 57 

3 71 } 

„ — Cai bon -dioxide 

0 0983 

4 53 

4 66 

Ethylene— Hydi ogen 

0 486 

3 75 

414 

„ — Carbon-monoxide 

1 

0101 

4 99 

4 68 


which IS applicable to any steady motion parallel to the axis of oa On puttmg 
Q = w and assuming the mverse fifth-power law, this equation becomes 

^ J (m« - «oi) (861), 

and a comparison with the general equation of diffusion enables us at once to 
determme the coefficient of diffusion 

The success of the method depended on the assumption of the law of the 
mverse fifth-power (Jnder this law was found to be pioportional to 
^02 “*^01 and the equation of diffusion followed at once Under any othei law 
Aw IS not proportional to Wo 2 — Woi, the value of AQ depends on the law of 
distribution of velocities whatever value is given to Q, and the equation of 
diffusion no longer follows on puttmg Q = w 

To obtam the equation of diffusion from equation (860) in the general 
case, it IS necessary to assume Q to be equal to u multiplied by a senes of 
powers of c The resulting equation* is found to be of the same general type 
as (861), except for the important difference that the left-hand member 
mcludes terms in dT/dx and dp/dx in addition to the term in dvjdx 

If T and p do not vaiy with x, these additional teims disappear But 
their presence in the geneial equation indicates that a process of diffusion is 
necessanly gomg on in any gas in which T and p vaiy from pomt to pomt, 
exception bemg made of the special case m which the molecules repel accordmg 
to the exact inverse fifth-power of the distance These phenomena weie first 
predicted on purely theoretical grounds by Chapman (1917) in his paper 
alieady quoted, shortly afterwards they weie predicted independently by 
Enskogf. 

* For details see Chapman, Phil Trans 217 A (1917), pp 124, 181 The analysis given 
Chapman in this paper is mvalidated by an erior of algebra, as was pointed out by Enskog 
(Arhwf Mat Astron und Fijsik'x.'vi (1921)), but thenumeneal consequences are not senous For 
a corrected discussion see Chapman and Hamsworth, Phil Mag 48 (1924), p 693 

t “Kinetisohe Theoiie der Vorgange m massig verdunnten Gasen” ^Ihaug Dissertation, 
XJpsala, 1917) 
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The phenomenon of pressure-diffusion” does not appear to possess any 
great impoitance physically That of "thermal-diffusion” is of importance 
because numeiically its magnitude is comparable with that of ordmary 
diffusion Let us imagine that we have a tube or cylinder, originally filled 
with a umform mixture of two gases, and let the two ends be kept per- 
manently at diffeient tempeiatures As the result of thermal diffusion, currents 
will be set up m the tube, the molecules of the heavier gas tending to diffuse 
in the direction of decreasing temperature and vice versa There is a hmit 
to the mequality of composition of the mixture which can be established by 
this means, foi the inequahty brmgs mto play ordinary diffusion which acts 
in the opposite direction and tends to restore umformity of composition Thus 
a steady state will ultimately be reached in which the proportion of the 
mixture will vary gradually as we pass along the tube 

431 This predicted variation in the proportion of the mixture was first 
discovered experimentally by F W Dootson* In a typical experiment a 
tube with a bulb at each end was filled with a mixture of hydrogen and 
caxbon-dioxide in approximately equal proportions One bulb was then kept 
for four hours at a steady temperature of 230® C , the other being kept water- 
cooled at 10® 0 At the end of the four hours samples were drawn off from 
the two bulbs and analysed with the following results 

Hot bulb (230® 0 ) 44 9 per cent H 2 , 55 1 per cent CO 2 
Cold bulb (10® 0 ) 41 3 per cent Bt, 68 7 per cent COa 

The effect detected here is of the sign and order of magnitude predicted 
by theory In actual amount it is rather less than half the amount predicted 
on the supposition that the molecules behave like elastic spheres The 
theoretical effect for elastic spheres is, however, greater than that for any 
other type of molecule, and it will be remembered that it vanishes altogether 
for molecules repellmg according to the Maxwellian law Thus the effect 
detected by experiment was about what was to be expected, and as later 
and more accurate expenmentsf have given very similar results, the theory 
may be regarded as bemg verified 

The steady state phenomenon we have been considermg is of interest m 
that it depends greatly upon the law of force between molecules It seems 
possible that it may m time lead to powerful methods for the investigation of 
molecular fields of force Chapman has suggested also that it may prove to 
be of value for the separation of gases of equal molecular weight J (e g CbH 4 
and Na), and also possibly for the separation of isotopes § 

* PM Mag xxxm (1917), p 248 , , „ 

t Ibbs,JVoc Boy Soc 99 A (1921), p 385, and 107 A (1925), p 470, Elliott and Masson, Proc 

Boy Soc 108 A (1925), p 378 

t Phil Mag xxxiv (1917), p 146 
§ Phil Mag xxxvm (1919), p 182 



CHAPTER XIV 


THE EVIDENCE OF THE KINETIC THEOEY AS TO 
THE SIZE OF MOLECULES 

Evalmtion of Molecular radius from Free Path Phenomena 

432 In the last three chapters we have considered the free path 
phenomena of viscosity, conduction of heat and diffusion, and have found 
for the three correspondmg coeflScients formulae mvolvmg m every case 
the quantity cr, the diameter of the molecule of the gas in question Thus ue 
have three phenomena from which the molecular diametei may he calculated 
The values of a- which can he deduced from the phenomenon of viscosity 
have already been calculated and exhibited in the table on p 288 A similar 
set of values can be deduced from the observed values of S-, the coeflScient of 
conduction of heat given on p 301 To do this, it is necessary to make some 
defimte assumption as to the transfer of internal molecular energy, and the 
assumption which has been made is that already explained in § 403 Finally, 
it IS possible to obtain a third set from the coeflScients of diffusion given m the 
tables on pp 323, 324, although the piocedure here is rather more complicated 
than m the two former cases In these tables we have thiiteen observations 
from which to detemune the eight molecular diameters mvolved A least- 
square solution would be laborious, and of little real value since obviously 
some of the values given for have a much greater observational \alue than 
others The followmg simple plan has therefore been followed 

The values of the molecular diameters of the three gases hydrogen, oxygen 
and air have been deteimined solely from the fiist three entries m the first 
table The value of <r for mtrogen can then be obtamed from the fourth entry 
The two remaining entnes then give the two somewhat discordant values 
1 92 and 1 83 for the ladius of the molecule of carbon-monoxide, and I have 
assumed the true value to be the mean of these, namely 1 87 

The three firat entnes m the second table then give for the ladius of the 
COs molecule the values 2 20, 2 16, 2 22, and I have assumed the true value 
to be the mean of these, namely 2 19 In a similar way I have taken mean 
values for the radii of the molecules of nitrous oxide and ethylene 

The three sets of values obtamed m this way are exhibited in the following 
table The agreement of the different entnes inter se is surpnsmgly good 
considermg the assumptions which have been mtroduced Bather naturally, 
it IS less good for gases with soft molecules than foi those with hard The 
entries m the fouildi column give the mean of the entnes in the preceding 
columns, and the entnes in the last column give the mean firee path calculated 
by Maxwell’s formula (56) 
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Gas 

Value of J(r x 10® calculated from 

Mean 
value of 
i<rxl08 

j 

Mean 
free path 
(cms ) ' 

Viscosity 

Conduction 
of heat 

Diffusion 

Hydrogen 

136 

136 

136 

136 

i 

U 25 X 10-« 

Helium 

109 

110 

— 

1 10 

17 2 1 

Water-vapour 

2 29 

— 

— 

2 29 

40 1 

Carbon-monoxide 

190 

191 

187 

189 

58 ' 

Ethylene 

2 78 

2 78 

2 75 

2 77 

27 

Nitrogen 

189 

189 

192 

190 

68 j 

Air 

187 

187 

187 

187 

5 9 1 

Nitiic oxide 

188 

189 

— 

188 1 

59 

1 

Oxygen 

181 

181 

1 82 

1 81 

64 

Argon 

183 

182 

— 

1 82 

63 I 

Carbon-dioxide 

2 31 

242 

219 

2 31 

39 

Nitrous oxide 

2 35 

2 33 

2 27 

2 32 

39 

Methyl chloride 

2 83 

— 

— 

2 83 

26 

Ethyl chloride 

3 09 

— 

— 

3 09 

22 

Chlorine 

2 70 

— 

— 

2 70 

29 

Benzene 

3 75 

— 

— 

3 76 

15 

Elrypton 

2 07 

— 

— 

2 07 

49 

Xenon 

2 44 

— 


2 44 

35 


EvidwoMon of ^<r from Deviations fi om Boyle’s Daw. 

433 In each of these phenomena the molecular diameter has enteied 
through the free path In Chapter VI the molecular diameter wsa estimated 
from the observed deviations from Boyle’s Law, and the diameter then entered 
through the total volume occupied by all the molecules m a given space The 
two sets of values obtamed for ^cr aie as follows 


Gas 

bom Boyle’s Law 

i<r 

from free path 

Hydrogen 

Hehum 

Nitrogen 

Air 

Carbon-dioxide 

127x10-8 

099 

178 

166 

171 

136x10-8 

110 

190 

187 

2 31 
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Although these numbers agree tolerably well, the agreement must to 
some extent be regaided as accidental For, as we saw in §378, the two sets 
of values of <7 do not really measure the same quantity Of the five gases m 
the table, the two which have the hardest molecules are hydrogen and helium, 
and for each of these we may suppose that 5 = 12 approximately (cf p 284) 
Thus the correcting factor which was found to be necessary m § 378 has for 
these gases the value v^r(^) or 1 079 We must divide the values for ^<r 
obtamed from Boyle’s Law by this number and find for the quantity 


1 



the corrected values 1 18 foi hydrogen and 0 91 for helium 

The values of -Jtr obtained firom free path phenomena attempt to measure 
this quantity directly, but the values obtained are now seen to differ from 
those just found by about 13 pei cent for hydrogen and about 22 per cent 
for helium For the softer molecules, such as that of carbon-dioxide, the 
agreement is naturally very much worse We have found for the CO 2 molecule 
a correcting factor 1 6363 (cf equation (776)), so that the entry 1 71 for 
ought to be reduced to 1 10 But as mentioned in § 377 there are other 
corrections to be made before we can start comparing the two values of ^cr 

The general result, however, emerges quite clearly that the values for 

obtamed from Boyle’s Law are uniformly smaller than those obtamed from 
free path phenomena A simple geometrical interpretation of this can be 
given In measuring the deviations from Boyle’s Law we are virtually 
measurmg the volume of a molecule, while m measuring the free path in a 
gas ve are measurmg the cross-section of the same molecule The figures 
obtained suggest that the mean ladius of the molecule, regarded as a solid, is 
less than the mean average radius of the cylmders circumscribing its various 
cross-sections But this, simply as a matter of geometry, must necessarily be 
the case if the molecule has any shape except that of a sphere 

To illustrate this suppose that the molecules of a gsus were constituted 
of coin-shaped discs of radius a and small thickness h, and therefore of total 
volume 7 ra®A Except for a correction necessitated by the fact that these 
molecules would not behave like elastic spheres at collision, the deviations 
from Boyle’s Law would lead to a value of cr such that or 

cr=={6a%)i, while measurements on the free path would lead to the value 

a- = a. If A IS small, the value of will of course be very much smaller 

than a 

The difference between the two sets of values found for may accord- 
ingly be interpreted as mdicatmg that the molecules are not really sphencal 
The comparative closeness of the two sets of values for hydrogen and helium 
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suggests, however, that for these gases the assumption of sphencal molecules 
will give a toleiably good approximation to the truth For the softer mole- 
cules such as carbon-dioxide it is perhaps safest not to attempt to draw any 
conclusions, in view of the diflSculties already explained in § 378 It need 
hardly be said that what we are concerned with in these evaluations of Jor is 
the extension of the field of force surrounding the molecule, and not the size 
of the material structure out of which this field of force oiiginates We shall 
see how this latter stiucture can be measured in § 437 

434 Some investigators avoid the difficulties arising out of the “soft- 
ness” of the molecules, hy assummg Sutherland’s formula (§ 381) to hold, and 
comparmg the values of cr deduced from Boyle’s Law with the values of the 
diameter of the hard kernel For instance Eucken*, in a very mterestmg 
paper, has given the following comparison, amongst others, of diameters 
of molecules calculated from deviations from Boyle’s Law and from free 


G^s 

Xff 

from Boyle’s Law 

fiom free path , 

Nitiogen 

1640xl0-s 

1 527 X 10-8 

Oxygen 

1447 

1467 1 

Argon 

1427 

1417 1 

Carbon dioxide 

1602 

1 601 ' 

1 


It must be remarked that Eucken uses values of Van der Waals’ quantity b 
which are deduced from the critical data, and so may differ very widely from 
true observational values (cf § 190) For this reason Eucken’s values of 
deduced from Boyle’s Law differ consideiably from those given on p 327, and 
little seems to be gamed by comparmg Jo* evaluated from the critical tempeia- 
ture with which refers to temperature T = oo 

Evaluation of^a from Densities in the Solid and Liquid States 

435 A further estimate of the molecular radius can be formed by a con- 
sideration of the maximum density of the substance when m the solid or liquid 
state This method, however, only enables us to calculate an upper limit to 
the molecular radius 

For instance, Dewar f found the density of solid hydrogen at 13 2® 
absolute to be 0763 The mass of a cubic centimetre of solid hydrogen is 

* Phyg Zeitach xrv (1913), p 381 Bncken also calculates values for three other gases— 
Helium, Hydrogen and Benzene, but the v^u^ agree nothing like so well as those given here 
The author states the material for the calculation of 4<r from Boyle’s Law is uncertain in 
the case of the gases hydrogen See also Chapman, Phtl Tt(vm» 211 A, p 481 

t Proc Roy Soc iixzm (1904), p ^1 
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accordingly 0763 grammes, while the mass of each molecule (cf § 8) is known to 
be 3 32 X 10““ grammes The number of molecules m a cubic centimetre is 
accordmgly 2 30 x 10“ If the molecules of hydrogen are regarded as hard 
spheres of diameter <r, these molecules, if packed as closely as possible, would 
occupy a volume 

2 30 X 10“ X ^ 

V2 

This volume, then, is certainly less than a cubic centimetre Or, what 
comes to the same thing, the value of the molecular radius of hydrogen is 
certamly less than the value of Jcr which makes the above expression equal to 
a cubic centimetre This value is 

i<r = 197x10-8 

In this way we obtam a superior limit to the value of Jo* for hydrogen 
The similar limits for other gases can be obtamed m the same way, and we 
arrive at the following table 


Substance 

Temp (0) 

Density 

Upper limit 
of iff 

Value of Jir 
(P 327) 

Hydrogen (sohd)* 

-259 9° 

00763 

197xl0-« 

136xl0-» 

Helitun (liquid) t 

-2716 

01466 

2 00 

1 10 ; 

Water 

40 

10000 

173 

2 29 ; 

Carbon-monoxide J 

-206 0 

08568 

2 12 

189 

Ethylene § 

-21 

0 414 

2 68 

2 77 

Nitrogen (solid)* 

-252 5 

10265 

199 

190 ; 

Oxygen (solid)* 

-232 5 

14256 

186 

181 

Argon (liquid) % 

-189 

1423 

2 02 

1 82 [ 

Caibon-dioxide (solid) |l 

-79 

153 

2 03 

2 31 1 

Nitrous oxide § 

-20 6 

1003 

2 32 

2 32 1 

Methyl chlondelT 

-20 

0 983 

2 46 

2 83 1 

Ethyl chloride** 

0 

0 925 

2 65 

3 09 j 

Ohlormeft 

-80 

16602 

2 31 

^2 70 

Benzene 

0 

0 899 

2 94 

3 75 

Krypton §§ 

-169 

2 15 

2 23 

2 07 

Xenon §§ 

-140 

3 52 

2 25 

2 44 

1 


* Dewar, Proc Bay Soe Lxxin (1904), p 251 

t Kamerlingh Onnes (1911) J Baly and Donnan (1902) 

§ CaiUetet and Mathias, Joum de Phys [2], t (1886), p 556 

11 Behn (1900) ^ Vincent and Delaohanal, Com^tes Rendus, ixsxvn (1878), p 987 

** Darling, Arm Chem 160 (1871), p 214, and Recueil de Constantes Physiques 
tt Kmetseli, Amt Chem 269 (1890), p 100 tt Beeuetl de Comtawtes Physiques, p 146 

§§ Bamsey and Travers (1900) 
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Considermg the general crudeness of the supposition upon which w'e have 
been working, the compaiative agreement of these two sets of figures cannot 
be regarded as otherwise than satisfactory In regardmg all molecules as 
spherical, regardless of their tine shape, we run the risk of an error m i<r 
compS'rable with tjie value of the (quantity itself That discrepancies of this 
order of magnitude occur in the two sets of figures cannot, therefore, be 
regarded as a matter for suipnse At the same time the circumstance that 
some of the values for ^cr given m the last column are greater than their 
upper hmits is one which demands explanation 

436 If the molecules were known to be hard spheres, the circumstance 
just mentioned would be perfectly mcomprehensible But when we allow for 
deviations from perfect hardness the difficulty is at once removed Foi the 
upper hmit is obviously an upper liimt to the radius of the hard kernel of the 
molecule, and so must not be compared with the value of Jo- at 0° C , which 
IS considerably larger than that of the hard kernel 

Assunung the relation between the radius of the hard keinel and 
the effective radius of the molecule to be that given by Sutherland’s formula 
(§ 381), it IS easy to deduce values of ^ <r^ from the observed values of |<r at 
0°O A set of such values is given in the foUowmg table, together with the values 
of the upper limit, now regarded as an upper hmit for J<r„, for companson 


Gas 

Assumed 
value for C 

Value of 
(calc } 

Upper hmit 

Hydrogen 

76 

1 21 X 10-» 

197xl0-» 

Helium 

79 

097 

2 00 

Carbon-monoxide 

100 

163 

212 

Ethylene 

249 

201 

2 68 

Nitrogen 

112 

160 

199 

Oxygen 

132 

148 

186 

Argon 

169 

143 

202 

Carbon-dioxide 

240 

168 

203 

Nitrous oxide 

260 

166 

2 32 

Methyl chloride 

454 

174 

246 

Chlorine 

199 

2 06 

2 31 

Krypton 

142 

168 

2 23 

Xenon 

252 

178 

2 25 


It will be noticed that the upper limit is now in every case above the 
value for 
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EvaluoMons of from, Dielecbnc Constant 

437 Mention may also be made here of an interesting determination of 
the size of molecules which does not depend upon the kmetic theory at all 
Eegaidmg molecules as spheres which are perfect conductois of electiicity* 
the dielectric capacity iT of a gas which contains N molecules per cubic centi- 
metie is found to be given by 

K —\= 

On ni^sigmng to JV the value 2 705 x 10" it is possible to calculate a- 
duectly K is known When K is not known by direct expeiiment, we may 
assume Maxwell’s relation K = ja®, wheie is the refractive mdex for light as 
compared with a vacuum For a gas, E is very nearly equal to umty, so that 
the relation becomes FT = 2/i — 1 In the followmg table many of the values 
of K are calculated in this way 


Gas 

^ (obseived) 

Method t 

Lower bmit 
toi<r„ 

4<r- (P 3S1) 

Hydiogen 

1 000264 

E 

0 92x10-8 

1 21 X 10-8 

Helium 

1 0000724 

0 

0 60 

0 97 

Carbon-monoxide 

1 000692 

E 

127 

163 

Ethylene 

1 001385 

E 

161 

2 01 

Nitiogen 

1 000594 

0 

121 

1 60 

Air 

1000688 

E 

120 

157 

Oxygen 

1000543 

0 

118 

148 

Argon 

1 000568 

0 

119 

143 

Carbon-dioxide 

1 000965 

E 

1 41 

168 

Nitrous oxide 

1 001082 

E 

147 

166 

Methyl chloride 

1 001732 

0 

172 

174 

Ethyl chloiide 

1 002346 

0 

190 

— 

Chlorme 

1 001536 

0 

165 

2 06 

Benzene 

1 003382 

0 

215 

— 

Krypton 

1 000850 

0 

136 

168 

Xenon 

1 001378 

0 

160 

178 


* Mossotti’s Hypothesis See Maxwell, Elect and, Mag (3rd edition), p 70, or Jeans, EleU 
and Mag (5th edition), p 130 

t Mbthodb E — ^Electric method by direct measurement of K The values given are m 
each case the mean of two determinations Boltzmann, Wtener Sitmngsher lxix p 795, and 
ElemenCiS, Wtener Sitzwigsher xci p 712 

O — Optical method, the value of K being calculated from the obseived refractive mdex The 
values of iu are taien from Cuthbertson and Metcalfe, Phil Trans 207 A (1907), p 136, Travers* 
Study of Gases, p 296, and the Recuetl de Comtantes Physiques 
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It AVill 1)6 noticed that the ralue of ■J-er, obtained in this manner, is the 
]radius of the electrical structure of the atom, this bemg supposed for simphcity 
to he spherical The values obtamed for may accordingly be regarded as 
lower limits for the quantity which vre have already had under considera- 
tion The values obtamed for this lowei limit are given m the above table, 
together with the values of obtamed on p 331, for companson 

It IS satisfactory to find that these values of he m every case between 
the lower hmit just obtamed, and the uppei limit obtamed on p 330 The 
limits are in some cases quite wide, as for mstance with hehum, but it must 
be remembered that we have ainved at the l imi ts by assummg the helium 
atom to be spbeiical, whereas it piobably consists of three coplanar electric 
chaiges The widest limits occui for the gases of lowest molecular weight, 
except for a tendency for monatomic gjases to have wider hmits than others 
This IS seen fi:om the following table, giving the ratio of the hmits for the 
various gases 


Gas 

He 

Ax Kr 

Xe 


Batio 

33 

17 16 

15 


Gas 

B.2 

CO, C 2 H 4 , Ns Oj 

N 2 O 

OOj,OHs 01 ,OjH 6 a,Ol 2 ,aH« 

Ratio 

21 

17 


14 


Emlmhm of ^a- from GiystaUine Structure 

438 Fmally, it is possible to measure the distances apart of the centres 
of the atoms in ciystal structures with great accuracy From measures of this 
kind, W L Bragg* has determmed the following radii for the atoms of the 
commoner elements which occur m gases 

Carbon ^<r = 0 77 x 10“* cms Nitrogen = 0 65 x 10~* cms 

Oxygen Jo- *= 0 65 x 10~® cms Chlorine Jo- = 1 05 x 10”® cms 

The radu of the atoms of the inert gases cannot be determmed m this way, 
but firom a consideration of their positions in the periodic table of elements, 
Bragg deduces the following radii 

Neon = 0 65 X 10”® cms Krypton = 1 17 x 10”® cms 

Argon J<r = 1 02 x 10”® cms Xenon ^(r = 1 36 x 10”® cms 

These radii are substantially lower than those calculated from firee path 
phenomena, shewing that the atoms are packed more closely in ciystallme 
sohds than m gaseous collisions 

* PM Mag sc (1920), p 169 
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AEROSTATICS AND PLANETARY ATMOSPHERES 


439 In the present chapter we shall apply the principles and results of 
the kinetic theory to a discussion of problems coimected with the atmosphere, 
both of this and other planets The problems dealt with consist of various 
problems of aerostatics, and an investigation mto the question of dissipation 
of planetary atmospheres 

Aerostatics 


Atmosphere in Isotheimal (Conductive) Equilibrium 


440 An atmosphere is essentially a mixture of gases of different kmds 
under the influence of a permanent field of force, namely that of gravitation 
The potential of this field of force at a height z above the sur&ce of the 
planet may be taken to be 

For the densities of the different kinds of gas at a height z, we now have, 
from § 113, the equations 


p' ~ po^ 


-ihm'gz 


(862), 

(863) 


These equations give the densities of the constituents of the atmosphere 
at different heights, p^, pi, clearly bemg the densities at the planet’s surfece 
We neglect vanations m the value of g, and also the rotation of the planet 

These equations axe mdependent in the sense that each is concerned with 
one and only one of the different constituents of the atmosphere The equa- 
tions therefore contam the mathematical expression of the law formulated by 
Dalton for an atmosphere m isothermal equihbnum 


•An atmosphere in isothermal eqmhbnum may be regarded as the aggregate 
of a numher of atmospheres, one for each constituent gas,^ the Um of density in 
each atmosphere being the same ae if it atone was present 

Considermg, for simphcity, two constituents only, the ratio in which they 
are mixed at any height z is seen to be 

qzm-m' 

and numerical values can be obtamed on inserting the values of JR/m, BIm' 
fi^im the table on p 119 
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For instance, if two kinds of gas are the oxygen and nitrogen m the 
earth’s atmosphere, we find that the index of the exponential becomes equal 
to about 01 at a height of five kilometres Thus the proportions of oxygen 
and nitrogen would, on the suppositions we have made, change at the slow 
rate of about one per cent in every five kilometres 

Atmosphere in Adiabatic {Convective) Equilibrium 

441 The atmospheric distribution which has just been investigated, a 
distribution in which the temperature is constant throughout, while the 
density of each component gas falls off exponentially with the height above 
the earth’s surface, is the law which would undoubtedly become established 
if the earth’s atmosphere were left at rest for a sufficient time. 

Under actual conditicfns, however, the earth’s atmosphere is mcessantly 
bemg agitated by currents and storms, so that there is a continual mechanical 
transference of air from one part of the atmosphere to another From this 
circumstance, coupled with the fact that the conduction of heat in gases is 
very slow, it follows that the atmosphere is never permitted to assume the 
• equilibrium distribution which has just been discussed As the density of an 
element is changed by its enforced motion from one layer of the atmosphere 
to another, the temperature also tends to change, but before the temperature 
has adjusted itself by conduction to the temperature of its new surroundmgs 
the element finds itself again moved away Hence it happens that the &ctor 
which determines the distribution of the atmosphere is not the equalisation 
of temperature necessary to a permanent state, but is the condition that 
an element of gas, on being moved from one place to another, shall take up 
the requisite pressure and volume in its new position without any loss or 
gam of heat by conduction taking place The law connecting the pressure 
and volume in the atmosphere must accordmgly be the adiabatic law found 
m § 242 


442 The general equation of equilibrium of the atmosphere is 


1 

II 

(866), 

and if, in accordance with the adiabatic law, we write 


II 

(866), 

we obtdiu kyp^~^ ^ ~ ~ 

(867) 

The integral of this equation is 



(868), 
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where /?o is the density z — 0 This is the law according to which the 
density falls off with the height Since by equation (866), T is proportional 
to p^''\ it follows that equation (868) can be expressed in the form 

— = a constant (869), 

where is the temperature at ^ = 0 Thus the temperature decreases as we 
move upwards in the atmosphere, the amount of decrease being proportional 
to the height 

The process of diffusion, as well as that of conduction, being very slow in 
gases, it follows that the constituent gases of an atmosphere in convective 
equilibrium ought to occur in approximately the same proportion at all 
heights This is found by experiment to be true of the atmosphere of the 
eaith Frankland* has found that the proportions, of nitrogen and oxygen in 
our atmosphere are the same for all altitudes up to 14,000 feet As has 
already been remarked, there would be a variation of about one pei cent at 
this height m an atmosphere in conductive equilibiium 

On puttmg p =s 0 in equation (868) we obtain 

ir(7-l) 

fiom which it appeals that there is a superior hmit to the height of an 
atmosphere m convective equilibiium Smce, by equation (866), p^kpy, this 
linutmg height may be written in the form 



PoJ 


(871), 


where pQ are the pressure and density at the earth's surface Substituting 
numerical values, this height is found to be about 29 kilometres 

Our atmosphere, then, if supposed to be m convective equilibrium through- 
out, would have to be regarded as a layer of gas of umform composition 
throughout, having a height of about 29 kilometres, the temperature decreasing 
uniformly as we ascend 

On substitutmg numerical values, we find for the constant of the right- 
hand side of equation (869) a value of approximately 10° C per kilometre In 
practice, however, the problem is one of extreme complexity, owing m part to 
the irregularities of the earth's surface which prevent the surfaces of equal 
temperature from being stiictly spheiical It is found that this theoretical 
estimate of the temperatuie gradient is only approximately confirmed by 
observation, the obseived value bemg more like 6°0 pei kilometre f 


* Joum Chem Soc xm p 22 

t See Dines, Phil Ttank 211 A (1912), p 253, oi Gold, Pioc Boy Soc Lxxxn A (19091, 
p 43 The ComitS mStSorologiqm international has adopted the rate of 1° per 200 metres for 
reductions of temperatnre obseivations to sea lev^el 
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The Outer Atmosphere 
Outer Atmosphere %n Conductive Equilibrium 

443 When we examine in detail the molecular mechanism by which the 
adiabatic law is maintamed in an atmosphere we find that there must be a 
hmit beyond which adiabatic equihbnum is impossible For at the free 
surface which is predicted from the supposition that the adiabatic law obtains 
throughout, the density would be zero, and therefoie the mean free path 
infinite Hence there would be molecules amvmg at this surface from layers 
of gas inside it, with finite velocities and mfinitesimal probabihties of collision 
The majority of these molecules would of course pass outside the free surface 
predicted by the simpler theory, m a maimer somewhat similar to that m 
which molecules escape from the free surface of a liquid and form a vapour. 

These molecules would form what may be desciibed as an "outer" 
atmosphere In this atmosphere the density is very small, so that collisions 
are rare, and the majority of molecules will simply describe orbits under the 
earth’s gravitation, undisturbed by collisions, and will finally fall back again 
into the “mner” or adiabatic atmosphere This at any rate is true of those 
molecules which stait with velocities such that they describe elliptic orbits 
under the earth’s attraction Others, starting with greatei velocities, will 
describe parabolic or hyperbolic orbits, and these may be regarded as lost 
altogether to the earth’s atmosphere We shall return to the consideration of 
these losses later 

444 A brief calculation will shew that the isothermal layer predicted by 
these considerations would be expected to start only a few metres from what 
would otherwise have been the outer himt of the atmosphere, and so long as 
we consider only the molecular mechanism of the atmosphere, there seems to 
be no reason why the isothermal layer should extend further than this. The 
question assumes a very different aspect when the radiation of the different 
layers of the atmosphere is taken into account It is obvious that an atmo- 
sphere in which the outer layers were at, or near to, the absolute zero of 
temperature could not be in permanent equilibrium For these outer layers, 
bemg at this low temperature, would lose no heat by radiation, and would be 
contmually gaming heat by absorption of radiation from the warm mner 
layers of the atmosphere. For any atmospheric arrangement to be permanent, 
the radiation and absorption of each element must be equal 

The mathematical theory of an atmosphere m radiation equilibrium has 
been worked out by Gold* Regardmg the atmosphere as consistmg of two 
shells, the inner m the adiabatic state, and the outer in the isothermal, it is 

* **Tlie Isothermal Layer of the Atmosphere, and Atmospheric Radiation,” JProc Boy Soe 
Mm A (1909), p. 43 


J G 
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shewn that foi an atmosphere of uniform constitution, the adiabatic state 
could not extend to a height greater than that given by where is 

the surface pressure When the atmosphere is not supposed to be umfonn, 
the height to which the adiabatic layer can extend is increased Using an 
approximate formula to represent the varying amounts of water- vapour at 
different heights, it is shewn that the adiabatic layer must extend to a height 
greater than that given by jp = Jpo (namely z = kilometres), but cannot 
extend to a height greater than that given by p = (namely 
kilometres) 

446 The existence of an isothermal layer above the adiabatic regon of 
the atmosphere has been amply confirmed by observation The phenomenon 
was first obseived by M Teisserenc de Bort, and was communicated to the 
Soci^t6 Fran 5 aise de Physique in 1899*, it has now become a matter of 
every day observation The average height at which the isothermal layer is 
encountered is between 10 and 11 kilometres in European latitudes The 
altitude IS greater near the equator and less near the poles, it is generally 
less in cyclonic weathei than m anticyclonicf Occasionally the phenomenon 
is found to be one of temperature-mversion, the temperature reachmg a 
mmimum at the boundary of the two layers, and mcreasmg as the isothermal 
layer is furthei penetrated In an observation over Strassburg in 1905, the 
temperature recorded at 26 kilometres was 20® 0* higher than that at 
14 kilometres 

In general we shall obtam a fair approximation to average conditions by 
assuming that the temperature is adiabatic up to a height of lOJ kilometres, 
at which the pressure is -Jjpoj ^kat at this pomt the temperature is - 54° C 
(=219® abs), and that beyond this the atmosphere is in isothermal equi- 
hbnum 

446. Accordmg to the simple theory of which the result is expressed by 
equation (862), there can be no upper limit to the height of the outer atmo- 
sphere in isothermal equihbnum, for the value of p, as given by this equation, 
does not vanish at any fimte height 

It must, however, be remembered that m arriving at equation (862), no 
account was taken of the rotation of the planet, or of the variation of the value 
of gravity at heights above the earth’s surface. When there is found to be no 
limit to the height of the atmosphere, the neglect of these disturbing agencies 
becomes inadmissible 

* See also Teisserenc de Bort, Corwptes Rendua, 134 (April 1902), 138 (Jan 1904), and 143 
(Jnly 1907) and Dines, JShil Tiam 211 A, pp 268, 268 
t For fdJIer details see The ComjowtffTs Handbook (Government pubbcation, issued by the 
Meteorological Ofibce). especially diagram faomgn p 55, W H Dines, ‘‘The charactenstics of 
the Free Atmoff^re” {Geophysical Memoirs^ No 13, London, 1919) , McAdie, Piinciples of Aero- 
grapiky, chap, v especially pp 47, 49 
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For a planet rotating about the axis of z with angular velocity ». the law 
of distribution of density may be taken to be 

where ^ = — i ~ ^ (873 ), 

the term ^ representmg the gravitational potential at a distance » fiom the 

earth’s centre Thus the equation of the surfaces of equal density may be 
taken to be 

G>® + y^) 4- = constant (874 ) 


The form of these surfaces was first studied by Edward Eoche* , a dis- 
cussion of bis results is given in a papei by Prof 6 H Bryanf Sufficient 
information for our present purpose will be obtained by examining the 
distribution of density in the equatorial plane of the planet Replacmg 
by r®, we have in the equatorial plane 




- (875) 


Differentiating, we find that dpjdr vamshes when 


Q>sr = 






There is therefore a smgle minimum of density, and the position of this 
minimum is the same for each constituent atmosphere, bemg in feet the 
senes of points at which the apparent centrifugal force exactly balances 
the gravitational attraction of the planet As we pass outwards the density 
decreases until this mimmum is reached, and afterwards mcreases con- 
taually 

Helmert’s value for oB^ajg, the ratio of the apparent centrifugal force to 
gravity at the earth’s equator, is 233 g g* minimum of density 

ought to occur at a distance from the earth’s centre given by 

r = ^2M38a = 6 607a 

At a pomt so fe.r from the earth’s surface as this, the density is so small 
that it may be treated as insignificant 


OoTishtiiUm of the Ovter Atmosphere 

447 Throughout the whole of the outer atmosphere the law of dis- 
tribution must be that expressed by equation (872) We can now carry 
out calculations similar to those of § 4*42, but having reference to the outer 

* MSmoires Acad Se% Mimtpep,ier» 

+ “The Kinetic Theory of Planetary Atmospheres ’* Fhil Trant. 196 A, p 12. 

22—2 
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atmosphere. It -will not be found necessary to cany these calculations to 
a height above the earth’s sur&ce so great that the rotational term becomes 
of any importance 

At a height z above the surface of the planet, the value of Y is 

F- 

r a + 

so that equation (872) becomes 

Also po> the value of p at the lower boundary of the outer atmosphere, is 
given by 



smce we may neglect the thickness of the inner (convective) atmosphere m 
comparison with the eaith’s radius 

The elimmation of A leads to 

, = (srr) 

Also at the inner surface the proportion in which the different con- 
stituents occur IS the same as throughout the inner atmosphere, and therefore 
the same as at the eaith’s surface 

448 The following table gives the constitution by volume of the atmo- 
sphere at the earth’s surface 


Hydrogen* * * § 

about 1 

in 10,000 

Helium f 

1 

„ 260,000 

Neonf 

1 

„ 80,000 

Nitrogen 

78 03 

« 100 

Oxygen 

20 99 

„ 100 

ArgonJ 

0 94 

„ 100 

Krypton§ 

1 

„ 2,000,000 

Xenon § 

1 

„ 17,000,000 


Traces of Carbon-dioxide and Ammonia are also present in the atmo- 
sphere in varying quantities 

* This IS the proportion given by the Becueil de Constantes Physiques, as also by the Com- 
putsT^s Jffandbooh of the Bntish Meteorological Office Claude, Comptes Bendus, 148 (1909}, 
p 1454, gives the proportion as less than 1 m 1,000,000 by weight, Lord Bayleigh {Phil Mag 
in, (1902), p 416) gives lees than 1 in 30,000 by volume Some authorities believe that there is 
no appreciable amount of free hydrogen in the atmosphere. Important evidence bearing on this 
question will be found in a paper by Chapman and Milne, Boyal Meteorological Soetetyt 
June 16, 1920 

t W. Bamsay, Proe Boy Soc lixx (1908), p 599 

Moissan, Comptes Bendus, 137, p €00 , 

§ W Bamsay, Proe, Boy Soc xxsi (1903), p. 421, and nxzx (1906), p 599. 
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"W^e caJi now study ths way in which the composition of the upper 
atmosphere varies at different heights by a use of formula (877) The density 
at the bottom of the outer atmosphere must be a matter of uncertainty, but 
as a rough and convenient approximation, let us suppose that it corresponds 
to 10^® molecules per cubic centimetre The number of molecules of different 
kinds at this level can be at once deduced from the table just given, and then 
from formula (877), we can calculate the followmg table* givmg the numbei 
of molecules per cubic centimetre at different heights in the isothermal atmo- 
sphere The table is calculated for the assumed temperature T= - 54° C = 219'* 
absolute, and z is measured from the to'p of the adiabatic atmosphere assumed 
to be at 10 5 kilometres above sea level 

The table shews at a glance how the heavier gases tend to sink to the 
bottom of the isothermal atmosphere, while the lighter ones rise to the top. 
As we ascend in the outer atmosphere, the proportion of any hght to any 
heavier constituent gas must contmually mcrease, so that the proportion of a 
hght gas, however rare at the bottom, must necessarily exceed that of all 
heavier gases after a sufficient height 


Number of molecules per cubic centimetre 

IN THE OUTER ATMOSPHERE 


Gas 

Molecular 

weight 

Number of molecules per c c at height 

2 (m kilometres) 

z=0 

2=20 

2=80 

2=160 


Hydrogen 

2 


80x1013 


1820x10*1 

3x10“ 

Helium 

4 

4x1013 

2 6x10“ 

73x10“ 

13x1011 

108 

Neon 

20 

12 5x1013 

14x1013 

03x1011 

06x10? 

0 

Nitrogen 

28 



620x10“ 

36x10? 

0 

Oxygen 

32 



26x10“ 

03x10' 

0 

Argon 

40 


139x10“ 

004x10“ 

lO® 

0 

Krypton 

83 

0 6 X 10« 

10* 

0 

0 

0 

Xenon 

130 

0 06x10“ 

10® 

0 

0 

0 

Total - 


1013 

6x10“ 

6xl0i« 

2x1014 

3x1011 


For instance hydrogen passes nitrogen and all other gases at about 
75 kilometres up, at 80 kilometres hydrogen forms 87 per cent of the 
whole atmosphere, and at 800 kilometres practically the whole atmosphere is 
hydrogen. 

* This table is from a paper by the present writer of the Mount Weather Observatory, 
XL [6] (1910)) A similar table was first given by Hann m 1903 (Meteorolog ZeUschnft (1903), 
p. 192), and will be found r^rodnced in the Reeuetl de Conetantes Physiques, p 688. See also 
HnmphreyB, Bull of the Mount Weather Observatory, tl [2] (1910), and Wegener, Phys. ZeiU 
sehnft, xir (1911), p 170. 
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The proportion of helium nowhere attams to any great value At about 
95 kilometres, helium exceeds nitrogen m amount, but is itself already 
exceeded about eighty-fold by hydrogen* 

The three remaining monatomic gases are all heavier than air, and so 
nowhere exceed the small proportions which they contribute at the base 

Collisions in the outer atmosphere 

449 At a height of 800 kilometres, the atmosphere is practically all 
hydrogen The value of v here is about 3 x 10^^ and assuming a molecular 
diameter cr = 2*7 x 10""®, we find a iree path of about 10 metres At this height, 
then, molecular collisions are still comparatively frequent 

At a height equal to four times this, the density is reduced by about 10*^, 
and the free path is accordmgly about 10,000 kilometres Thus it appears that 
at this height the chance of collision for a molecule is practically neghgible, 
and the atmosphere may be supposed to consist of molecules in free fright, 
undisturbed by collisions It will be noticed that even at this height there are 
still about 300,000 molecules per cubic centimetre 

When the free path of a molecule is suflSciently short, it may be regarded 
as a straight hue, but the molecules we are now consideiing are in flight for 
so long that gravity will produce a very appreciable curvature of their paths 
The paths of some of these molecules will be approximately parabolic, the 
molecules behaving like projectiles discharged at their last collision Others 
may rise to such heights that the variations m the values of gravity become 
perceptible, and their orbits must be treated as ellipses these molecules, while 
m flight, form m effect a senes of infimtesimal satellites to the earth A small 
minonty of the molecules, which happen to have acquired very high velocities 
by a senes of unusually violent colhsions, will describe hypeibolic orbits, and 
unless they meet with another collision, will be lost to the earth’s atmosphere 
for ever 

In this way we see that there must be a contmual loss to the atmospheres 
both of the earth and of other planets The amount of this loss we may now 
try to estimate 

The Rate op Loss of Planetary Atmospheres 

460. Imagme a sphere of radius R drawn in the atmosphere of a planet 
concentric with the planet’s surface, this sphere being of such radius that 
collisions outside it are very infrequent, but the radius bemg left otherwise 
undetermined for the present 

The gravitational potential at the surfece of this sphere will be ga^JR, so 
that a molecule arnving at the sphere with a velocity c will descnbe an elhptic 
or a hyperbolic orbit according as c* < or > 2ga^lR 

* If, howeyer, hydrogen is absent from the upper atmosphere as Ohapman and Afilna snggesl^ 
then the upper atmosphere is preponderatingly helinm at all heights above about 95 kilometres 
(see footnote to p 340). 
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The number of molecules which cross unit aaea of this spheie in an out- 
waid direction m nmt time with a velocity greater than 2ffa‘jR will be 


p (^yj f 1*6 " wdudvdw (878\ 


where v is the density of molecules at the sphere r^R, w is the component 
of velocity normal to the sphere, and the mtegiation is taken for all values 
of Vy w which aie such that xv is positive, and 

1^2 -f- ^ -I- ^3 > 

Each molecule counted m expression (878) is desciibing a hyperbolic 
orbit, and if the value of R is supposed so great that collisions outside the 
sphere of radius jB are very infrequent, then each of these molecules may be 
supposed to be permanently lost to the planet’s atmosphere. 

To integrate expression (878) put 

i4 = csm5cos^, V — Gsm0sm(j>y w==^ccQ8d, 

then the limits of integration are from 0 = 0 to ^tt, from ^ = 0 to 27r, and 
from c=^2ga^lR to qo We find for the value of expression (878), 


^ ^ j c=^2ga^lR 2 Nirhm v 

As in equation (877), we may take the value of v to be 




.. ..(SJ9), 

where vq is the molecular density at the base of the isotheimal atmosphere 
On substituting this value for Vy we obtain for the loss per unit area per umt 
time over the sphere of radius R, 

— e- Sft-nffa (l + hm . .( 880 ) 

2v7rAm ^ ' 

Comparing this with formula (318), we may notice that the loss is exactly 
what it would be if gas from the base of the isothermal layer were streaming 
freely into space, without any resistance, through a senes of onfices of total 
area equal to 

times the sur&ce of the sphere of radius R 


yp 

2 VttAtw 


461 The expression obtained in this way is not mdependent of JS, as we 
might at first have expected it to be The reason for this is as follows. In 
the complete atmosphere, supposing it to be constituted accordmg to the law 
expressing the steady state throughout, there will be a number of molecules 
describing orbits which never pass withm a sufiiciently small distance fi?om 
the planet’s centre for the chance of colhsion to be appreciable Some of 
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these desciibe h 3 rperbolic or parabolic orbits, travelling from infinity past the 
planet to infinity again without collision. Now if p is the distance of the apse 
of any orbit fi:om the planet’s centre, it is clear that a molecule descnhing 
this orbit will be counted m expression (880) as escaping from the planet’s 
atmosphere if R >p, but not if i2 <p We should theiefore expect expression 
(880) to increase with JS, as is in fact seen to be the case 

It IS questionable whether molecules of the kind just considered ought to 
be supposed to exist m an actual atmosphere. The analysis by which the 
specification of the steady state is arrived at takes no account of the length 
of time required foi the establishment of this steady state In the present 
instance the steady state implies the ariival of molecules which have described 
hyperbolic and paiabolic orbits firom mfinity It is therefoie obvious that it 
will require infimte time to establish such a steady state 

On the othei hand, molecules which are supposed to describe oibits in 
the regions m which no collisions occur have no influence on the rest of 
the atmosphere and may therefore be removed without disturbing the equi- 
librium of the remainder of the atmosphere In nature these molecules cannot 
be supposed to exist They would be counted in our estimate of the escape 
of molecules irom the atmosphere by taking R great We shall therefore 
obtam the most accurate lesults by taking R as small as possible, and the 
error would vamsh altogether if we could reduce the sphere of radius R to 
such a size that collisions might be regarded as firequent everywhere inside it 

This we are prohibited from doing, because we have already supposed jB 
to be so great that collisions outside the sphere of radius R are veiy mfrequent 
It must, nevertheless, be noticed that the order of magmtiide of expression 
(880) IS determined solely by the exponential so that the value of 

2hmga determmes whether the escape of molecules is appreciable or not 
This criterion, as we should expect, is mdependent of R 

In the case of a rotating atmosphere, we found that there must be 
supposed to be a complete atmosphere extending to infinity, lymg outside 
the region in which practically no colhsions occur This atmosphere can be 
treated in the same way m which individual molecules commg from infimty 
have been treated It can be supposed to be removed bodily without distuib- 
mg the equilibrium of the remainder of the atmosphere 


462 Formula (880) gives the number of molecules w’hich aie lost pei 
unit area per unit time fiom the planet’s atmosphere, Vo being the number of 
molecules pei umt volume at the base of the isothermal layer. Hence the 
time required foi the planet to lose an amount equal to a layer one centimetre 
thick of the gas m question at the base of its isothermal atmosphere will be 
given by 




2^7rhm 
1 -f- 2hmga^lR 


seconds 


(881) 
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For the earth, the actual mean ladius is 6370 km, the radius of the base 
of the isothermal atmosphere is about 6380 km , while we have seen that B, 
can certainly be taken to be less than (6380 + 3200) km , or about %ol We 
aae only concerned with the evaluation of as regards order of magnitude, 
and to this degree of accuiacy the distmction between R and a may be 
disregarded, both for the earth and the other planets Putting iJ/a = l, 
and leplacing ihm by its value 3/C^ formula (881) becomes appioximately 

4 34 

= — 3 seconds (882) 

0 ( 1 +^“) 

Imagine that the total amount of gas of the kind under consideration is 
equal to that in a layer of thickness H and density equal to that of this gas 
at the base of the isothermal layei At this base, the partial pressure of the 
gas m question must be approximately v^ingHf and is also equal to ^VornG- 
Thus the value of H must be approximately \G^jg, and the time fi required 
for the whole outer atmosphere to stream away, if its present rate of loss 
were kept up, would be 

rt2 1 ^ 

^ ^ seconds (883). 

For the earth, a = 6*37 x 10® cms, g = 981, so that ga = 636 x 10^^ The 
value of 0 for hydrogen at — 53® 0 , the temperature we have assumed for the 
isothermal atmosphere of the earth, is 1 65 x 10®, so that 

^ = 700 (884). 

Hence we find that for hydrogen m the earth’s atmosphere, = 9 4 x 10^ 
seconds or about 3 x 10^^ years, while ti is about 2 8 x 10“ years This 
represents a quite mappieciable rate of dissipation, even when measured by 
astronomical standards 

The question of the rate of loss of an atmosphere has recently been dis- 
cussed by J E Jones* and E A Milne Although both writers treat the 
question with a higher degree of mathematical refinement than that of the 
above investigation, their numerical results do not differ to any important 
extent fi:om those given by our simpler investigation 

463. It will have been noticed that formulae (882) and (883) are very 
sensitive to variations in temperature, owmg to the presence of the exponen- 
tial factor. If we had assumed a temperature of 650® abs (277® C) instead of 
one of — 54® 0 for the earth’s isothermal atmosphere, the value of 0* would 
be times its former value, and the index of the exponential (cf equation 

* Tians CamJindge Phtl Soc sxn (192$), p 534 
+ Tran3 Cambridge Phil 8oe xxn (1923), p 483 
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(884)) would be 28 in place of 70, giving values of and ti about or 10~« 
times those found above The actual value of is now about 10 milhon years, 
and this would repiesent appieciable dissipation on the astronomical scale of 
time 

It accordingly seems certain that at present our atmospheie is retaining 
its hydrogen, and a fortiom all the heavier gases, but the loss of a hydrogen 
atmosphere is leadily understood if we are at liberty to contemplate an epoch 
of time in which the temperatuie of the outer atmospheie was greater than 
about 277° C 


454 Whenever a constituent of an atmosphere is s>till in existence, the 
values of and must be of astronomical orders oi magnitude, so that the 
index ZgajG^ must be a fairly large number Thus we may, to withm our 
present accuracy, neglect unity in comparison with this number m formulae 
(882) and (883), and replace them by the approximate formulae 


^ 0 - 


146(7 

ga 


> — 


2g^a 


%ga 

e<^ 


(885) 


The application of these formulae is naturally not limited to the earth 
The masses and radii of the other planets and their satellites are known with 
fair acciiiacy From these g can be estimated, and hence we obtain, for any 
planet, a lelation between ^i, the time of dissipation, and (7, the velocity of 
molecules of any kind in the atmosphere of the planet The following table 
gives the values of Jf, a and g for various members of the solar system In the 
•last three columns are given the values of C which conespond to ^i = 1000 
years, ^1=1,000,000 years and ti = 1000 million years These times may roughly 
be supposed to represent astronomically rapid, moderate and imperceptible 
dissipation respectively 



Mass 

(Earth =1) 

Badias 

(Eaith=l) 

Giavity at 
surface 
(Earth =1) 

Value of molecular velocity C 

«!= 1000 years 

10® years 

10® years 

Sun 

333,432 

10905 

27 9 

16x10^ 

14x10^ 

13x10’ 

Mercmy 

0 056 

0 37 ■ 

041 

11x10® 

11x10’ 

09x10® 

Venus 

0 817 

0 966 

088 

27xl0» 

24x10® 

21xl0» 

Earth 



1000 

29x10® 

26x10® 

23x10® 

Moon 

0012 

0273 

0165 

61x10* 

5 4x10* 

48x10* 

Mars 

0108 

0 54 

0 37 

13x10® 

12x10® 

10x10® 

Jupiter 

318 

11 14 

261 

16x10® 


12x10® 

Sat 1 

KESa 

031 

006 

4x10* 

3x10* 

3x10* 

Sat II 


0 28 

0 09 


4x10* 

4x10* 

Sat III 

0028 

0 47 

013 

7x10* 

6x10* 

6x10* 

Sat IV 

0013 

040 

0 08 


6x10* 

4x10* 

Saturn 

95 22 

94 

106 

90x105 

81x10® 

71x10® 

Titan 

002 

0 37 

014 


6x10* 

6x10* 

Uranus 

1468 

40 

0 92 

56x10® 

49x10® 

44x10® 

Neptune 

17 26 

43 

0 95 

68x10® 

61x10® 

46x10“ 
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This table ought to be used m conjunction with one such as the following, 
Tvhich gives the values of G at various temperatuies for different possible con- 
stituents of planetary atmospheres 

Values of G at diffebext temperatures 


Gas 

Tempeiatnre 

-lOO^O 

o°c 

300=0 

Hydiogen 

147xlO> 

184xlU> 

2 66x10° 

Helium 

104x10" 

1 31 X 10° 

190x10° 

Water-vapom 

49x10^ 

61x10* 

8 8x10* 

Nitrogen 

39x10^ 

49x10* 

71x10* 

Oxygen 

3 7x10* 

46x10* 

67x10* 

Argon 

3 3x10* 

41x10* 

6 9x10* 

Caibon-dioxide 

31x10* 

39x10* 

5 7x10* 


These predictions of the Kinetic Theory appear to be in accordance with 
the facts in every instance The tables explain at once the existence ol 
atmospheies on Venus, the earth, and all the superior planets. 

Theory would lead us to expect an atmosphere on Venus very similar m 
composition to that on our earth There appears to be quite conclusive evidence 
that an atmosphere of some sort exists on Venus, although it has not yet been 
found possible to deteimine its constitution What evidence is available is 
interpieted by H N. Russell as shewing that the atmosphere of Venus is so 
permeated with particles of vapour as to be translucent rather than transparent, 
and this leaves the question of constitution unsolved 

Mars ought to retam water-vapour and all heavier gases with certainty, 
but the retention of helium must remain open to question m our present 
ignorance of the Martian temperature, while hydrogen could not possibly be 
retamed Lowell and Shpher claim to have found spectroscopic evidence of 
the existence of water-vapour on Mars, while Campbell argues from the small- 
ness of atmospheric absorption that the atmosphere of Mars cannot at most 
have a density as great as a quarter of that of our own atmosphere 

Jupiter, Saturn, Uranus and Neptune ought clearly to retain all con- 
stituents of their atmospheres, mcludmg hydrogen Not only this, but these 
planets ought to have retained hydrogen even if, m the past, their atmospheres 
had been at temperatures about ten times as great as those which we must 
now assign to them Spectroscopic evidence indicates that all of these 
planets have very dense atmospheres, m which hydrogen is almost certainly 
a prominent constituent 
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The cntical molecular velocities for the moon are about a fifth of those for 
the earth, so that, if the temperature conditions had always been the aamo as 
for the earth, the moon ought to have retamed gases having molecular weighfis 
equal to 26 times those retamed by the earth But any atmosphere of this 
kmd on the moon must probably have been veiy thm, and the resulting high 
temperatures on the illuminated side of the moon would probably soon result 
in a loss of whatever atmosphere there was An atmosphere has been observed 
on Titan, for which the cntical velocities are about the same as for the moon, 
but this IS exphcable m view of its greater distance firom the sun, and the 
same consideration is piobably adequate to account for the suspected atmo- 
spheres on two of Jupiter’s satellites Mercury is believed to be devoid of 
atmosphere, although its cntical velocities are higher than those for any of 
these satelhtes The high temperature resultmg fixim its proximity to the 
sun provides an adequate explanation 

Free electrons have such high velocities that they ought to escape finely 
fi:om everything, mcludmg the sun. If this occurred the sun and all the 
planets would have become positively charged until a state of electncal 
equihbnum was obtained, m which planets and satelhtes with varymg positive 
charges of electncity moved through a space which was negatively charged 
by the presence of free electrons This possibihty leads to mterestmg fields 
of speculation, but there is as yet no evidence that anything of the kmd 
happens to any great extent The question has been fully discussed by Milne 
m the paper already quoted* 

465. The escape of “atmospheres” from the surfaces of wholly gaseous stars 
presents a further problem, the atmospheres here being of course merely the 
outer layers of the stars themselves Our formulae (885) shew that the question 
of escape or non- escape turns on the value of ga, the gravitational potential 
at the sur&ce of the star For all known stars ga has such a value that the 
present rate of escape is inappreciable f The problem has a certam cosmogonic 
interest; the cosmogomst can exclude from his consideration all configurations 
which would be merely transitory on account of the escape of their outer 
layers For instance the satellites of Mars and the smaller satelhtes of Saturn 
and Jupiter which are even now too small to retain an atmosphere, could not 
exist for long m the gaseous form, so that unless these bodies are mere relics 
of frr larger masses, we must conclude that they were all born in either the 
solid or liquid stated 

* Trcm Camhtc^e Phi Soe xm (1923), p 483 
tie §13 (p 507) 

$ J H J'eans, Problem of Coemogcny and SteUai Dynamiet, p 281 
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STATISTICAL MECHANICS AND TEDE PARTITION OF ENERGY 
IN CONTINUOUS MEDIA 

Geneeal Theory 

456 In Chapter V we considered the statistical mechanics of a general 
dynamical system The theory there obtained ivas apphed in particular to 
dynamical systems consisting of a great number of similar particles — molecules 
or atoms In this application there was always some difSculty and uncertainty 
ansing out of oui ignorance of the exact structure of the molecules or atr> ms 
under consideration 

We proceed now to apply the same theory to the motion of contmuous 
media Three media will be of interest, namely a gas, the luminiferous ether 
(on the supposition that one exists) and an elastic solid In these apphcations 
of the theory, our former uncertainty as to the mechanics of the system under 
discussion disappears, for, to a first approximation at least, the dynamics of 
each medium is known The deg^rees of fireedom of the medium represent a 
capacity for transmittmg wave-motions, and we shall find that the number of 
these degrees of freedom can be easily determmed 


Degrees of freedom %n oontmuous media 

467 In each of the three media just mentioned, the possible motions are 
aU determmed by an equation of the form 


^ = ( 886 ), 

and this is known to represent wave-motion propagated with a velocity a* 
In this equation, ^ is a scalar quantity, or a component of a vector, having 
different meanings according to the problem m hand If the medium is 
gaseous, must be the veloaty-poteutialf, while m the ether all the six 
components of electnc and magnetic force satisfy equations of the form of 
(886)1 In an elastic sohd, the equation is satisfied by the dilatation A and 
by the three components of rotation wi, wg, wj, these quantities bemg defined 
by the equations 

. 9w 0® 1 (Zw dz\ , 

where u, v, w are the components of the displacement at any pomt§ 


* See for instance, Jeans, ^lectncity and Magriettm (5tli edition), §§578-580. 
t Lord Bayleigh, Theory o/ Sound, n chap ziu 
:|; Jeans, JElectnciiy and Magnetim (5t]i edition), § 577 
§ Love, Theory of Elasticity, chap v. 
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In the two latter cases, the different sets of solutions aie not independent 
If X, F, Z the components of electiic force m the ether satisfy equation ( 886 ) 
then the components of magnetic force must necessarily satisfy the same 
equation, and moieover of the three solutions X, F, F, only two are independent 
since X, F, Z are connected by the relation 


^ 37 ^ 

dx ^ dy ^ dz 


= 0 


In the elastic solid solutions, 'stj, tsra, -org are connected by the relation 


dx^ dy^ dz 

Thus only two of these three sets of solutions aie independent, to which 
the A solution must be added, making in all thiee sets of independent 
solutions 


468 For simplicity, let the medium under consideration be supposed 
limited to a rectangular volume, extending from x^O to x^ol, from y = 0 to 
y = ) 8 , and from = 0 to ^ = 7 

Let the value of <t> at time ^*=0 be denoted by this being of couise 
a function of x, y and z only By Fourier's theorem, the value of <f>o at every 
pomt mside the volume aj 8 y can be expressed m the form 

^ A myry tzttz 

d>0 =* ZZzAimn cos COS — COS 

« P 7 


+ XXSBinm sm — cos cos + (887) 

a p 7 ^ ' 


In this equation the triple summation is to be taken over all positive 
integral values of I, m and n from 0 to 00 . The coeflScients Aimn, 
are given by 






Iwx miry nirz 

ro cos cos — 7 ^ cos 

a p 7 


n ® rrf-L WITZ , ^ , 

~ “IT dxaydz, 


etc and there are six other sets of coefficients (say G, D, E, F, G, H), the total 
of eight corresponding to all possible arrangements of smes and cosines of 


lirx 
a ^ 


— anct 
j3 


nirz 

7 


Let the rate of mcrease m ^ at time = 0 be denoted by The quantity 
ij>Q can also be expanded in series similar to the nght-hand side of equation 
(887) Let the coefficients in this expansion of <f>o be A'l^n, B^imn, etc 
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Knowing the initial values of ^ and the complete solution ot equation 
(886) can be wntten down It is readily seen to be 

^ = 2S2 cos cos cos Iran COS|)< + A'lrm, 

+ 2SS sin ^ COS COS ^ cos pt + + (888), 

TV here, in order that equation (886) may he satisfied, we must ha\e 


fP 

p^^a^ir ^ 




On combining the terms which have the same values of Z, m, n m equation 
(888), it IS found that <f> can be expressed as a sum of terms of the form 

(890), 

where the summation is over all values oi ±1, ±m, ± n, and the constants 
if and e are of course different for each set of values Put m this form, it is 
dear that the solution represents sets of plane waves, travelling m different 
directions From equation (889) it follows that all waves aie propagated 
with the same velocity a 


459 Questions of great importance anse out of the classification of 
these waves according to frequency and wave-length. It will be remembered 
the values of I, m, n are necessarily integral We may now imagme 
different values of I, m, n represented m a three-dimensional space having 
I, 1 }, ? for rectangular coordmates, and the different sets of integral values 
will occur at the rate of one per unit volume in this space The number of 
sets for which p is less 'than some assigned value po 'will by equation (889) 
be equal to the number of points having mtegral coordinates (I, m, n) in this 
space, such that 

1* m* , ^ p^ 

ftT<8 therefore to the number of such pomts which he inside the elhpsoid 
whose equation is 

^ 4.51 + ^ = ^ 

0 ? /S" r 

The volume of this elhpsoid is | and this is accordmgly the 

number of sets of values of I, m, n for which p<po By diffmentiation, the 
number of sets for which p hes within a range from p to p -f ip is 



( 891 ) 
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460 We have so far been dealing only with abstract solutions of the 
equation (886) Before applying these lesults to a definite problem, 
must eliminate such solutions as do not satisfy the boundary conditions of 
the particular problem in hand 

In a sound problem, we are dealing with the vibrations of a gaseous 
medium, <f> is the velocity-potential, and the boundary condition to be 
satisfied is that d<j>/dn shall vanish all over the boundary Applied to the 
particular volume under consideration, this requires that dc^/dos shall vanish 
when sc=^0 and when oG = a, and similar conditions must be satisfied for y 
and 3 The effect of this restriction is to limit the solution (887) for <j)^ 
to terms m A, all the solutions in B, C, H disappear because they do 
not satisfy the boundary conditions Thus the complete solution (888) 
reduces to 

^ cos cos cos {Aimn COS pt + A imn ^ j (892) 

(X, p *Y \ B ' 

The number of separate free vibrations is now only one-eighth of that 
previously estimated, and the law of distribution according to values of p 
will, from formula (891), be 

461 In a light or radiation problem, (f> may be supposed to be any one 
of three components of electric force or of magnetic force For definiteness, 
let us suppose ^ to be identical with X, the ic-component of electric force 

In Older that the system may be a conservative one, there must be no 
possibility of energy passing through the walls of the contammg vessel These 
walls must accordingly be thought of as perfect reflectors, and therefore as 
perfect conductors One boundary condition must clearly be that X shall 
vanish over the planes y = 0, y — y8 and 3=^0, and this requires that all 
the terms in <f>Q (equation (887)) which contain cosines of miryj^ or nTrzjy 
must vanish We are left with the solution 

X - SS2 cos ^ Bin sin ^ oob pt + 

+ 222 sin ^ sin sin ^ cos pt + ffjmn (894) 

From this value of X, the values of the remaming components of electnc 
and magnetic force can be written down, and it is at once found that all the 
othei boundary conditions are satisfied* Thus formula (894) contains the 
solution of the problem, it contains only a quarter as many constants as the 
general solution (888) m which the boundary conditions were disregarded 


Gf Jeans, Electricity and Magnetism (5th edition), § 593. 
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Formula (891), which expressed the law of distribution before the 
boundary conditions were taken mto account, must accordingly be divided 
by 4, and we obtam for the law of distribution of values of in the light 
problem, 

(895) 

462 Any one term in the solution for <f> can exist by itself, and the 
number of separate terms will accordingly be the same as the number of 
separate free vibrations It will be noticed that the number of free vibra- 
tions m the ether (cf formula (893)) is double that in a gas This could 
have been foreseen from the circumstance that a sound-wave is determined by 
one vector, namely the displacement m the direction of propagation, while a 
light-wave is determined by two vectors which determine vhe intensity and 
direction of propagation and of polarisation 

In an elastic solid waves of both kinds can coexist We have a normal 
wave of compression analogous to a sound-wave, and a tangential wave of 
distortion analogous to a light-wave Thus the number of separate free 
vibrations in an elastic solid medium is equal to the sum of the corresponding 
numbers in a gas and m the ether It must however be remembered that in 
an elastic solid there are two different velocities of propagation, say for 
waves of compression and aj for waves of distortion 

463 In the formulae obtamed, the factor a/3y the volume of the en- 
closure enters as a multiplier, so that the number of free vibrations per 
umt volume is the same whatever the volume of the enclosure We have 
only proved this to be true for rectangular enclosures, but m physical 
applications the wave-length of the vibration will always be very small m 
comparison with the dimensions of the enclosure, so that we should expect 
that the shape of the enclosure would become unimportant just as its size 
has been seen to do That this is actually the case has been formally proved 
by Weyl* 

Collectmg our results, we find that the number of free vibrations per unit 
volume in different media is that given m the table below The first column 
gives the number of vibrations classified according to frequency of vibra- 
tion If X is the wave-length of any vibration of frequency p/27r, we have 
X— 2-7ra/p, so that dX — 2Trap~^dp On transforming the variable from p to 
X, we obtain the corresponding numbers for vibrations classified euicordmg to 
wave-length, and these are given in the last column of the table 

* H Weyl, MatK Awublen, ixa (1912), p 441 See also papers by the same wither. 
Journal fUr dte revne und tmgewandte McdihemaUk, 141 (1912), pp 1 and ICS; 14S (1913), p« 177, 
and Bendteonti del Otreolo Mat, dt Palermo, xxnx (1915), p. 1 
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Mediam 

Vibrations per nnit volume of the 
medium olassided according to 

Frequency ~ 

Wave-length X 


Gas 

p^dp 

27r^a^ 

4n‘X^*d\ 

Ether 

pHp 

87rX"“^d\ 

Elastic solid 


12irX'~*dX 


464 Before leaving this subject, it may be noticed that in any medium 
whatever, the number of free vibrations per unit volume, of wave-length 
between \ and X + (wheie \ is supposed large compared with the scale of 
structure of the medium, if it is coarse-grained, and small compared with the 
size of the medium), must necessarily be of the form 

where 0 is a numerical constant For no other type of formula would be 
possible, consistently with the physical dimensions of the quantities mvolved 
The whole problem accordingly reduces to the determmation of the 
multiplier C, which of course can differ from one medium to another And 
for the three media we have had xmder consideration, the three values of 0 
must be in the ratio 1 2 3 for the reasons already stated — in a gas there is 
only the one set of normal vibrations, m the ether there are only transverse 
vibrations, but there are two mdependent transverse vibrations, m different 
planes of polarisation, for each normal vibration in the gas ; and finally m the 
elastic solid there are both normal and transverse vibrations 

Statistical Mechanics 

466 When once the number of mdependent free vibrations has been 
counted up, the problem of determmmg the partition of energy in a con- 
tinuous medium becomes an exceedmgly simple one For each vibration is 
known from the dynamics of the medium, as expressed in the general equa- 
tion (886) and its solution (888), to consist of a simple harmomc motion, so 
that if ^ IS the coordmate of any vibration, the corresponding energy will be 
of the form * 

-^1 — (896), 

where Oi, hi are constants. Each vibration accordmgly contributes two squared 
terms to the energy of the whole system Let X be supposed so small that 
the number of vibrations of wave-length between X and X + dA, namely 
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OX^dX, IS a large number Then the total energy of the corresponding 
squared teims must, by the geneial theoiem of equipartition of 
energy (§ 100), be 

Q>RT\-^d\ (897), 

this energy being of course at the late RT per \Tibiation. 

On inserting the appropriate value foi C, this formula will give the paiti- 
tion of energy accordmg to wave-length in the medium under consideration 


Analysis of Eneygy %n a Qas 


466 We have so far thought of the heat-energy of a gas as residmg in 
moleculai motion, but formula (897) regards it as the energy of trams ot 
waves of sound Similarly the heat of a solid is usually thought of as a 
manifestation of random agitations of the molecules, but formula (897) shews 
that it also may be regarded as the energy of regulai elastic solid vibrations 
(cf § 3) 

Before proceedmg farther, it will be usefal to make a somewhat detailed 
study of the relation between these two widely different ways of regarding 
the energy of a medium For simplicity we shall confine our attention to the 
case of a gas 

Imagine the whole volume H = of the gas divided into n rectangular 
cells each of volume gj, and of edges Sa, 8/3, Sy parallel to the edges of the 
large rectangular volume, 8 here bemg regarded as a small fraction The total 
number of cells n is also equal to 1/S^ 

The molecular arrangement in the gas is sufficiently known from the 
mvestigation of Chap III The molecules are distributed absolutely at random 
between the n cells, and each velocity component is distributed accordmg to 
Maxwells Law 

Let us consider the airangement of positions first. An arrangement in 
which the molecules are placed at exactly equal distances apart, m some 
regular geometrical order, is of course a possible arrangement, but is no more 
typical of the normal state than would be a motion m which each molecule 
had exactly the same velocity. So also an arrangement m which each of the 
n cells mto which the volume is divided contams the same number N/n of 
molecules is possible, but is not typical of the normal state. 

As m § 45, let us consider as typical an arrangement m which 

G5i, Os, - Ofnt 

the numbers of molecules in the respective cells, are given by 



. ( 898 ), 

23—3 
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where the a’s are small compared with Njn, and 


+ +a« = 0 (899) 

Let the sth cell have as ,the coordinates of its point farthest horn the 
origin pSa, rSy^ and let also be denoted by Upqr 

Consider an arrangement m which the distribution of molecules is such 
that m every cell 

= ^imn cos Ip Btt COS mq Stt cos nr Sir (900), 

where is a constant This is not a typical arrangement, for there is 
regularity m it As we pass along any Ime parallel to the axis of x, jp8 
varies from 0 to 1, so that sm IpSir varies harmonically, with a wave-length 
such that there are Z half-penods within the length a inside the rectangle 
Similarly the arrangement m any chain of cells parallel to the axis of y is 
harmomc, there being m half-penods inside the rectangle, and similarly for 
the axis of z When the cells become small compared with the wave-length, 


cos Ip Stt may be replaced by cos^^, and so on, whence it appears that 


equation (900) expresses a distnbution of density in a single free vibration 
such as is specified by equation (892) 

In general the values of Opg, for the different cells will not be of the form 
(900), but whatever the values of they may always be expressed by 
Founer’s theorem as the sum of a number of terms of this form Thus we 
may suppose the most general typical distribution to be of the form 

Op^ = cos IpSw COS mqSiT cos nrBir, (901), 

l mn 

where the summation is from Z=ltoZ=l/S, and similarly for m and n 
If, as before, probability is measured as a fraction in the appropriate 
generahsed space, then the probabihty that Oi, Og, shall have the values 
assigned to them by equations (898) is, by equation (73), equal to 0a given by 

where (cf equation (82)) 

(902) 


The probabihty that ocj, as, shall he withm a small range daidc^dck $ 
doi bemg small compared with N/n, and so on, is therefore 

dadcLidtx^doi^ (903) 

Formula (903) gives the law of distribution of the a’s, and therefore of 
the a's Let us now change the variables from the a’s to the f’s, the relation 
between the two sets of variables bemg that given by equations (901) Smce 
these equations are hnear, we have at once 

dctidci^ ~ A d^jd^Q • «, 

where A the modulus of transformation is a constant 
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Squaring equations (901) and adding corresponding sides, 

n n 

2a^«2|^(222cos=ZnS7r cos^ mq Stt cos® nr Sir) 

1 11 mn * 

« 1 n 

SO that equation (902) becomes 

The law of distnbution (903) now becomes 

(2'7ri^ “ i Ae ” 1627 + ^2® + ) 


(904), 


Thus the law of distribution of each f is the same, namely 

Ce 


where 0 is a constant, and we have 





(905) 


The next step is to find the potential energy of the trams of waves 
? 2 i If JPo IS the equihbnum pressure, and if s denotes the condensa- 
tion (Sp/p) at any pomt, the potential energy measured from the equihbnum 
configuration is 

i2>«jj l^dxdydz = ipt'Z a> 

Substituting for 2a® from equation (904), this becomes 




and it now follows from equations (906) that the average value of each term 
m this expression for V is ^RT. 

Thus we have seen how, in the typical normal state, the randon arrange- 
ment of the molecules as regards position may be resolved mto regular trains 
of waves And, as we should expect firom general statistical mechamcs, the 
amplitudes of these waves are seen to be distributed according to Maxwell’s 
Law, and the mean potential energy of each wave is ^BT, 


467 The random motions of the molecules can be resolved mto trams of 
waves in a similar way* , the final result of this analysis can be seen firom the 
general principles of wave-motion, which indicate that the mean kmetic energy 
of each wave must be equal to its mean potential energy and therefore to JjBH 

* For details of the aotoal analysis, see PkiL Mag xvn, (1909), p 2S9 
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468 To sum up, it appears that the potential energy in a gas, which 
originates from the molecules not being perfectly evenly spaced, can be 
expressed as the potential energy of trams of waves in the form 

while the coirespondmg kmetic energy, which aiises from the random agitation 
of the molecules, can be expressed as the kmetic energy of the same waves m 
the form 

25^= -I- 0302® + 

Further, the aveiage energy of each term is the same, bemg given by 

and hence the average value of the energy of any vibration, say as given 
by equation (896), must also be RT 

Thus a detailed study of the mechanism of molecular energy leads to 
exactly the same result as was obtained m § 465 from the general pnnciples 
of statistical mechanics It has also given us a further insight mto the 
physical meamng of this result 

469 We arrived at formula (897) by supposing \ to be small, but except 
m a perfectly structureless medium there is a limit set to the smallness of X 
hj the coarse-gramedness of the medium For mstance, m a gas at normal 
pressure, the distance apart of adjacent molecules is about 3 x 10“’cms, so 
that it IS meaningless to consider a wave of sound m this gas for which the 
wave-length is smaller than 3 x 10“^ cms But there will always be some 
range, say from Xo (small) to Xi (large) over which formula (897) is apphcable 

On integration the total energy of waves of wave-length between these 
limits is found to be 

As a rough approximation, we may suppose that is neghgible m 
comparison with Xq"^, and also that all the energy of the medium can be 
expressed as the energy of waves of wave-length greater than Xo, where Xo is 
a length comparable with the scale of coarse-gramedness of the medium The 
total eneigy per unit volume of the medium is accordingly 

jCEIXo'® -(906) 

This energy represents the potential and kinetic energies of the wave- 
motion m the medium, it takes no account of the mternal energy, if any, of 
the molecules Let j3 denote, as usual, the ratio of the mternal energy of 
the molecules to their energy of translation, then the sum of these two 
energies, say E, will be given by 

E^:^{l+fi)CRI%r .. (W 
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The specific heat at constant volume of umt volume of the medium is, 
however, given by 

= § 7 = 1 07 X 10-“ X (1 + 0) 

SO that the value of \ for any medium can be found fi:om a knowledge of the 
specific heat 

For instance, for air at normal pressure, C>,= 172, p= 00129, yS = f, 
C = -iTT, so that Xo = 4! 5 X 10“^ cms This is comparable with the average 
molecular distance 3 3 x 10"’ cms , as of course it ought to be If the scale of 
moleculai structuie in a gas had not been known, it could have been roughly 
determined in this way 

470 In a perfectly continuous or structureless medium we may take Xq = 0 
The only structureless medium which we need consider is the luminiferous 
ether For this C = S^r, and the law of distribution of radiant energy (cf 

formula (897)) will be SjrBTxr^dX . . (908) 

According to the classical mechanics this is the formula which ought to 
give the partition of energy in ether in temperature equilibrium at tem- 
perature 71 It ought to be obeyed for all wave-lengths from a great wave- 
length Xi compaiable with the dimensions of the medium up to the very 
shortest wave-lengths It was first given by Lord Eayleigh^ in 1900, bemg 
suggested only as a theoietical formula which might perhaps be found to 
agree with expenment for veiy long waves , there was never any question of 
its bemg expected to give the partition of energy for all waves 

On puttmg Xq — 0, formula (906) shews that the energy of a structureless 
medium would be infinite except when 37 = 0, the specific heat of the 
medium becommg infinite Thus, excluding the impossible case of a system 
havmg mfimte energy, we see that the temperature of a perfectly structure- 
less medium ought to be mvariably zero Whenever an exchange of energy 
takes place between the medium and a matenal system placed m it, the 
medium must always gain energy and the rest of the system must always 
lose energy The final state can therefore only be one m which all of the 
energy of the matenal system has been transmitted to the medium, and both 
are at zero temperature, the only exception being when a state is previously 
reached such that fiirther transfers of energy cannot take place 

We see that the presence of a medium of this kind leads to exactly the 
same result as was previously obtamed m Chapter V (§ 84) by supposmg the 
matenal system to lose energy in a way which could be represented by the 
existence of a dissipation-function We now see that the presence of a 
contmuous medium, with an insatiable capacity for energy ansmg fix)m its 

* See Lord Bayleigh, PM Mag [5]acLix (1900), p 5S9, and Lxxn. (1906), pp H 243 

See also L H Jeans, PM Mag [6] x (1905), p 91 
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infinite degiees of freedom, can be exactly represented by the existence of a 
dissipation-function, a final state is only reached when the material system 
can no longer transmit energy to this medium 

471 Physical illustrations of the ideas which have just been developed 
will occur to everyone A pendulum, suspended and set in motion mside a 
closed vessel contauung air, will continue to lose its eneigy of vibration until 
it comes to rest Its energy will have been absorbed, primarily, in setting 
up waves in the air, but ultimately these may be regarded as equivalent to 
a random molecular motion Stnctly speaking, the air is not an absolutely 
continuous medium its capacity for energy is not infinite, whence it results 
that the pendulum is not absolutely reduced to rest In its final state it has 
a certain very small motion, of the nature of a Brownian movement, and of 
amount appropriate to a “particle’’ of its size, namely a motion such that its 
kinetic energy is on the average equal to that of one molecule of the air 
surrounding it 

A further instance of these principles will be found in the state of things 
considered at the end of § 3 (p 3) 

472 If we suppose an ether to exist, precisely similar results must 
necessarily follow for this ether if we make the assumption that the classical 
laws of djmamics are obeyed All available evidence goes to shew that, if an 
ether exists, there can be nothing of the nature of coarse-gramedness in the 
structure of the ether Even if the ether has a structure, tLs structure must 
certamly be veiy much more fine-grained than that of a gas, bemg indeed so 
fine-grained as to have escaped observation altogether. Thus we should 
expect the loss of energy of a material system to contmue until all its energy 
had been transmitted to the ether 

Consider for defimteness a mass of iron, say at 0° 0 , placed inside an 
enclosure whoso walls are perfectly impervious to radiation, so that the iron 
and the ether in the enclosure form a self-contained system According to 
our theoretical result, the iron ought to lose energy continually until its 
temperature becomes close to the absolute zero, and the whole energy of the 
system has passed into the ether But so far from this actually happenmg 
experimental evidence indicates with considerable certainty that a final state 
is rapidly attained in which the iron remains appioximately at 0® 0, and the 
partition of energy m the ether is in thermodynamical equilibrium with the 
matter In this state, the energy of the ether is of density 3 93 x 10^ ergs 
per cubic centimetre, while that of the iron is of the order of 8 x 10^ ergs 
per cubic centimetre Thus, almost all the energy resides in the comparatively 
few degrees of freedom of the iron, while only an infimtesimal amount passes 
into the enormously greater number of degrees of freedom in the ether. 
Nothing of the nature of equipartition of energy appears to hold 
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Here we see, m its most vivid form, the complete contradiction between 
the result of observation and the theoretical results obtained firom the assump- 
tions that an ether exists and that the classical laws of dynamics are obeyed 
Analysis which will now be given will shew that the contradiction arises out 
of the classical laws of dynamics and not out of the assumed existence of an 
ether. For, without assummg that an ether exists at all, wre shall deduce the 
law of distribution of radiant energy (908) fiom the classical dynamics alone 


Radiation from Resonators 


473 Consider first the exchange of energy between a material resonator, 
as for instance a Hertzian vibrator, and a field of radiant energy surrounding 
it 

Let the resonator be regarded as a djmamical system, obeying the classical 
laws Let its kmetic and potential energies be of the forms 

2L = a<ti\ 

m which a and h are constants When the resonator oscillates free from 
external disturbance, its equation of motion is 

<4 + ^ = 0 (909), 

and the solution of this equation is 

— A oospt^-Bsmpt ... (910), 

where AL, B are constants, and p is such that op® = h 

For a motion which is influenced by external agencies, such as the 
mteraction with the assumed field of radiation, the equation of motion will 
be of the form 

(911) 

The value of U during any interval < = 0 to t = T may, by Fourier’s 
theorem, be expressed in the form 

= {FqCiOBqt-\‘QqSniqt)dq (912), 


where the coefl&cients Qq aie given by 

cos qf 

Oq—] sin qfdt^ 

Jf^o 


(913) 


The general solution of equation (911) is readily obtamed Let us 
assume that at any instant i( = 0, the values of ^ and <f> are the same as 
if the coordinate ^ were descnbmg the free harmomc vibration expressed by 
equation* (910) The impulse Udt, acting firom 0 to t=^dt 9 sets up an 


additional free vibration of imtial displacement zero and velocity , the 

a 
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displacement of this additional vibration at any subsequent time is therefore 

TjfJf 

ain Compoundmg all these vibrations with the original vihratoon 

eicpressed by equation (910), we obtam for the vibration bemg described at 
the instant t = t the well-known solution* 

4> = Acoapt+£smpt + — j^ ^lTt^esinp(t-t)dt (914), 

and, by equations (913), this may be wntten m the form 

The energy of this vibration is 


}(4-+W-Js[(^-|)’ + (s+|)" 




The first term ^(A^-i-JS^) is of course the energy of vibration at time 
i=0, so that the remaining terms represent the energy gained by the 
resonator from the field of radiation m the interval from < = 0 to At 
time j>=A and Both ^ and ^ are as likely to be positive as 

negative, so that on averaging over a large number of resonators, the average 
values of both A and B will be zeio Thus the last term 


^(J-Z-K?/) (915) 

Will represent the average amount of energy absorbed by the resonator from 
the field of radiation m the interval from i = 0 to i = r 

Let the force U be supposed to originate m an electric force Z in any 
direction, then we may assume that TI = cZ, where c is a constant Let the 
radiant energy per umt volume, analysed into waves of different frequencies, 
be supposed to be 

I E^dq 
J fifssO 

Then the mean value of Z^ will be fw times this total radiant energy, and 
the mean value of from time 0 to t will be equal to 6^ times the mean 
value of Z\ We accordmgly have 

1 rt-T rq^co 

- 1 U*dt = ^c^ I JSqdq (916) 

T J fg-Q J qss0 

But also, from a well-known theorem of Lord Bayleighf, if JT is given by 
the expansion (912), we have 

- UHt = — f + Gi) dgt . . (917) 

V* J ^ssQ HTT J g/:s0 * 


Bayleigh, Theofy o/Somd, i § 66 


t PfttZ Maff [ 6 ] xxvn p 466 



i7S-4i75~\ JRcidiation from ReBonators 363 

Equations (916) and (917) both express the spectroscopic analysis of the 
mean value of so that the constituents must be the same m the tvo 
equations, giving 

and we now have, for the average rate of absorption of energy by the resonator, 
from formula (915), 

(918). 

474 We next examine the average rate of radiation of energy &om the 
resonator Assuming the radiating mechanism to be electrical, 'we may suppose 
the average rate of emission of radiation m the interval from <=0toi = Tto 
be given by either of the equivalent formulae 

in which 0 is a constant The left-hand formula gives the expression of 
Lannor for the radiation, while the nght-hand formula gives that of 
Lorentz 

On substituting for ^ from equation (911), the right-hand formula 
becomes 

Using the values for ^ and U given by equations (910) and (912), we 
readily find that, on averaging over all resonators. 



so that the average rate of emission of energy is 

arj 0 ^ a ^ a ^ 

475 If there is a steady state of equihbnum between the resonators and 
the field of radiation, this rate of emission must be equal to the rate of absorp- 
tion obtained m formula (918). Gompanng these expressions, we obtain 



= 2 ^ ^ 

which gives the partition of radiant energy in the steady state 

Whatever the mechanism of the resonator may be, if only it obeys the 
laws of classical mechanics, we may put 


•..( 920 ), 
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and the value of as given by formula (919) is seen to depend only on the 
quantities G and c, which in turn depend on the structure, but not on the 
motion, of the lesonator 

For a Hertzian oscillator, (7/o = 2/3F® where T is the velocity of light, 
and formula (919) becomes 

= (921) 

Transforming to wave-lengths by means of the relation pk = 27rF, this 
becomes 

Ek d\ = STrRTX^dK (922) 

This IS identical with the result which was obtained in § 470 on the 
supposition of the existence of a material ether Indeed we can see that there 
must be agreement of this kind, smce the forces at work adding energy to, or 
extractmg energy from, any resonator, are precisely those which would be at 
work if a material ether existed, subject always to the supposition of the 
classical laws of dynamics being obeyed 

If the resonator consists of a smgle free electron capable of performmg 
isochronous oscillations of frequency p/27r, we have c^e and 0 = feYF* so that 
the partition of energy is again given by equations (921) and (922) 

Radiation from Free Electrons 

476 The partition of energy to be expected from other mechamsms of 
radiation can be worked out in detail in a similar way, but so long as this 
mechanism is governed by the laws of ordinary classical mechanics, only one 
result can possibly be obtained, namely that which is given by the general 
dynamical theory of § 470, and is expressed by equation (922) The following 
cases are of interest 

When free electrons thread their way through the mterstices of a solid, 
the forces to which they are subjected result in accelerations which must m 
turn, according to the classical mechanics, be accompanied by an emission 
of radiation. A steady state will be attamed when the radiation emitted m 
this way is exactly equal to that absorbed by the matter The problem of 
determining the steady state was first considered by Lorentz* who shewed 
that the partition of energy for waves of great wave-length must be that 
expressed by formula (922) Later, the same question was attacked by the 
present wnterf, who confirmed Lorentz^s result by a different method, and 
shewed that it could be extended to waves of all wave-lengths 

* “On the Emission and Absorption by Ketals of Bays of great wave-length,” Konvnklyie 
Akad van Wetenschappen, Amsterdam, Apnl 24, 1903 

t “The Motion of Electrons in Solids,” Mag xvn (1909). p 773, andPftt^ Mag zsrm 
(1909), p 209 
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A number of free electrons movmg m a field of radiation will, quite apart 
from the presence of matter, both emit and absorb radiation A steady state 
will be reached when the radiation of any wave-length absorbed by the 
electrons is statistically equal to that emitted It can be shewn* that, if the 
classical mechanics aie obeyed, a final state will be reached only when the 
partition of energy m the ether is that given by equation (920). 

477 The results given in 472 — 476 provide conclusive proof that, 
whether an ether is assumed to exist or not, a steady state of equilibnum 
between matter and radiant energy can only be attained when the law of par- 
tition of the energy of radiation in terms of wave-length is that given by 
formula (922), namely 

SirRTX-^dX (92S). 

It follows, as we have already seen, that the temperature of the matter 
must be zero there can be no equilibrium between matter and radiant energy 
until the matter has lost all its energy by radiation 

This IS the conclusion arrived at fi:om a study of the radiation problem 
based on the classical system of dynamics the state of thmgs predicted is, 
however, so utterly different from that observed in nature that we are com- 
pelled to contemplate an abandonment, or at least a modification, of the 
classical mechanics 

* JPhil Mag xxvn (1914), p 14, or J H Jeans, Report on Radiation and the Quantum Theonj 
(1914), p. 14 
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RADIATION AND THE QUANTUM THEORY 
Theemodynamics of Kadiation 

478 In the previous chapter it was found that the classical system of 
mechanics, when apphed to the ladiation problem, led to a solution which 
proved to he m vrolent disagreement with expenence We shall begm the 
present chapter by explammg a different Ime of attack on this problem This 
will be based only on general thermodynamical pnnmples, and it will be noticed 
that it does not require any assumption to be made as to the existence, or 
non-existence, of an ether 

Consider an enclosure of any shape, of which the walls are impervious to 
energy of all kinds, and therefore m particular to radiation. Let it contam a 
certam amount of heated matter which will of course fill the enclosure with 
radiant energy, and let a steady state finally be reached in which the matter 
IS at a temperature T Since there is no loss of energy m this state, each piece 
of matter inside the enclosure retains its temperature mdefimtely, and there- 
fore the amount of energy it gams by absorption of radiation must exactly 
balance the amount it loses by emission of radiation Considermg two pieces 
of matter, A and B, it is readily seen that the stream of energy which flows 
from A to E must be exactly equal to that which flows from E to A Hence 
we amve at the conception of a stream of energy appropnate to matter of 
temperature T, this dependmg only on Tand not on other quantities involved 
m the structure of matter It follows that the density of radiant energy inside 
the enclosure will be a function of T only* 


479 Let it be supposed possible to mcrease or decrease the volume of 
the enclosure, as for instance through one of the walls bemg supposed to con- 
sist in part of a moveable piston Consider a change m which the total volume 
of the enclosure is mcreased from v to v + cfc, and suppose that the amount of 
matter inside the enclosure is so infinitesimal that its heat-energy may be 
disregarded 


* A filler duensBion of the matter of this section will be found in almost any text-book on 
Heat See for example, Poyntmg and Thomson’s Seat, Chapter zv, or Preston’s Seat (Second 
Edition), Chapter n. Section 5 
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The equation of conservation of energy for the radiation inside the 
enclosuie can he wiitten down m the same way as that for a gas in § 224 
If IS the energy of radiation per unit volume inside the enclosure, the 
equation is readily seen to be (cf equation (447)) 

dQ^d(Ev)-\- pdv . . . (924), 

in which p now denotes the pressure eseited on the piston by the radiation 
inside the enclosure, and so is the pressure of radiation correspondmg to 
radiant energy E per unit volume 

Assummg the second law of thermodynamics to hold, dQfT must be 
a perfect differential d4>, where dQ refers to the change of energy in any 
reversible process Such a process will be one in which the volume v and 
the temperature T change, while the radiant energy remains always in equi- 
hbnum with the temperature T of the mattei Foi a change of this type, 

= = + . .(925), 

and this will be a perfect differential if 

3 fE'{-p\_d fv\ _ 1 
dE[ T J^dvKTj T 

The value to be assigned to jp, the pressure of radiation, is known both 
from theory and experiment Since the radiation now under consideration 
must be supposed to be scattered equally in all directions in space, the 
pressure per umt area must be equal to, one-third of the energy per umt 
volume Puttmg p = the above equation becomes 

dE ,dT 

of which the integral is 

E^aT (926), 

where a is a constant. 

The law expressed by this equation is generally known as Ste&n s Law, 
having been announced as an empirical law by Stefan* * * § in 1879. A theoretical 
proof, aiTm1fl.r to the one given above, was published by Boltzmanuf in 1884, 
following a method previously developed by Bartoh J Stefen s Law is found 
to agree well with. expenment§, although the experimental determination of 
the absolute value of the constant a presents a problem of some difiiculty 

* Wtener Sttzmgsher jxax. (2) (1879), p S91 

t Wted Ann. mu (1884), p 291 

J Sopra i movtmenfy jprodotti dalla luce e dal calare (La Monnier, Florence, 187 ) 

§ See, for instuiQe, Winkdmaim’e SaiMueh d Phynk, m (Warme), p 8T4. 
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If d8 IS any element of surface of a perfect radiator, the flow of radiation 
through this element in directions which he inside 
a small cone of solid angle da> whose axis makes an 
angle 0 with the normal to the surface is easily seen 
to be 

, da) 


CaT*d8 cos 0 


4t7r 



Fia 24 


Replacing do by sin 0d0d<f) and integratmg with 
respect to <}> from ^ = 0 to ^ = 27r and with respect 
to 0 from 0 = 0 to ^ the total radiation from 
the element of surface d8 in umt time is found 
to be 

OaT-dS f *' r - iO^T-dS 

This may be put equal to a-T^ where 

(r = iGa (927) 

The statement that the ladiation from a perfect reflector at temperature 
T 18 equal to a-T^ per unit area per unit time provides an alternative form of 
Stefan’s Law It is usual to determme the constant cr by direct expenment, 
and then to deduce the value of a from relation (927) 

Coblentz* and Milhkanf, usmg widely different methods, agree in assigmng 
to the constant a the value 

<r = 6 72 X 10"® erg cm degree"^, 
whence, usmg Michelson’s valuej G=2 997 x 10^®, we find 
a = 7 64 X 10"” c G s (centigrade) umts § 

The value of at 0® C (T= 273 1) is accoidingly 

= 4 25 X 10"® ergs per cu cm* 


W%erCs Displacement Lww 

480 Wien || has shewn how this thermodynamical argument can be 
extended so as to give not only the total energy E at temperature Ty but also 
some knowledge of the partition of this energy according to wave-length. 

* Fhy 8 BevietDy yh (1916), p 694 See also Scientific Papers of the Bureau of Standards, 
Washington, Nos 357 and 360 (1920) 
t Phil Mag. zxziv (1917), p 16 
Aetrophye Joum lx (1924), p 260 

§ Earlier determinations of the value of a gave considerably lower values, such as 7 06 x 10~^® 
(Kurlbaum, Wted Ann lxv (1898), p 746), 7 0 x 10”^® (Bauer and Moulin, Comptes Bendus, 
1910], 7*10 X 10-1® (VaJentmer, Arm d Physik, xxxi (1910), p 276) For a general discussion of 
expenmental values see W W.Ooblentz,e7'ou79iaZ of the Optical Society of America, vm (1924), p U* 
11 Berlin Sitzungsher. 9 Feb 1898 , Wted Ann ui (1894), p 166, and Lvni (1896), p 662 
The present proof differs from tiiat of Wien in many important respects. 
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Consider what may be called an adiabatic change, namely one in which 
the volume of the enclosure changes while no energy either enters or leaves. 
To study such a change we put dQ = 0 m equation (^924) and obtain 

d (Ev) — —pdv = — iEdv, 
of which the integral is readily found to be 

Ev^ = constant, 

or, since E is proportional to T, 

= constant . .. . (928) 

This equation expresses the adiabatic law for radiation, just as equation 
(475) expressed the corresponding law for a gas 

Equation (928) shews that an alteration m the volume v must alter the 
temperature of the radiant energy. The partition of this energy according 
to wave-length must also be altered To understand the mechanism by 
which this change is produced, let us fix our attention on a smgle beam 
of radiation of wave-length \ This will be reflected round and round the 
enclosure, and the reflections must include a certain number from the piston 
whose motion changes the volume of the enclosure At each such reflection 
the wave-length of the beam must be altered in accordance with Doppler’s 
principle If the motion of this piston is suflSciently slow, each beam will 
meet the piston the same number of times, and as the conditions of reflection 
will, on the average, be the same for every beam, the whole of the radiation 
which was initially of wave-length \ must ultimately be changed into radiation 
of some new wave-length V 

From Doppler’s principle, it is clear that the ratio XfX' must depend 
solely on the motions of the walls of the enclosure, and must therefore be 
the same for all wave-lengths 

Dunng the change in the volume of the enclosure there can be no direct 
transfer of energy between the different constituents of the original radiation, 
but each constituent is continually altering its energy by mteraction with the 
wklls of the enclosure It can now be shewn that the final partition of radiant 
energy, after the change of volume has taken place, must itself be m thermo- 
dynamical equilibrium at some new temperature T 

For if this were not so, it would be possible to allow the final radiation to 
interact with an infinitesimal amount of matter, and this would result in an 
interchange of energy between the various constituents of the radiation until 
thermodynamical equilibrium was attained The entropy of the radiation 
would necessarily increase during this process Let <p)' be the entropies before 
and after the change of volume, and let + S be the entropy after thermo- 
dynamical equihbnum is attamed, S being positive The volume of the en- 
closure may now be restored to its original value v. The change in entropy 
must by equation (925) be ^ ~ (f/, so that the final entropy must be ^ 4- S 

34 


J G 
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The maximum entiopy possible at the tempeiature is, howevei, by hypothesis, 
equal to so that S, which cannot be negative, must be zeio Thus the 
compressed radiation must itself have been m theimodynamical equilibnum 
at some new temperature T' 

It now follows that the latio of change of wave-length X/V must depend 
only on the volumes and temperatuies befoie and aftei the change The 
temperatuies aie howevei connected with the volumes by lelation (928), so 
that X/X' maybe thought of as dependmg only on v and v Fiom a considera- 
tion of phjsical dimensions, w^e must have 


X 


X" 



(929), 


but the deteimination of the \alue of n demands a detailed examination of 
the motion 

Let the ladiation of wave-length between X and X -f dX be of amount 
Ey,dX per unit volume Then the energy of this wave-length which falls on 
an area dS of a moving piston in tinie dt, its diiection lying within a small 
cone of angle day^ is 

CE^xdS COB e^dt, 


where 0 is the angle between the axis of this cone and the normal to the 
piston (cf fig 24) If u IS the velocity of the piston, this energy, m accord- 
ance with Doppler’s principle, expeiiences a change of wave-length d\ such 
that 

SX _ 2^6 cos 6 
0 ^ 


Thus the aveiage change of wave-length experienced in time dt by all 
the energy vExd\ whose wave-length lies between X and X -j- d\ is 


dtdS r r 2X24 cos 0 
vExdxJJ 0 


CExdX cos 0 


da> 


wheie the mtegiation is with respect to do) for all directions which represent 
radiation fallmg on to the area dS Eeplacing dco by sm0d0d(l>, and mte- 
gratmg from ^ = 0 to 2*7r and from 0 = 0 to Jtt, we find that the average 
change of wave-length experienced by radiation of wave-length X is 

^ \ud8dt 
8v 


This IS the result produced by refiection from only one small area dS 
of a single movmg piston To obtain the total effect on the wave-length, 
we must integrate over the whole area of moving walls, and obtain for the 
average change of wave-length SX 

5x = ^ \dt S Jj' ud8 
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If the change of \ olume in time dt ib denoted by Se, 

Sv = dtS ff udS, 

SO that the aveiage change of 'v\a\ e-length SX is given by 

Sx = ~ Sr 

We no\\ see that the value of n in equation (929) must he so that the 
equation assumes the foim 



Combinmg this with equation (928), we obtain 

XT = X'T' (930), 

so that XT remains constant for any constituent of the ladiation thiough all 
changes of volume and tempeiatuie 

481 It follows that the law of partition of radiant eneigy at any tem- 
perature T can be deduced from that at an}^ standaid tempeiatuie T by 
altermg all wave-lengths m the ratio leqiiiied by relation (930), vhile at the 
same time multiplymg the energy throughout by the factor lequiied to give 
the appropiiate value to the total energ}” For this reason, the law expressed 
by equation (930) is commonly called Wien’s Displacement Law 

The law of partition of energy at temperature T must accordingly be of 
the form 

E^dX^f{T)4>{XT)dX 

Integrating with respect to X, the total energy per umt volume is 

E = f E\dX 
Jo 

= {T) X a constant 

Hence for equation (926) to be satisfied, f {T) must be proportional to T®, 
and the partition of energy must be of the form 

Ej,dX ^FCXT) TX-^dX (931) 

These laws aie believed to be completely confirmed by observation 

482 So far as is known, equation (931) gives all the information which 
ft q.n be obtained about the law of partition of radiation from thermodynamical 
pnnciples alone 

It will already have become evident firom Chapter V that the second law 
of thermodynamics is very much more general than the particular set of 
dynamical laws from which it was there derived. Indeed, the second law appears 

24—2 
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to be deducible from almost any set of dynamical laws which imply the law 
of causation*. Thus equation (981) maybe regarded as the limit of our know- 
ledge until we assume some particular set of dynamical laws, when it must 
of course be possible fully to determine the function F(\T) Different forms 
of this function may be thought of as associated with different sets of 
dynamical laws 

483. For the classical dynamical laws, the function F (XT) was evaluated 
m the previous chapter, and was found to reduce to a constant, namely 8wiZ, 
a value which was at once seen to be m contradiction with experience 

In general it may be noticed that F (XT) must be of the same physical 
dimensions as SttjB, and so must be of the form*f* 

where A; is a constant, of which the physical dimensions must be those of RT\, 
so that f reduces to a pure numerical multiplier It will be seen that the 
classical system of dynamics can provide no universal constant of the physical 
dimensions of RIX (^ e energy x length), a circumstance which in itself shews 
the necessity of looking beyond the classical dynamics 

Planck’s Eadiation Formula 

484 Accoidmg to Planck’s radiation formula, the form of the function / 
IS given by 

where x stands for kjRTk, and k is an entirely new physical constant, to 
which no meanmg has so far been assigned in terms of the older dynamics 
Thus Planck’s complete radiation formula is 

E),dK = SirRTX-^dX . .(933) 

Planck replaces k by hG, where 0 is the velocity of light, and A is a new 
constant commonly called Planck’s constant If v is the number of vibrations 
per second of hght of wave-length X, so that X = (7/1/, the value of x is 

k ^ hv 

This formula is found to agree extremely well with experiment^, the best 
* Phil. Mag xx (1910), p 943 

t Stnetly speabng / ought to be replaced by / ^ ^ , but this generah- 

sation proves to be unimportant 

Rubens and Michel, Phys Zeitsch xxn (1921), p 569, and Michel, ZeiUch fm Phynh 
IX (1922), p. 285 See also, La TMxu du Rayonnement et Us Quanta (Gauthier-Villars, Pans, 
1912) 
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proof of this being that determinations of the unknown constant hjR made in 
all regions of the spectrum give substantially identical values* The best 
determinations of the value of ^/i^ (commonly denoted by the symbol O 3 ) give 
the value 

Gg = A O/R = 1 4320 cm degreesf . 

The values 0 and R are known by other methods, so that a determination 
of O 2 leads at once to a value of Planck’s constant h The above value of C 2 
leads to the value| 

A = 6 554 X 10“* erg seconds, 

which agiees well with the value of h determined in other ways§. 

486 The simplest way of arriving theoretically at Planck's formula is 
perhaps the following. 

Suppose that a dynamical system contains a great number of similar 
parts or components, each havmg only one degree of freedom, and having 
energy of the form 

These umts can clearly describe isochronous vibrations of frequency 
such that ap^ s= h The values of <j> and ^ for such a vibration will be of 
the forms 

^ — AcoB(pt + i]), ^ = --4psm(p^ + i7). (934) 

From § 105, it appears that the law of distribution of the coordinates <}> 
will be of the form 

Q0-2AE ( 935 ) 

From equations (934), it is easily seen that 

d^dj> = Ap dA df] *= dEd/ql*Jai^ 

so that on mtegratmg with respect to the law of distribution of values of E 
IS found to be 

(936) 

NOb 

Imagine that equal small ranges of energy dE are marked out surrounding 
the values J&=0, j&=e, ^=*26, etc. From formula (936), the numbers of 
umts Ijnng inside these ranges will stand m the ratio 

1 e"®** . , 

* It 18 maintained by Nemst and WnH {DeuUch Phys GeseU xxi (1919), p 294) that kfS 
falls off for low Talnes of a?, but other investigators do not appear to have discovered any such 
falling off 

t W W Ooblentz, BuUettn 15 of the Bureau of Standards^ Washington (1920), and Journal 
of the Optieal Society of America, vin (1924), p 11 

t See Ooblentz, Scientific Papers of the Bureau of Standards, Washington, No 360 (1920) 

§ Fora general discussion see B T Birge, Phys Beo xiv (1919), p 361; see also §497 bdow 
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so that if N have zero energy, the numbers havmg energies e, 2e, Sc, will 
be Ne~^’, Ne~^*, etc The total number of systems whose energy hes 

withm the specified small ranges will be 

Na + e^ + e-*^ + er^’^+ ) = i-'^ (937), 


while the total energy of all these systems is 

N(eer^-J»+2e ^ + Se er^>+ ) = (938) 

On division, the mean energy of all the vibrations now under consideration 
IS seen to be 


where o) stands for e/RT 


€ 

g2Ae_l 


= RT 


OS 


(939), 


486 If all values were possible for the energies of the units, the mean 
energy would, fiom the theorem of equipaitition of energy, be RT But 
when the energies are limited to the small equal ranges surrounding the 
values E = 0, €, 2e, , we have found that the mean energy is only equal 

to — 1) times the equipartition value This multiplying factor is, how- 
ever, exactly of the form demanded by Planck's formula (cf equation (932)) 
To make the formulae agree completely the two values of os must be the 
same in equations (932) and (939), and this requires that 

6 = hp (940) 

This last equation may be regarded as the fundamental equation of 
Planck's theory The quantity e measures the “quantum” of energy of 
frequency v It will be seen that the fundamental hypothesis on which 
the foregoing derivation of Planck’s formula is based is the hypothesis that 
vibrational energy can occur only in complete integral quanta, each of amount 
6 given by equation (940) 


487 In the foregoing analysis, it has not been necessary to specify the 
nature of the umts under consideration 

Planck's onginal method* was to suppose that in all matter there were 
a great number of “resonators” of every possible period The mean energy 
of any resonator of a definite frequency v was shewn, by a method entirely 
different from that just given, to be that expressed by formula (939), so that 
the mean value of its kinetic energy was equal to half this, and the 
insertion of this value mto equation (919) of the last chapter gave 

JS^dX = SttHTX-* dX (941), 

which IS Planck's formula 


Ann d Physik, iy (1901), p 556 
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This method of aim mg at Planck’s fiirmula is open to the objection that 
in aniving at formula (939) it has been assumed that the energj" of a resonator 
IS limited to one of the values 0, e, 2e, , whereas in aniving at equation 

(919) it was supposed that the energy could, and did, vaiy continuously 

488 An alternative way of mterpieting the analysis of § 485 is to suppose 
that the vibrations theie consideied are the vibiations of a material ether 
The number of vibrations per unit volume withm a range d% of trave-length 
IS, fiom § 463, equal to the mean eneigy of each of these \ibrations 

is that given by formula (939), and on multiplication we arn\e directly at 
formula (941) for the partition of energy in the ether 

With respect to this way of regmding the problem, it is to be noticed 
that the ether itself provides no mechanism for the interchange of eneigy 
between vibrations of different wa\ e-lengths This interchange can only 
occur through the intermediary agency of some kind of matter, and we are 
led to contemplate intei changes of energy between matter and ether taking 
place only by units of amount e, each unit bemg of monochromatic radiation, 
the frequency v bemg connected with e by Planck’s relation 6= Ai/ We may 
if we wish go further and eliminate the hypothesis of an ethei altogether, by 
considering simply interchanges of eneigy between matter and a field of 
radiation, to obtain Planck’s law these must occur by whole units e wheie 
€^hv 


489 Before discussing these or other physical interpretations of the 
quantum-theory, it will be convenient to consider another problem We 
have seen that two physical schemes (§§ 487, 488) can lead to the equations 
of the quantum-theory, but neither of these schemes appears, at first sight 
at least, to be of great plausibihty The question anses whether schemes of 
any such revolutionary kind are necessary to explain the facts of radiation, 
or whethei some simplex physical scheme, more in keeping with our well- 
established conceptions of physics, cannot be found to lead to the same lesult 
as the quantum-theory We may in feet attack the converse problem Given 
the observed laws of radiation, what systems of dynamics must be postulated 
in ordei to obtain these laws ^ 

490 Let us return to the investigation of Chapter V (§ 78 seq ), and 
examine to what extent it must be modified when the classical laws of 
mechanics are no longer supposed to hold 

The first step m the argument consisted in shewmg (§ 85) that for a 
conservative system the swarm of representative points m the generalised 
space moved without any concentration takmg place the density of any part 
of the swarm remained perpetually the same 

When the classical laws are abandoned, this conclusion can no longer be 
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established And so long as the actual laws of motion are unknown the exact 
modification required cannot be ascertained 

It IS, however, clear that the motion of the system under consideration 
must obey some law of determmism if a state A is on one occasion suc- 
ceeded by a state B, then the state A must always be succeeded by the state 
B If this were not so, exactly similar experiments would not invariably lead 
to exactly similar results, and the uniformity of nature would disappear 
The movmg repiesentative pomts m the generalised space must accordmgly 
be supposed to follow definite tracks through this space. This being so, it 
will be possible to arrange the density of the initial swarm of particles m 
such a way that the density at any point of the space remains always the 

same In Chapter V we had ^ = 0 and ^ = 0 throughout the space, the 

former bemg a matter of arrangement, and the latter a consequence of our 
dynamical equations In the present problem we can only arrange for the 
former equation to be true This introduces the simplification that we need 
only consider one permanent swarm of points , the density vanes at different 
pomts of the space, but does not vary with the time 

If the density of this swarm vaned only by a finite amount from pomt to 
point, we should still be led to the theorem of equipartition of energy, and 
consequently to the radiation formula (923) For we have seen that equi- 
partition of energy holds at every pomt of the geneialised space except for 
small mfimtesimal regions It follows that the only way of escaping the 
equipartition formula is by supposing that the density of the swarm of repre- 
sentative pomts IS zero at every point throughout the whole of the generahsed 
space, except for small mfimtesimal regions -Ri, iZg, in which equipartition 
does not hold, and at these there may be dense swarms of pomts Further, in 
ordei to satisfy the hydrodynamical equation of continuity in the generalised 
space, zero density must be associated with infinite velocity, so that the 
motion of the representative pomts must consist of sudden jumps from one of 
the regions -Kj, JS^, . to another 

In this way it appears that in seekmg to avoid the equipartition formula 
(923), we are mevitably led to contemplate motion involving discontinuities 
of some kind* We may next consider what special type of discontinuities 
must be postulated m order to arrive at Planck's law 

491 Let us leturn to the analysis given in §§ 91 — 98 of Chapter V, 
and suppose that is the energy of M vibrations each of frequency v vibia- 
tions per second. According to Planck's formula, the value of jEi must be 

* See on this subject a very important papei by Poincai^, Jown de Phys [5] ii p 5 (1912), 
and the same author’s JOermhres Pensies, Ch n, ‘‘LTiypoth^se des Quanta ” For a fuller 
discussion of the matter of §§ 490, 491 see J H Jeans, Mag (1910), p 943 
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given by 





•where e = hv, and on solving for T we obtain 

^=ilog(l+^) (942) 

In equations (174) and (157) we had the relations 

and these equations may be considered to be independent of any special 
system of dynamical laws if W is taken to represent, not the volume of the 
generalised space in which a certam partition of energy holds, but the total 
number of representative points in the space for which this p.irtition holds 
Comparing equations (942) and (943), we obtain 

giving on integration 

log Fi (El) s= ^ j log log + cons (944) 

If we write P for Ei/e, and use Stirling’s formula (69), this equation becomes 

-^1 (-El) = X a* constant (945) 

But (-3/ + P)7P^ IS the number of ways in which P similar articles can 
be put into M similar pigeon-holes, or, more appropriately for our present 
investigation, is the number of ways m which P similar and mdivisible umts 
of energy can be distnbuted among M different similar vibrations Since 
formula (945) gives the only possible value for Fi (Ei), it appears that Planck’s 
formula can only be obtamed by supposing that the total energy Ei is made 
up of P similar indivisible units of energy, and that these are distributed 
indifferently between the M vibrations Smce P stands for Eije, the unit of 
energy is 



Thus we see that Planck’s formula can only be arrived at by hypotheses 
which must be essentially identical with those already made in § 486 In 
the generalised space there are no representative points except in isolated 
regions which are such that the energy of every vibration is a multiple of 
Ji times its frequency In the physical i^stem the energy of each vibration 
must remain the same, and equal to a multiple of hv, until a sudden cata- 
clysm of some kind results in a change by an amount which again must be 
a multiple of hv 
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492 It IS accordingly cleai that the observed phenomena of black-bodj 
radiation point to an atomicity somewhere in the distribution of energy 

According to the oiigmal view of Planck (§ 487) this atomicity was an 
atomicity of the energy of the material system, vibrations of frequency v 
m the system had eneigies which weie confined to being integial multiples 
of hv According to the alternative view put forward in § 488 the atomicity 
is one of radiant eneigy, the radiation of frequency v in an enclosure bemg 
restricted to having energies which are multiples of hv When theie is no 
enclosure to prevent the escape of radiation, the hypothesis assumes the 
form that transfers of energy between the material system and radiation of 
frequency v take place by units of amount hv We may notice that Planck s 
original theoiy requiied also that tiansfers of eneigy between matter and 
radiation occurred in multiples of hv^ but v was here the frequency of the 
matenal vibration Both views contemplate tiansfeis by units hv, but m 
one case v is the frequency of the radiation, and in the other case v was the 
frequency of the radiator 

The advance of knowledge has made it possible to decide quite definitely 
between these two alternatives As we shall see below, a matenal system, 
as for instance a hydrogen atom (§ 500), does in actual fact emit and absorb 
radiation by quanta of amount hv, but v is the frequency of the radiation, 
and does not correspond to any vibration of the material system Thus the 
proper interpretation of the analysis by which we obtained the formula for 
black-body radiation in § 486, is that v represents the frequency of radiation, 
and that the energy of radiation of frequency v changes only by whole umts 
of amount hv 

493 Prom this pomt of view a short step leads directly to the hypo- 
thesis of “hght-quanta,” according to which all radiation consists of indivisible 
packets or “atoms” of monochromatic light, each of which travels through 
space hke a bullet from a rifle until it hits a matenal target by which it is 
completely absorbed This view was put foiward as a working hypothesis 
by Einstein* in 1906, and at once enabled him to formulate the true law of 
photo-electric action (cf § 497 below) 

In spite of this success it appears fairly certain that the view must be re- 
garded merely as a working hypothesis and not as a literal expression of actual 
fact Against the supposition that radiation actually travels in mdivisible 
quanta must be set practically all the evidence of the undulatory theory of hght, 
and, m particular, that of the phenomena of diffraction and interference If 
light-quanta were strictly indivisible, interference could not be obtained by 
sphtting up a quantum into two beams it could only occui at a pomt at which 
two or more quanta happened to exist simultaneously The fainter the hght in 
any experiment, the smaller the chance would be of two quanta coexisting m this 

* Am d Phys xyu p 146 
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•way, so that if the hght weie suiBciently reduced in intensity the whole inter- 
ierence phenomenon ought to disappeai That this does not happen has been 
shewn by Taylor’^, who reduced the intensity of illumination until an exposure 
of 2000 hours was necessaiy to ajBFect a sensitive plate, and yet obtamed photo- 
graphs of diffraction patterns in which light and daik bands alternated with 
undiminished clearness A simple calculation shews that, if light had existed 
only in indivisible quanta, no interference at all ought to have been observed 
in this experiment 

More evidence, equally adverse to the theory of light-quanta, can be obtained 
by considering what would have to be the size in space of light-quanta It 
IS possible to obtain interference over a path-diflfeience equal to about a 
million wave-lengths, and this can haidly be interpreted except as meaning 
that a light-quanbum must have a length m space comparable with a million 
wave-lengths, a length theiefoie of several feet But it is haid to believe that 
a quantum as long as this can be indivisible 

Agam, a telescope with a five-foot object-glass is found to have a greater 
resolving power than one with a five-mch object-glass This, on the light- 
quantum theory, can only mean that the incident light-quanta must m some 
way be spread over the whole object-glass of the five-foot telescope But it is 
diflScult to think of quanta of five-foot cros‘5-section as indivisible, and if they 
vrere, it is hard to see how any light at all could get into a five-inch telescope 
If light-quanta were small and concentrated, the only difference m defimtion 
between a large and a small telescope would anse from the large telescope 
collecting a greater number of quanta than the small one It would therefore 
shew itself as a mere difference in intensity, and a small telescope would resolve 
a pair of bright stars just as well as a large telescope would resolve an equally 
close pair of faint starsf This is of course quite contrary to observation 

Various attempts have been made to reconcile these objections wnth different 
forms and modifications of the theory of light-quanta, but no success has so 
far been attained, and the general opimon of physicists seems to be that the 
theory cannot be regarded as an expression of physical reality 

Numerical Values 

494 Before turning to physical aspects of the quantum-theory, we may 
attempt, with the help of numerical data, to form some estimate of the mag- 
nitude of the unit of energy e 

The value of Planck’s constant A has been seen to be 6*55 x 10"^ erg secs , 
while the value of v for yellow light (A or A) is 5 01 x 10“. Thus for the 
unit of energy appropriate to light of this colour, we have 

e = Ai/ = 3 28 X 10-““ ergs 
*P}oe.Camb Phil Soc xv (1909), p 114 

f These instances, and many otheis of an equally forcible nature, are gi'ven by Loxeniz {Phys 
ZeiUchrifty xi (1910), p 349) , see also British Associatum Sejport, Bi rmingham (1913), p 376 
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This may be compared with other amounts of energy met with in the 
Theory of Gases. In § 151 we found that at 0° C the energy of trauslatioii 
of a molecule or atom (aTo) is 5 620 x 10““ ergs, so that the quantum e for 
yellow light is about equal to the energy of translation of 60 atoms or mole- 
cules at 0° 0. In accordance with Wien’s displacement law, the value of 
say Xm> for which JF*. is a maximum, varies mversely as the temperature Thus 
IS a constant, and the value of this constant is found to be 0 2886 cm deg * 
The energy m a quantum of radiation of wave-length Xm is 

hV 

e=hv = ^ = 6 81 X 10-“T. 

The energy per atom of the sohd at temperature T is however 3RT or 
4 12 X 10~“T Thus the quantum of hght of any colour is equal to 1 65 times 
the energy of an atom of the solid at the temperature correspondmg to this 
radiation (or, very approximately, to the energy of a molecule of a diatomic 
gas at this temperature) 

496 The total radiant energy per umt volume m equihbrium with matter 
at temperature Tis 

while the number of quanta composmg this radiation is 
/■* Sir j^dv ^RT\* 

By division, the average energy per quantum at T® abs is found to be 
2 702RT or 1 801 times the energy of an atom at the same temperature 

At 0®O the value of (RTIOhy is 6,935,000, so that there are about 
420,000,000 quanta per cubic centimetre in radiation at 0® G , or about one 
quantum per cube of edge 0013 cm 

The energy of bright sunlight is about 4 x 10“® ergs per cubic centimetre, 
and if this is regarded as a collection of quanta of yellow light, there must be 
abotit ten million quanta per cubic centimetre On the other hand the 
radiation from a sixth magmtude star, which is about the faintest star visible 
to normal eyesight, will contam only about one quantum per cubic metre 

496 According to the classical mechanics, the chance of a system 
possessmg no eneigy at all is an infinitesimal one 

Accordmg to the quantum-theory, we saw in § 485 that out of a number 

N 
1 — 


Ooblentz, Scienttjic Pajpeis of the Bureau of Standaids, Washington, Nos 367, 360 (1920) 
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of TibratiODs, N must be supposed to possess do eneigy at all The number 
which possess some energy must accordingly be 

^hich IS only a fraction of the total number 

If € IS even moderately large compared with iSr, the fraction or 
will be very small For instance, for matter at 0° C , 

3 75x10-1^ ergs, 

the quantum for yellow light is 3 28 x 10““ ergs, so that in this case e/RT^ 87 
(about), and — jq-ss out of 10® vibrators at 0® 0 of frequency equal 

to that of yellow light, only one must be expected to have any energy, while 
It further appears from §485 that the odds are 10® to 1 that this one will only 
have one quantum of energy 

Correspondmg to radiation of the wave-length the quantum is found 
to be 

6 = 496552 

so that even as regards vibrations of wave-length at any temperature, only 
one in e*®®, roughly 1 in 140, of the vibrations will have any energy. And of 
those vibrations which do possess energy, only about 1 m 140 will possess 
more than one quantum 

The PHOTO-ELECTEtic Phenomenon. 

497. Smce the early experiments of Hertz it has been known that the 
incidence of high-frequency light on the sur&ce of a conductor results in its 
acquirmg a positive charge if it was ongmally uncharged, or losmg a negative 
charge if it oiigmally had one. These phenomena are now known to be caused 
by the emission of negative electrons from the metal, the electrons being in 
some way set free by the mcidence of the light 

In any one experiment, the velocities with which the electrons leave the 
metal are observed to have all values from zero to a certain clearly-defined 
maximum velocity v, the value of v dependmg on the conditions of the par- 
ticular experiment This is most naturally interpreted as meanmg that in any 
one experiment, all the electrons are ejected out of their atoms with the same 
velocity V, but those which come from some distance below the surface lose 
part of their velocity in fighting their way out 

The maximum velocity v of the discharged electrons does not depend on 
the temperature* of the metal, or on the mtensity of the incident lightf, but 
solely on the nature of the metal and on the frequency of the lig^t For a 

* Ladenbnrg, Verhand d. DeuUch Phys QeaelL ix. (1907), p. 165, Lienlwp, Atm, df Phys 
xsj (1906), p 281 

+ LenarcC Arm d Phy$ vm (1902), p 149, PoH and Prmgsheim, Verhand, d DeuUeh Phys 
Geeell xv (1912), p 974 
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given metal this \elocity incieases as the fiequency of the incident light is 
increased, but theie is a ciitical fiequency vo below which the action does not 
occui at all Foi any fiequency v above this, the \elocity v is found to be 
given by"^ 

^mv^^h(v-vo) (946) 

An equation of this foim was fiist suggested by Einstein f, as being the 
equation which ought to connect v and v on the hypothesis of light-quanta 
Making the simplest assumptions possible, it is cleai that the kinetic energ} 
l7nv^ of the piojected election ought to be equal no the eneigy of the radiation 
absoibed minus the woik lequired to take the election out of the field of 
force of its atom The foimer amount of energy ought, on the light-quantum 
theory, to be kv, while the latter is of couise eV, wheie V is the ionisation 
potential of the substance in question Thus v and p ought, on these very 
simple assumptions, to be connected by an equation of the foim of (946) m 
which hvo ought to be equal to eV 

Expenment shews that the value of h deteimmed fiom relation (946) is 
exactly equal, within the limits of expeiimental erioi, to the known value of A, 
the universal constant of Planck Foi instance Millikan, in a senes of veiy 
careful expeiiments, has obtained the following values for h 
fiom sodium A = 6 561 x 

from lithium §, A == 6 585 x 

The value of h determined fiom a diiect compaiison of Planck’s radiation 
foimula with obsei\ed radiation is, as alieady mentioned, 

A = 6 554 X 10-^ 

It is moie diflScult to compare the values of kpQ and eV, laigely because 
V IS not known wuth great accuracy What evidence is available suggests 
that kvo IS very nearly equal to eV, but no very exact comparison is possible 

498 Einstein’s conception of the photo-electric phenomenon, as expressed 
in his equation (946), appears to be valid over the whole range of frequencies 
of radiation for which the phenomenon can be observed, a range extending 
fi:om the yellow light at which the alkaline mefcals aie first affected up to the 
hardest of X-rays and even 7-iays 

In the case of rays of very high frequency equation (946) may assume a 
specially simple form The value of vq, determined by the condition that hv^ 
shall be the energy necessary to detach an electron from an atom, is generally 
of the order of the firequency of visible radiation, while the frequency of 

* See in particular, A LI Hughes, PAzZ Tram 212, A (1912), p 205, Bichardson and Compton, 
P/al Mag xxiv (1912), p 515, Milhkan, P7ip5 Review, isr (1914), p 73, and P/zy^ Review, TU. 
(1916), pp 18 and 355 

t A.im d Rhys xvn (1905), p 146 
tPhys Review, iv (1914), p 73 
§ Phys Review, vi (1915), p 55 
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Line Spectra 

X-i<T'<liation IS tiiaD\ thousands of times gieatei Thus Vj mav be neglected 
in compaiison -nith v and the equation assumes the simple foim 

J mv" = hv^ 

the trhole quantum is non tiansfoimed into the kinetic energy of the elected 
election •' 

An allied phenomena may be mentioned heie as an illustiation of the 
wide applicability of the quantum-theoiy When a stieam of elections all 
having the same high \elocity i- is caused to fall on a mateiial target, X-radia- 
tion IS emitted of which the spectium is limited peifeetlj sharply to frequencies 
below a cei tain definite fi equency v It has been shewn by Duane and Hunt *, 
as also by Hullf and otheis, that li and v are connected by the relation 

^mi^ = hv, 

where h again lepiesents Planck’s constants Using this lelation foi the 
exact deteimination of h, Blake and Duane have obtamed the \alue 

A = 6 635 X 10“^, 

which is piobably veiy accuiate and is in highly satisfactory agreement with 
the best values of h obtained by othei methods 

The phenomena just mentioned as well as the simple photo-electnc 
phenomenon, piovide the stiongest possible evidence for the view that Planck’s 
quanta have a leal physical meanmg, and aie not mere mathematical fictions 
mtroduced to explam an otheiwise mexplicable radiation foimula 

Bohe’s theoet op LI^E Spechea 

4:99 In 1913 Dr N Bohi^ put ibiwaid a theoiy of line-spectra according 
to which the emission of a Ime-spectrum is evidence of a phenomenon which 
IS, roughly speakmg, the converse of the photo-electnc phenomenon If the 
absorption of a quantum of eneigy of firequency v results m the ejection of 
an electron firom its orbit with a velocity v, then the consequence of an 
electron falling with mitial velocity v into an atomic orbit may be expected 
to be the emission of a quantum of radiation of frequency v This, however, 
will by itself not explam the emission of isolated hnes, for v can vary con- 
tmuously, and so v also oug^t to vary continuously Bohr’s theory accordmgly 
finds it necessary to introduce a number of new additional hypotheses 

The theory is based on the Rutherford conception of the structure of the 
atom, according to which an uncharged atom of hydrogen consists of an 
electron of charge — e revolvmg round a much heavier positive nucleus of 
charge -{- e, an uncharged atom of hehum conmsts of two electrons revolvmg 
round a positive nucleus of charge + 2e, and so on 

* Phys Review, vi (1915), p 166 
t Rhys Review, vii (1916), p 157 

t Phil Mag zxvi (1913), pp 1, 476 and 857, zxviz (1914), p 506, and xzx (1915), p 394 
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The inability of the classical mechanics to explain Ime-spectra becompg 
apparent on fixing our attention on the hydrogen atom So long as we adheie 
to the classical mechamcs, we are at a loss to understand how the two charges 
c a n continually go on rotating round one another at all the analjsis of §84 
would lead us to expect that the energy of the system would be continually 
dissipated by radiation until a state was reached in which no furthei radiation 
was possible, a state, therefore, in which the two charges had been reduced to 
rest Moreover the total number of degrees of freedom of the two chaiges is 
only six, and of these three represent the freedom of the atom to move in 
space Under the classical mechanics, it seems inconceivable that the 
remaimng three degiees of freedom could produce the highly complicated 
Ime-spectrum of hydrogen 

Let us consider in detail the motion of an election of mass m and chaige 
— 6 about a heavy nucleus of mass M and charge E According to the classical 
mechamcs it is possible for the two bodies to describe circular orbits about 
their common centre of gravity If a is the distance apart of the two charges 
when 6) revolutions are made per second, we have 


eE Mm 


(27ra>)® a 


(947), 


an equation in which the left-hand member represents the attractive foice 
between the two charges, and the right-hand member represents the mass of 
either multiphed by its acceleration towards the centre of gravity of the two 
masses 

The potential energy of the orbit is — eEja The kinetic energy of the 
motion of the two masses relative to their centre of gravity is readily found 
to be 

and this, from equation (947), is equal to ^eEja Thus TT, the work required 
to remove the electron out of its orbit to infinity, will also be equal to ^eEja 

The classical system of mechanics permits of W having any value from 0 
to 00 . Bohr’s primary assumption is that W must be of the form 

W = ^rh(o (948), 

where t is a positive integer, which may have any value from 1 to oo This 
assumption is not one that can be deduced from the quantum-theory in the 
form m which this has so far been given in the present book, for this has 
required that the total energy, potential and kinetic, of a vibration of frequency 
<o shall be a multiple of Aa>, whereas Bohr’s assumption is that the kmetic 
energy alone of a rotation of frequency © shall be a multiple of JAcd We 
shall however see in the next Chapter that Bohr’s assumption, as expressed 
in equation (948), is in full agreement with the general system of quantum- 
dynamics as at present developed 
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Other physical mteipietations can be gi\en to Bohi s equation (948), of 
which perhaps the following is the simplest Equation (948) requires that 
the angular momentum 1irm(oar oi TF/'n-a) must be of the form Thj2ir, and so 
is equivalent to requiring that the angular momentum must be atomic, and 
occur only m multiples of an "atom” of angular momentum h, 27 r, a conception 
due originally to Nicholson* This mterpretation of Bohr s equation will also 
be found later (§ 538) to possess a definite sigmficance from the pomt of view 
of geneial quantum-dynamics 

Bohr s assumption at once prohibits the continuous variation of TF, a and 
(o which IS demanded by the classical mechanics The possible values of IF, 
a and oo are readily found from equations (947) and (948) to be 

Mm Mm 

M+m ^ Mm ^ t*A* 

- ..(949), 

m which T IS restricted to integral values, so that TF, a and © are restricted 
to ceitam definite values Thus a cannot gradually shnnk, but is restncted 
to one of the values just found It follows that there can be no oscillations 
of the electron m the plane of the oibit, so that the circumstance discovered 
by Nicholson, that such oscillations would be unstable, is no longer an objec- 
tion to our present model of atomic structure 


600 We have next to consider what happens when, for reasons not at 
present specified, the atom suddenly shrinks from, say, the orbit r » ti to the 
orbit T= Ts Formulae (949) shew that the atom must experience a loss of 
energy of amount A IF given by 




Jlfm 



(960) 


Bohr supposes that this amount of energy, suddenly set free from the 
atom, passes away into spa6e in the form of one quantum of monochromatic 
radiation The frequency of this radiation must, m accordance with Planck’s 
equation (940), be determined by AlF=Aj^, so that v must be given by 


where 



^ Mm 
"M+m A* 


( 951 ) , 

(952) 


Accordmg to Bohr’s theory the frequencies of the different spectral Imes 
of the element can be obtamed by inserting different values of and m 
this formula The Imes can be sorted into spectrum senes corresponding to 
different values of We may now examine how far this formula is capable 
of giving the vanous observed spectral senes 


J G 


* Monthly Notices of the JRoyal Astron Soe June, 1912 
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The Hydi ogen Spech um 

601 The hydiogen spectium is got by putting E — e, and so 
to N the value gi'ven by 

Mm 27r®e^ 

(953) 


N„=- 


M-\rVl h‘ 

The value = 1 gives the senes 

v = (n = 2.3,4 ), 


all the lines of which would he in the ultra-violet None of the lines of the 
series were known when Bohr’s theoiy was originally published, but the senes 
was subsequently discovered by Lyman* For Lyman’s senes to agree Tvith 
the senes piedicted by the theory, must be equal to the Rydberg constant 
We shall very soon see that the value of given by equation (953) is exactly 
equal to this constant to within the limits of expeiimental error 

The value T 2 = 2 gives the senes 

*' = - 2 ^ 5 ( 5 -^) (n = 8,4, 5 ), 

which becomes the well-known Balmer senes, when is again supposed 
equal to the Rydberg constant 

The value xg = 3 gives the senes 

= (ra = 4, 6, 6 ), 

a senes in the mfra-red of which the first two lines (71 = 4, 6) were discovered 
by Paschen'J* and the next three by F, S Brackett J The remaining series, 
T 2 = 4, 6, 6 , would be too far in the mfra-red bo be observed 


The Hehiim Spectrvm, 


602, The nuclear charge for helium is jE’ = 2^, and in the normal uncharged 
atom there are two electrons revolving round the nucleus But when, from 
ionisation or other cause, the atom loses one of its electrons, there will, m the 
remaming positively charged atom, be one electron revolvmg round a nucleus 
The spectrum of the positively charged helium atom ought accordmgly 
to be obtained on putting E-^ 2e in the above formulae Its frequencies will 
therefore be given by formula (951) if we assign to 2^"%, value Nss given by 


\r _ 

where M' is the mass of the helium nucleus 


( 954 ), 


* Nature, xom p 241 (May 7, 1914) 
fJnn d Phys xxvn (1908), p 665 
t Nairn e,oix p 209 (Feb 16, 1922) 
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The mass of the hydxogen nucleus is about 1835 times that of the negatue 
electron, that of the helium nucleus is about 7300 times that of the negative 


electron Thus to a close appioximation, equations (953 ; and (954) may be 
replaced by 

27r=?ne* Bvrme^ 

giving the approximate relation 

(955), 

Thus the spectral senes will be given by the formula 

(956) 


(957) 


The series t 2 = 1 is too far in the ultra-violet to be observed Two lines 
of the senes T 2=2 which is also m the ultra-violet have recently been dis- 
covered by Lyman* The senes t 2 = 3 maybe divided into two paits accoidmg 
as Ti is even or odd, and so is equivalent to the two senes 

Both these senes weie discovered by Fowlerf m 1912 m a mixture of 
hydrogen and helium At first the senes were attnbuted to hydiogen, but 
after the appearance of Bohr’s theory it was suspected that they might be 
due to helium Subsequently E J Evansif succeeded m observing the first 
hne (X. — 4686) of the first senes in a tube which was believed to be free of 
hydiogen, and m which no trace of known hydrogen lines could be observed 
The senes T 2 = 4 may agam be regarded as fallmg mto two parts according 
as Ti IS even or odd, and these two parts give the senes 

The former of these is again the Balmer series, which no^j reappears as a 
hekum senes The coincidence of the two senes is, however, only approximate 
K we replace the approximate equations (955) by the exact relations (958) 
and (954), it appears that the series are identical except for slight differences 
m the value of N To these we shall return below (§ 503) 

The second series (969) is the well-known “sharp” or Pickering senes 
This was observed by Pickenng§ in the spectrum of the star ^-Puppis> and 

* Nature, civ (1919), p 314 

f Monthly Nottees of the Boi/alAstnm 8oe laxm (1913), p. 62 
X Phil Mag xnx (191^, p 284 
§ Astrophys Joum iv (1898), p 369, and v (1897), p 92 

25—2 


(968), 

..(969) 
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was attributed to hydrogen simply on the grounds, now seen to be inadequate, 
that the analogous series (968) was a hydrogen senes Although there is no 
direct experimental evidence, there can be but little room for doubt that the 
hnes of this senes emanate from helium 

For a fuller study of the helium spectrum, reference should be made to a 
very full discussion by Paschen* of the helium spectrum in its relation to 
Bohr’s theory 

Numenoal Values 


603 On inserting the known numerical values 

A = 6554xl0“®^ 
e =4 774x10-^0, 
m = 900 xl0-“ 

mto formula (966), the value predicted for N^: is found to be 




= 3 284x10“ 


The value observed for iV'j is 3 290 x 10“ The numbers agiee to well 
within the probable error resulting from oui ignorance of the exact values of 
A, e and m, and the extra refinement of equation (963) is too slight to be 
worthy of consideiation in determinmg the absolute value of 

The case stands differently when we pass to a consideration of the relative 
values of and In place of the approximate relatibn Njse = 4^*^, the 
exact equations (953) and (954) yield the exact relation 


where M is the mass of the hydrogen nucleus and that of the helium nucleus 
IS assumed to be 4if 


The value of Mjm is known, from a large accumulation of direct experi- 
mental evidence, to be about 1835 On substitutmg this value, the ratio of 
to Ns given by formula (960) is 4 001635, while the value observed 
spectroscopically is 4 001 632 f. 

It is a consequence of Bohr’s assumption, that the hydrogen atom, for 
which JS=e, can have the diameter obtained by taking r = 1, namely 


2a=— - — 
27r^m^ 


(961), 


and can also have diameters equal to 4, 9, 16, 25 times this The normal 
hydrogen atom is that for which the loss of energy W has been greatest, and 
so IS that for which t = 1 On insertmg the numerical values just given for 
h, e and m, it is found that formula (961) predicts for the orbit in the normal 
hydrogen atom a diameter 2a = 1 08 x 10“® cms 

* Bohr’s “Hehumlmien,” Ann d Phys l (1916), p 901 
t Fowler, Phtl Tioms 214, A (1914), p 258 
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Ahso^ ptton Specti a 

604 On this theory the absorption spectrum of a gas admits of a %*ery 
simple interpretation In an inert gas the vast majoiity of the atoms will be 
in the state t = 1 If radiation is supposed to pass thiough this gas in com- 
plete quanta, a quantum can be absorbed only if it is either just adequate to 
move the electron mto some othei orbit Tj or else to set the electron free 
altogether Thus the absorption spectrum will consist simply of the senes 
72 ~ I formula (9ol) together with a continuous absorption band running 
upwards from the head (ti = oo) of this senes The range covered by this 
band is exactly that for which the photo-electnc effect occurs, and the presence 
of absorption shewn by this band would, on Bohr’s theory, be evidence of the 
actual occuirence of photo-electric action 

R TV Wood* has studied the absorption spectrum of sodium vapoui, and 
has found it to be of exactly the type demanded by Bohr’s theory Fifty Imes 
were observed in the absorption spectrum, their positions agreeing exactly 
with those of the prmcipal sodium senes, and m addition there was found to 
be a continuous absorption band beginning at the head of this series and 
extendmg to the extreme ultra-violet 


X-ray Spectra 

605 In 1913 Moseley f shewed that the frequencies m the X-ray spectrum 
of any element were given by the formula 

in which Ns is the ordmary Rydberg constant for hydrogen, given by equa- 
tion (953), Ti and t 2 are mtegers, is a constant for the element m question, 
namely its atomic number, and <r is small in comparison with n, being the 
same for all the lines which are beheved to arise from the same nng of 
electrons 

Moseley’s formula becomes identical with our previous formula (951) on 
taking 

JE — cr^e, 

and so would give the frequencies of radiation from an atom in which the 
orbits were determmed by Bohr’s mechanics if the force to the centare were 
(n — (t) elr^ In an element of atomic number n the charge on the nucleus 
is we, but the force on an electron is the resultant of a force of attraction we/r* 
to the nucleus and a force of repulsion from the other electrons of the atom 
Moseley shewed that the smali quantity a has values such that the out- 
standing force cre/r* may appropriately be attributed to these other electrons 
Thus Bohr’s theory appears to provide the key to X-ray, as well as to visual, 


* Physical Optiet (1911}i p 518, or Bohr, lop 17. 
t Phil Mag xxn (1918), p 1024 
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spectroscopy When we pass from optical spectra to X-ray spectra, with 
radiation of frequencies of from 1,000 to 100,000 times the frequencies of 
optical spectra, the emission of radiation still appears to he governed by the 
principles discovered by Bohr 

Band Spectra 

606 In recent years, the conceptions of the quantum-theoiy have been 
very successful m providmg theoretical interpretation of band spectra The 
ordinary band spectrum consists of a large number of lines which crowd 
together towards the “heads” of the bands in a strikingly orderly manner 
In any single band the wave-numbers are obtained with high accuracy, by 
givmg integral values to m in a formula of the type A + Bm + Cm®, where 
A, B, 0 are constants for the particular band in question 

The band spectrum ongmates from complete molecules which may be 
either molecules of a smgle element or of a chemical compound In addition 
to possessing the sub-atomic energy of the electrons of which its atoms are 
constituted, a molecule can possess also energy of rotation and energy of 
vibration of its atoms relative to one another 

As a preliminary to the discussion of the energy of a complete molecule, 
we may consider the energy of a simple Bohr atom in which a single electron 
of mass m describes a circular orbit of radius a about a nucleus of mass M 
Let K, k denote the radii of gyration of the nucleus and mass respectively 
If the two masses were held at distance a apart and the ngid body so formed 
were made to rotate eo times per second about its centre of gravity, the kinetic 
energy of this motion would be 

I + (2,r«>)» (962) 

Numerically the terms MK^ and mA® mside the bracket are very small 
in comparison with the remaimng term Thus the energy of the 

rotation may, to a close approximation, be expressed as 

This IS precisely the formula which was taken m § 499 to represent the 
kinetic energy of orbital motion m the Bohr atom It now appears that the 
energy of description of an orbit in the plane of x, y may be thought of as 
the energy of a ngid-body rotation about the axis Oz Thus if, as Bohr’s 
theory supposes, orbital energy falls into quanta, then it is clear that rotational 
energy also must fall into quanta 

In general, if a body of mass M and radius of gyration k rotates at a rate 
of 0 ) revolutions a second, its kmetic energy of rotation will be 

jm®(27r®)® 
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Bohr’s supposition that double the kinetic energy will be equal to an integral 
numbei of quanta will be expressible by the equation 

= tK (964) 

For a rigid body, the only values possible for © will be a senes of discrete 
values which will be in arithmetical progression If ^ vanes with ©, the 
values for co are still discrete but follow a less simple law Thus on the 
quantum-theory the dynamics of rotation differ widely from those of the 
classical mechanics 

The dynamics of a vibration of the atoms lelative to one another may 
be treated m the same way , if i/ is the frequency of a vibration, its kmetic 
energy must be of the form JtAi;, wheie t is an integer The mterpi station 
of band spectra is based on the supposition that when the total energy of 
a molecule changes by an amount ATT, radiation is emitted of a frequency v 
defined by ATT = Ay, a supposition which clearly includes that of Bohr with 
regard to atomic radiation as a special case 

A summary of the methods and results of the theory will be found m 
'Bfaixvte of June 14, 1924 The quantum-theory promises to be no less 
successful here than m the simpler problem of the Ime spectra of the 
elements 

607 We shall not go into the further development of Bohr’s theory in 
the present chapter Enough evidence has been given to shew that the 
hypothesis of quanta shews a capacity for mterpretmg, on broad hues at least, 
the phenomena of both hne spectra and band spectra which have defied inter- 
pretation in terms of the classical mechames We shall conclude the present 
chapter by producmg similar evidence m favour of the quantum-hypothesis 
from the phenomena of specific heats The subsequent chapter will discuss 
the theoretical basis of quantum-dynamics in some detail, and we shall then 
be able to discuss the further theory of hne spectra in a more systematic way 
than would be possible at the present stage 

Specific Heats 

608 From the bnef sketch of Bohr’s theory already given it will have 
become clear that this theory postulates the possibility of the mtemal energy 
of an atom being entirely mdependent of the temperature of the gas to which 
the atom belongs Such independence, it need hardly be remarked, is entirely 
at variance with the principles of the classical system of mechanxca Quite 
apart from the theory of quanta, however, there is an overwhelming naass of 
evidence that such mdependence actually exists, perhaps the most convincmg 
argument bemg that provided by the phenomenon of radioactivity. It is 
known beyond question that the radioactave process consists of a series of 
atomic dismtegiations, so that the process would necessarily be mflnenoed by 
changes m the mtemal energy of the atom, should any such occur. Thus if 
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a use of temperature produced a change m the internal energy of the atom 
this change would almost ceitainly shew itself in a change in the late of the 
radioactive processes Yet these piocesses are found to go on at a steady rate 
which is perfectly uninfluenced by changes of temperature Just as many 
atomic explosions are found to occur at 5® abs as at 500° C , from which we 
may infer that the internal atomic energy is not altered by the transition from 
one of these tempeiatures to the other 

It follows that the internal energy of the atom may not enter into the 
specific heats at all, so that, so fai as evaluations of the specific heat aie 
concerned, the atoms may be thought of as rigid bodies 

The Specific Heats of a Gas 

609. It will be found that many of the difficulties which have been 
encountered m connection with the specific heats of gases yield to the new 
conceptions which the quantum-theory has placed at our disposal Let ns 
consider the different kmds of gas in turn 

610 Monatomic Gases The molecule of a monatomic gas is identical 
with the atom, and consists of a single massive positive nucleus surrounded 
by a number n of negative electrons For such a structure, the value of 
Mk^ is of the order of magnitude nma% where a is the mean distance from 
the nucleus to the electrons The value of m is 9 x 10“®®, a is of the order 
of 10“®, so that JkfF is of the order oi n k 10“*® For the slowest rotation 
possible, other than m =0, equation (964) shews that must be equal to 
A/47r® or 1 64 X 10”^ Thus co must be of the order of 10“/n 

The numerical calculation of § 494 now makes it clear that a rotation 
which possesses only one quantum of energy, will still have energy many 
times that of the energy of translation of a molecule of the gas at all ordinary 
temperatures It follows, as m § 494, that only an infinitesimal fraction of 
the whole S 3 rstem of molecules will have any rotation at all Or, if we regard 
the motion of the electron in its orbit as constituting a rotation, then very 
few of the molecules will have any rotation beyond the one quantum which 
is necessary to keep the molecule m existence Whichever way we choose to 
regard the matter, we are led to the same result, namely, that the energy of 
rotation will be very approximately independent of the temperature at all 
ordinary temperatures 

Thus the energy of rotation will not enter into the specific heats We 
have already seen that the same is likely to be true of the internal energy, 
whence it appears that the specific heats of monatomic gases must be the 
same as though the molecules were hard structureless points. 

This result is in full accord with expenment (cf table on p 190) It 
removes the difficulties which were found in § 260 to surround a discussion of 
specific heats in terms of the classical mechanics 
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511 Dicaomzo Gases The diatomic molecule consists of two positue 
nuclei surrounded by electrons m motion The hne joining the two nuclei 
may be called the nuclear axis, it foims an approximate axis of symmetry 
foi the molecule 

The calculation of the last section is applicable to diatomic molecules as 
regaids rotation round the nuclear axis only It appears that these rotations 
cannot enter mto the specific heats 

For rotations about axes perpendicular to the nuclear axis, the calculation 
assumes a different form The value of may be replaced, very appioxi- 
mately, by where are the masses of the nuclei and Oj, a, 

their distances from the centre of gravity of the molecule For a molecule 
consisting of 7i electrons m addition to the two nuclei, the molecular weight 
will be approximately 2??, so that + will be approximately equal to 
n times the mass of the hydrogen molecule, say 3?i x lO"®* grammes If we 
suppose Oi, (h each of the order of lO"® cms, ifA® will be of the older of 
3?i X 10-^0, and the slowest rotation permitted by the quantum-theory will 
now, from equation (964), have a frequency of the order of 10'’/2n The 
kinetic energy of this rotation, bemg equal to times its frequency, will be 
of the order of 2 x 10”^®/^ ergs. 

For all diatomic gases this is small compared with the energy of trans- 
lation of the molecule at 0® 0 Thus at 0® 0 and all higher temperatures the 
fellmg of the rotation into quanta will not gieatly affect the total energy of 
rotation, and the specific heats will be about equal to those predicted by 
ordmary mechanics on the supposition that rotation about the a-Tig of symmetry 
may be neglected 

The energy of rotation corresponding to a smgle quantum, namely 
2 X 10''^/n ergs, is, however, comparable with the energy of translation of the 
molecule at very low temperatures For oxygen (n — 16) 2 x IQ-^/n is equal 
to about 1 3 x 10“"^^ while the energy of one degree of freedom of translation 
at 1® abs is about 0 7 x 10”^’ Thus at the lowest temperatures only a few 
of the molecules will have even one quantum of energy of rotation, and the 
specific heats will approximate to those of a monatomic gas 

As has already been mentioned in § 252, this is precisely what is found 
experimentally to occur m the case of the simpler diatomic gases hydrogen, 
nitrogen, oxygen, carbon-monoxide and air For these gases the value of y, 
the ratio of the specific heats, is equal to 1-| at ordmary temperatures and 
appears to approximate towards If at the lowest temperatures 

At the same time the specific heats of a number of diatomic gases* 
{eg OU, Bg, I 2 , BI, Cl I) seem to indicate more mtemal energy than can be 
accounted for by two degrees of fireedom of rotation This additional mtemal 
energy probably arises from vibratory motions of the atoms inside the 
molecule 

* Of § 253 
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612 Polyatomic Gases These differ from diatomic gases in that the 
molecules will in general have no nuclear axis The rotational energy at 
ordinary temperatures will be that corresponding to three degrees of freedom 
to this it may be necessaiy to add mtemal vibratory energy of unknown 
amount 


Specific Heats of Solids 


613 There are good reasons for supposmg that a solid body must in 
general be regarded as a collection of atoms rather than of molecules, an 
individual atom m a solid cannot be said to be indefimtely associated with 
any other definite atom or atoms to form a molecule To take a concrete 
mstance, it has been shewn by W H Bragg and W L Bragg* that in a 
crystal of common salt each sodium atom is exactly equidistant from six atoms 
of chlorme, and is not associated with any one of these six more closely than 
with another 

Consider now a solid mass made up of exactly similar atoms, each of 
mass m Let N atoms form a gramme of the solid, so that Nm = 1 If these 
atoms are regarded as points, the sohd will have degrees of freedom per 
gramme Every possible displacement of the solid will alter the potential 
energy, so that each degree of freedom will have potential as well as kmetic 
energy associated with it, and the energy of one gramme of the solid will 
consist of QN squared terms 

According to the classical mechanics, the energy of these terms will be 
2NRT^ and we obtam as the specific heat of the substance at constant volume, 

Hence, since Nm = 1, 

mC<Q = -jr (965)j 


which is constant Let denote the mass of the hydrogen atom, then 
18 the atomic weight of the element under consideration referred to the 
hydrogen atom as umty, and 


— C — - — 
J 


= 5 92 


on mserting the value = 8 264 x 10^ from the table on p 119 If a is 
the atomic weight measured from the standard 0 = 16, the relation becomes 


aCp = 5 96. 

This expresses the law of Dulong and Petit, that the product of the atonm 
weight of an element cmd its spemjio heat is constant 


* Boy 8oe Proc uoxyiii A (191S),p 428; see also W L Bragg, 8oc Proc lamx A 
(1913), p 468 
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514 In a solid just as in a gas a distinction must be drawn between the 
specific heat at constant volume and that at constant pressure, the difference 
between the two depending on the amount of work required to compress the 
heated solid back to the volume it ongmally occupied When determinations 
of specific heat are corrected so as to refer to constant volume, the product 
aC-o IS found to be very nearly constant at high temperatures, and to have 
almost exactly the value 5 96 predicted by theory* 

Although the atomic heat is found to be consistently equal to 5 96 at 
high temperatures, a very remarkable falhng off has been discovered at low 
temperatures, so that aCj^ must be thought of as a function of the temperature 
This is exactly what we should expect on the quantum-theory The following 
investigation of the value of the atomic heat as a function of the temperature 
has been given by Debyef, and we shall find that the results obtamed agree 
very closely with experiment 


Debye's Theory of Specific Heat 

616 The umt mass of solid contaimng N atoms must, as we have seen, 
possess 3N degrees of freedom, and therefore 3JV" independent vibrations 
These vibrations may be regarded as different wave-motions in the solid, and 
so may be classified according to firequency by the method already used m 
the last chapter Writing v for the frequency (v=pf27r), the number of 
vibrations m the volume V occupied by unit mass, havmg frequencies within 
a range dv, will be (cf § 463) 


■^('-L+— W=8irF('^+— Jy’dv . .. (966) 

w® V2ai» UaV \2ai* 


Clearly if we supposed that v could have all values from 0 to oo , the total 
number of vibrations would be infinite, whereas it is known to be ZJT Just 
as m § 469, there is a limit set to y by the coarse-grained structure of the 
medium, and, following Debye, we may make a simplifying assumption similar 
to that previously made We may assume that formula (966) gives the number 
of vibrations accurately from y = 0 up to a limit which is determined by 
the condition that the^ total number of vibrations within this range shall be 
equal to the required total number SH; there are supposed to be no vibrations 
of frequency greater than y». The equation givmg y«» is accordingly 

|*-F SJT (967) 


Here Oi, Og are the velocities of compressional and distortional waves m 
the solid, and so are known in terms of the elastic constants of the substance, 
while V = 1/p and H » 1/m 

* See Nemst Zetts fur EWktroehemie^ 1911, p 817, also Kernst, Ann^ d. 

Ehys zzzvi. (1911), p. 395, and a report m La ThAorie du Bayomumnt et le$ Quanta^ p 264 
t^nn d JPhys xixa (1912), p 789. 
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According to the quantum-theory, the average energy of each of the 
vibrations of frequency v which are enumerated in expression (967) must not 
be supposed to be jRT, but 

hv 

hv 


The total energy E of the ZN vibrations of a gramme of the substance is 
accordingly 

^ hv 


E^r 

J 0 

01 , using relation (967), 


SttV 


(20,^ 


^=-9iV 


Jw 


^ hv^ dv 


v^dv 


h 

0 o/n 


(968) , 

(969) 




Unfortunately, it is not possible to evaluate this integral in finite terms 
except in special cases 


516 At high temperatuies T is large, so that the index hvjRT of the ex- 
ponential in the denominator becomes a small quantity The denominator 
may accordingly be replaced by hvjRT, and the integral now admits of direct 
integration yielding the value 

E^ZNRT (970), 

which IS identical with the value given by the classical mechanics, as of course 
it must necessanly be 


617 At low temperatures T is small, so that the index hvjRT is large 
The denommator in the mtegral of equation (969) now becomes a very large 
quantity except when v is small Thus the whole value of E is contributed by 
small values of v and the value is very approximately the same as it would 
be if the mtegral were extended over the whole range from v = 0 to v = 00 . 

This complete integial is easily evaluated We have 
f ** aj* r" 

:^r-^dx^\ )das 

I 0 1 j 0 

The integral on the right can be evaluated term by term Its value is 


Thus when T is small, equation (969) assumes the form 

6*495 

(Wm)* 

The specific heat at any temperature T is 




1 diE 
JdT 


(971) 
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When T is large, the specific heat assumes the constant lunitmg value, 
firom equation (970), 

a, = ?^=a.say .(972) 


When T is small, the value of (7, is, from equation (971), 
(7, = 36TiJ^^yx6 495 


(973). 


Let Tis write ® for hv^^jR, so that 0 is a characteristic temperature 
associated with each substance From equation (967), 0 is given by 


©3=. 




87rJ2®F 


(201® 03®) 


(974), 


so that it IS possible to calculate 0 from the elastic constants of the 
substance 

Equation (973) now assumes the form 


C;=77 94 




(975) 


Thus at low temperatures vanes as TK 

618 Still wnting © for hvmjRi let us put 

hv V ^ 

The general equation (969) can now be wntten in the form 
v h a?dai 

where the limits of integration are firom v = 0 to » = and therefore from 
a!= 0 to ® = ©/r The equation may further be re-wntten in the form 

and it IS now clear that E is of the foim 

E=9NBT X (a function of &/T) 


Agam, smce 
it IS clear that (7* will be of the form 

9EB 


^ _ldE 
^^~7dT’ 


a=- 


c,= 


X (a function of 0/T), 




|).a./(D 


or, say. 

Thus the ratio is a function of QJT only The atomic heat at any 

temperature T is now given by 

aa = 5-96/(®) 


( 976 ) 
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Details of the evaluation and computation of the function /will be found 
in Debye’s papei"*' The following table gives the \alues found for the 

function / j 


T 

^(1) 

T 

0 

^(?) 

T 

0 

'if) 

oc 

1000 

' 8 

926 

20 

369 

4 

997 

7 

904 

15 

213 

1 ^ 

994 

e 

872 

10 

0758 

1 2 

1 

988 

' 6 

j 

825 

075 

0328 

I 15 

1 

978 

, 4 

745 

050 

00974 

! 10 

952 

* 3 

607 

025 

I 00122 

1 9 

1 

941 

1 25 

( 

503 

000 

000 


Comparison with Expemonent 


619 A large amount of observational mateiial is available foi the com- 
parison of Debye’s theory with expenment In fig 25 the curve gives the 

theoretical value of > while the marks +, o and x shew values of this 


function denved fi'om the observed specific heats of aluminium, copper and 
silver respectively. It will be seen that the agreement between theory and 
observation is remarkably good. 

In these compansons between theory and expenment, @ has been supposed 
to be an adjustable constant, and that value has been assigned to 0 which 
makes the observations fit the curve most closely. We may refer to this value 
of @ as the observed value of 0 The value of @ can however be calculated 
directly from the elastic constants by the use of equation (974), so that 0 is 
m no sense an adjustable constant The following table gives the observed 
values of 0 as used by Debye and also the values calculated fiom the elastic 
constants 


Element 

0 (observed) 

0 (oalculated) 

Aluminium 

396 

399 

Copper 

309 

329 

Silver 

215 

212 

Lead 

95 

72 


* z c p 812 
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The agreement between the obsei\ed values of © and those calculated 
fiom the elastic constants is seen to be consideiably less good than the 
agieement exhibited in fig 23. This, howevei, is not altogether suipiismg The 
observed values of 0 and those calculated fiom the elastic constants will only 
agiee if we lay great stiess on just that pait of Debje’s theory which is 



obviously weakest, namely the supposition that the vibrations of the sohd fall 
off perfectly abruptly at a sharply defined firequency As soon as this 
supposition IS replaced by something more general the two values of 0 acquire 
different meanings 

This consideration does not, however, apply to measurements at low 
temperatures Here, as we have already had occasion to notice, practically 
the whole heat-miergy of the solid reades m vibrations of low fiequency and 
the supposed existence of a maximum firequenoy Vn becomes a matter of 
indifference. In accordance with what has already been said in § 516, the 
general mtegral (968) for the energy of heat-vibrations may be replaced by a 
ttimilnr integral in which the integration extends over all possible frequencies 
feomy=0tov=oo. Thus at low temperatures we have 






The mtegration can be effected as m § 617, and we finally obtain our 
previous equation (976) without making any use whatever of the supposed 
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maximum frequency ® being defined by equation (974), and so being 
what Tve have referred to as the “calculated” value of @ 

It follows that observations of specific heats at very low temperatures 
provide a test of those parts of Debye’s theory which do not depend upon 
the assumption of a sharply defined limiting firequency 

Some very accordant measurements of the specific heat of copper at 
temperatures between 14® and 90® absolute have been made by Keesom and 
Kamerlingh Onnes* They obtain the following values 


!r(deg abs) 


6 

14 51 

0 0396 

329 6 

15 69 

0 0506 

326 3 

17 17 

0 0687 

324 6 


The values of @ in the last column are those calculated from equation 
(975) by insertmg the observed values of (7^ The value of @ for copper 
calculated from its known elastic constants is 329®, and we notice that the 
value of ® given by the experiments of Keesom and Kamerlingh Onnes 
approximates very closely to this value at low temperatures 

Reference may also be made to an earlier set of observations by the 
same experimenters on the atomic heat of leadf These shew concordantly 
a value of @ of about 86® at low temperatures, but the authois consider 
their observations to be less accurate than their later observations on 
copper 


Extensions of Debye's Theory 

620 Attempts have been made to introduce greater precision into 
Debye’s theory and also to extend it to substances other than chemical 
elements 


A solid mass of a compound substance cannot be treated as a collectipn 
of similar atoms, but may be thought of as a collection of similar molecules, 
each havmg internal vibrations of the kind already considered in § 510 
On summing the contributions from the internal vibrations of the molecules 
and from the motions of the molecules in the elastic solid waves, we obtam 
for the total energy of N molecules of the solid an expression of the form 


E 



JlV 


dv 




hvi 

hvi 

gizr-l 


(977) 


* Veulag Amsterdam Akad June 26, 191d, p 335, oi Commun from the Phys Lab of Leiden, 
No 147 a 

t Verslag Amsterdam Akad Oot 31, 1914, p 792, or Commwn from the Phys Lab of Leiden, 
No 143 
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Here the summation in the second term is over all the internal vibrations 
of the molecule For a diatomic substance, this sum reduces to a single 
term Such a term is commonly referred to as an Einstein-term, because 
Einstein at one time put forward a theory that the whole energj of a solid 
could be represented by terms of this form 

Nemst has shewn that an expression of the form ([)77) leads to 
approximately the right values of the specific heats of a number of chemical 
compounds The formula contains no adjustable constants, for can be 
calculated from the elastic constants, and is taken by Xemst to be the 
frequency of the infra-red absorption band as observed by Rubens The 
following table, selected from a number given by Nemst*, will mdicate the 
closeness of the agreement of this theory with experiment 


Values of 2C7^ for KOI 


T 

(abs ) 

Einstein 

term 

m2C^ 

Debye 

term 

m 

Correoiion 

term 

2 (0,-0.) 

Calculated 

2C'p 

Observed 

2Cp 

22 8 

0 046 

1 04 


1 086 



116 ; 

26 9 

0 13 

1 48 


1 61 

1S2 i 

30 1 

0 25 

1*87 


2 12 

1 96 

33 7 

043 

2 25 


2 68 

2 50 

48 3 1 

i 1 43 

3 52 


4 95 

5 70 

57 6 1 

1 2 13 

406 

0 02 

6 21 1 

612 

70 0 

I 2 89 

4-57 

0 04 i 

7 50 

758 

86 0 

3 66 

4 97 

0 06 

8 79 

8 72 

235 

5 55 

5 81 

032 

11 68 

11 78 

416 1 

5 83 

5 91 

0 68 

12 42 

12 72 j 

550 1 

5 87 

6 93 

0 90 

12 70 1 

13 18 ' 

I 


The agreement must not be expected to be perfect, for the theory is not 
perfect The whole assembly of atoms in the solid interact with one another 
and we are not entitled to assume that the principal vibrations of the whole 
assembly fall mto the two sharply divided classes of intra-molecular and 
inter-molecular motions In confirmation of this remark it may be noticed 
that, when the various kinds of atom in the molecule are made to become all 
similar, formula (977) does not become identical with Debye’s expression for 
the energy of an elementary substance 

621 This difficulty can be avoided by regarding the solid as a 
"space-lattice” of the type made familiar by the work of W H Bragg 
and W. L. Bragg on crystal structure. Attempts to improve the theory 
* VorMffe &er di€ Kin£ti$eha Theone der MaUne (1914), p SI. 


j a 
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m this way have been made by Born and Karman* and by Thirring*}* The 
formulae for the specific heat obtained in this way shew somewhat better 
agreement with observation than those of Debye, but the agreement is still 
by no means peifectif 

The most maiked success of these extensions of the theory occurs in the 
case of certam salts of compaiative simple chemical structure Thirring§ 
has given detailed calculations for the specific heats of NaOl, KOI, OaFg 
and FeS^, he finds a mean error of 2 3 per cent , and a maximum error 
of 4 per cent between his theoiy and observation 

522 We have now seen that the heat energy of a solid substance maybe 
thought of as residing in its elastic vibiations, the atoms being treated as the 
ultimate particles of the solid, and each vibration having exactly the eneigy 
allotted to it by the quantum-theory Thus the mean energy^ of any material 
vibration is exactly equal to that of a vibration of the same frequency in the 
ether This was found in § 475 to be the condition, under the old mechanics, 
of equilibrium between matter and ether, it was one of the suppositions on 
which Planck’s original theory was founded, the evidence of the specific 
heats of solids now shews it to be true in actual fact so far as the vibrations 
of solids are concerned 

623 The question suggests itself whether the mean energy of every 
material vibration must be put equal to that of the correspondmg hght- 
vibration For instance, in § 468 we found that the random motions of 
molecules m a gas could be analysed into waves of sound in the gas, the 
fiequencies forming a spectrum of a type similar to that formed by the 
elastic vibrations in a solid The question arises whether these vibrations 
* ought not to have allotted to them the mean energy predicted by the 
quantum-theory rather than the mean energy RT which corresponds to 
Maxwell’s distribution of velocities This suggestion has been put forward 
by Tetrode||, and some of its consequences have been examined by KeesomlT, 
including especially its eflfect on the equation of state If this pomt of view 
IS accepted. Maxwell’s law of distnbution of velocities and the fundamental 
bases of the kmetic theory lose all claim to general validity they must be 
relegated to the position of approximations which are true only m certam 
limiting conditions But in a gas at ordmary temperature and pressure 
these limi ting conditions are very nearly satisfied, at least so fafr as 

* ^hys Zeits zm (1912), p 1, and ziv (1913), pp 15 and 65 

t ^hys Zeits ziv (1913), p 867, and zv (1914), pp 127 and 180 

% See in particular Eeesom and Eameilingh. Onnes, Comrnun fiom the Phys Lab of Leiden, 
No 143, p 23 

§ Phys Zeits xv (1914), p 180 

WPhys Zeits ziv (1913), p 212 

IT Comnvn from the Phys Lab of Leiden, Suppl No 30 (1914), and Phys Zeits xiv (1913), 
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concerns the energy of molecular translation the fiequencies of the 
sound vibrations are so low that their energy has almost its equipartition 
value. Maxwells law of distribution of velocities is very nearly tiue, and 
formulae based on Maxwell’s law of distribution will be very nearly accurate 
For instance, Eleesom finds that for helium at 0^ 0 and at a pressure of 
1 atmosphere, there would be a deviation of only 012 per cent from the 
pressure calculated from Maxwell’s law, while the error in the specific 
heats IS shewn to be still less 

A somewhat different theory, based on the same fundamental conceptions, 
has been put forward by Lenz^, bub weighty criticisms have been directed 
by Lorentzf agamst both this and the theoiy of Tetrode and Keesom just 
mentioned Quite recently Einstein} has formulated a treatment of the 
question which seems to escape criticisms of this type 

524 Quite apart from the application of these ideas to a gas, it seems 
possible that they may be apphcable to the quasi-gas formed by the free 
electrons in a solid § In this case, owing to the small mass of the electron, 
the frequencies of the vibrations of the medium constituted by the electrons 
are very high, so that the old laws of partition of energy may not give 
anything even approachmg a good approximation to the truth a better 
approximation may even be obtained by regarding the wave-frequency as 
infinite, and so disregarding the energy of the free electrons altogether To 
this appioximation, we may have as many free electrons as we please m the 
solid without addmg anythmg to the specific heat It is quite m accord with 
observation that the energy of free electrons should add little or nothmg 
to the specific heat Nemst and Lindemann have found that the hmitmg 
value of the atomic heat has the theoretical value 5 96 for good and bad 
conductors equally, while Richter [| has specially looked for the influence of 
free electrons on the specific heat m a senes of Bi — Sn and Bi — Pb alloys, 
and hsts failed to find any Clearly this conception can do a great deal 
towards removing the difficulties which have accumulated round the electron 
theoiy of metals (cf § 408) Whether the theoiy can be completely re- 
established remains to be seen 

Let us consider fix>m this point of view the problem of the electnc and 
thermal conductivities, already discussed in § 404 For this the followmg 
method of procedure has been suggested by KonigsbergerlT, Hertzfeld**, and 
others. 

* Wolfbkehl Kongrm Vortraffe, p 126 

+ Proc Anaterdam Akad xn: (1917), p. 7S7. 

t Preuss Akad Wiss BerVm, xxa (1924), p 2^ 

§ See papers by Keesom, C(mmuniccaiong from the Physical Laboratory of Leiden^ Suppl. 
No 30 (1914), and Phyc Zeits xw (1913), p 670, also P A landemann, Phil Mag xxix 
(1916), p 127. 8 ^ P ^590. 

IT Verh d. LetOsch Phys GeteU xni (1911), p 984. ** Ann d Phys xli (1913), p 27. 

26—2 
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In § 404 we used the approximate formula 


vd dE 


in which ^ is the coefiScient of conduction of heat and v, o, I and E refer to 
the heat-camers which are believed to be the free electrons In § 405 we 
obtained for the electric conductivity a the corresponding formula (equation 


(819)) 


a = 


vble^ 

4iE 


The conductivities & and a- separately depend not only on E, but also on 
the unknown values of Vy o and Z The ratio of the conductivities, however, 
depends only on Ey being given by 


4 ^dE 
dT 


(978) 


If the motion of the electrons is determined by the classical mechamcs, 
E will be equal to f iZiT, and equation (978) reduces simply to the equation 


& 

e^J 


(979) 


already considered m § 406 

If, however, the energy of the electrons is supposed to be governed by 
the quantum-mechanics, then the value of E will be less at low temperatures 
than fJSr, and Sr/o- will have a value below that given by equation (979), as 
is found experimentally to be the case 

Hertzfeld assumes that E is given by an equation of the form 



hv^ 

Ito 7 


but this IS open to the objection that it reduces at high temperatures to 
^RT instead of to %RT It seems more reasonable to assume for E the value 




3 

2 


hvQ 

feVQ 

eRT^ 1 


(980), 


this being the value which the quantum-theory would predict if each electron 
oscillated, m each direction m space, with a simple harmonic vibration of 
frequency Vo Equation (978) now assumes the form 


ZR^T 
<r e^J 




(981) 


This reduces, as it ought, to equation (979) when T is large. At lower 
temperatures the last fraction on the right gives the diminution m from 
the value predicted by the classical mechanics 
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In the following table, the first column gives the temperatures at which 
has been determmed for copper by Jager and Diesselhorst and by 
Lees The second column gives the observed values of 10"® x already 
quoted in §407, an addition of 003 being made, as by Hertzfeld, to the 
values observed by Jager and Diesselhorst in order that the two sets of 
observations shall agree at 18“ C Finally the third column gives the values 
of 10"® X S'/o-T calculated by Hertzfeld firom equation (981) The value of 
Vo IS such that hvolB s 57 77, this value bemg selected so as to give the 
closest fit to the observed and calculated values 



^xlO'8(obseiTed) 

(calculated) 

■a 

235 

2 363 

18*0 

232 

2 313 

0"O 

230 

2 296 


226 

2236 

-170*0 

186 

1865 


The agreement is perhaps as good as could leasonably be expected to 
follow from the assumption of a single defimte frequency Vo for the supposed 
electronic wave-motions If, however, Vo has the assigned value, it will be 
found that at O'" 0 , hvofET has a value of about 0 212 From equation (980) 
It appears that at 0“ 0, ^ = 1 35iJT In other words, at 0“ C. the electrons 
have 90 per cent of their equipartition energy, an amount of energy which 
appears to be too great to reconcile with the observed value of the specific 
heat of copper. 

The problem has been considered further by Hertzfeld*, Wienf, and 
HauerJ, but it is difficult to find any explanation, which carries conviction in 
a physical sense, of the very long firee paths which, as we saw in §408, are 
required to account for the low resistances of metals at temperatures near to 
the absolute zero 

* le ante. 

f Berhntr Sttamgiber to (1913), p 184. 

J Am d Phyt u (1916), p 189. 






CHAPTER XVIII 

QUAIITUM DYNAMICS 

The Foundation of the New Dynamics 

525. In preceding chapters we saw how the classical system of mechanics 
failed to account for certain phenomena of ph 3 reics, and it became clear that 
these could only be explained in terms of a new system of dynanucs which 
must be supposed to supersede the old classical system when we have to deal 
with phenomena conditioned by the fine-scale structure of matter 

The first mstance of the failure of the classical mechanics was provided by 
the phenomenon of black-body radiation On the assumption that black-body 
radiation represents a state of thermodynamical equilibnum, we found that 
the observed distribution of radiant energy m the spectrum of an ideal black 
body could be explained on the supposition that the energy of each part of 
the radiation-producing mechanism fell into “quanta” Correspondmg to a 
simple harmomo vibration of frequency v, there was supposed to be an energy- 
quantum of amount Av, where h is Planck’s umversal constant of which the 
value has already been given Calling this energy e, it was found that the 
energy of vibration could be 0, e, 2€, 3e, or any integral multiple of e, but 
could not contam fractional parts of e The energy, after retaining one of these 
values for a certain time, had to be supposed to jump abruptly to some other 
value, which in turn was retained until another jump occurred* 

Debye’s theory of specific heats is founded upon exactly similar concep- 
tions The atomic motions m a solid can be resolved, as in Fourier’s analysis, 
into regular trains of waves, and the supposition that the energy of waves of 
firequency v could occur only m whole quanta of amount hv was found to lead 
to formulae for the specific heats of solids which proved to be in complete 
agreement with experiment 

Bohr’s theory of hne-spectra had a similar basis The electron m the 
hydrogen atom was assumed to be capable of describmg only certam orbits 
m which the energy had certam specified amounts, and the abrupt transition 
firom one such orbit to another provided the ongm of emitted radiation or the 
receptacle for absorbed radiation These simple assumptions were found to 
give a very convincmg explanation of the line-spectrum of hydrogen, and it 
was found that the hehum spectrum could be similarly explained 

* Attempts have been made, patticnlaily by Planck himself, to pnt the theoiy in snoh a form 
that the energy-jomps can be avoided Bat definite eneigy-jnmps seem to be essential to Bohr’s 
theory of Ime-speotra, and if once they are admitted here theie seems no valid reason for trying 
to avoid them m radiation theory 
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Einstein has shewn* that Planck’s radiation foimula can he deduced from 
the supposition that the molecules of a substance have only a certam number 
of possible configuiations, and that the emission of radiation takes place, in 
the way which had previously been imagined by Bohi (cf § 500), when a mole- 
cule jumps from one of these states to another 

Continuous Motion and Discontinuities 

526 From the instances just given, it will be clear that the motion of a 
dynamical system, as contemplated by the quantum-theory, consists of spells 
of continuous motion punctuated by abiupt changes or jumps Whether these 
jumps aie actually mstantaneous or not is so fer unknown 

In every problem in which the quantum-theory has been successful, it 
has been assumed that the continuous motion is in accoi dance, in a certam 
restiicted sense, with classical djmamics, the abiupt changes, so far as is 
known, have no relation at all to the classical dynamics. It is not possible to 
state with any sharpness or clearness the exact hmitations which have to be 
placed on the conformity of the continuous motion with the classical dynamics, 
and it is by no means out of the bounds of possibility that this supposed con- 
formity may ultimately prove to have been illusory 

In Planck’s ongmal theory of radiation, the motion of the assumed “ vi- 
brators” was supposed to be governed by classical mechanics, although it has 
smce become clear that this supposition did not form an integral or essential 
part of the theory In Debye’s theory of specific heats it is not in any way 
necessary to suppose that the motions of the atoms conform to the classical 
mechamcs In the theory of line-spectra put forward by Bohr, as also in the 
bnlhantly successful extensions of this theory developed by Sommerfeld, 
Epstein and others, it is assumed that the electron orbits descnbed m the 
continuous parts of the motion are such as could be descnbed, in conformity 
with the classical mechanics, under the electrostatic forces from the nucleus, 
but it IS found necessary to disregard completely the electromagnetic reacfaons 
ansmg fh)m the accelerations of the electron. These latter forces are, how- 
ever, demanded by the classical mechanics just as imperatively as are the 
electrostatic forces The only essential difference between the two sets of 
forces is a numencal one, the electromagnetic forces are of very small amount 
in comparison with the electrostatic forces 

Perhaps the best general statement that can be made with our present 
knowledge is that the continuous motions may be assumed to conform to 
the mechamcs to a first approximation The exact nature of the 

approximation cannot be stated m general terms In the special problem of 
Ime-spectra the approximation consists in neglecting altogether the electro- 
magnetic forces resulting from the accelerations of electee charges 
* Phys ZetUcknft xyni (1917), p 122. 
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Allowed and Disallowed Motions 

627 The classical mechanics permit of a multiply infimte senes of con- 
tinuous motions foi every dynamical system The quantum-mechanics do 
not permit of all these motions being performed In addition to the equations 
of the classical mechanics, the quantum-theory imposes equations of its own, 
and the effect of these equations is to lestrict the number of possible con- 
tmuous motions The equations which are peculiar to the quantum-theory 
may accordingly be regaided as ‘‘equations of restriction ” Following a usual 
terminology, we may speak of those continuous motions which conform to the 
classical mechanics and also to the equations of restriction as "allowed” 
motions Motions which conform to the classical mechanics but violate the 
equations of restriction imposed by the quantum-theory may be spoken of 
as "disallowed” motions 

Thus in the radiation theory of Planck, as also in the theory of specific 
heats of Debj^e, the equations of restriction are contained in the smgle 
equation 

B = rhv (982), 

wheie E is the energy of any vibration of frequency i/, and t must be mtegral 
In Bohr’s theory of the hydrogen atom, the equation of restriction is our 
former equation (948), namely 

. (983), 

wheie T must be integral 

628 So far as can at present be seen, the problem of discovering the 
complete laws of quantum-dynamics will consist of two parts — 

(i) The determination of the general equations of restriction in such a 
form as shall be applicable to all dynamical systems 

(u) The determmation of the mechanism of the supposed jumps fi:om 
one allowed motion to another 

Practically no progress has been made with the second part of the problem, 
we turn at once to a discussion of attempts to solve the fiist pait 

We have already knowledge of the form of the Equation of restriction 
in two special cases, namely those given by equations (982) and (983) above 
Both these equations refer to purely penodic motions having a smgle defimte 
peiiod It is natural to try first whether they can be combmed into a smgle 
more general equation, and it is found that this can readily be done 

Assuming that the motion of a simple harmomc vibrator is governed by 
the classical mechanics, it is known that the kinetic energy T and the potential 
eneigy y^contnbute, on the average, equal amounts to the total energy E. 
Thus if V denote time-averages of T and F, taken over one or several 
complete periods, equation (982) can be put in the form 

2T^2V^rhv 
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In Boh^ equation (983) !P and F do not vary with the time, so that 
and F=F We have also the relation (§499) 2’=F=-iF, so that 
Bohi’s equation can be put m the form 

2? = — ‘F'ss tAz;, 

where v is the frequency of description of the electron oibit 

It IS now clear that the two equations of restriction (982) and (983) can 
be regarded as special cases of a single equation 

(984), 

where T denotes the mean value of the kinetic energy T taken over a com- 
plete period, and v is the frequency of the vibration or oscillation 

This single equation contams all that is dynamically necessary, in addition 
to the classical mechanics, for the theories of Planck, Debye and Bohr explained 
in the last chapter The question naturally suggests itself whether we have 
in equation (984) the true equation of restnction for all cases of smgly-penodic 
motion Before discussing this question, it will be conv^ment to express 
equation (984) in a somewhat different form 

629 Suppose that a complete vibration occurs in the mterval from < == 0 
to i5=! o*, so that cr is the period of the vibration and va^l The value of T 
is given by 

Tdt^v\’ Tdt, 

(Tj 0 Jo 

so that — = I 2T(lt 

V Jo 

The right-hand member of the equation is of course the "action” j^Tdt 

taken over a complete period of the system, and equation (984) now assumes 
the form 

I 2Tdt = rh (985) 

J 0 

From the fundamental equation e = Aj^ it was clear that the universal 
constant A was of dimensions (energy) x (time). Its dimensions are therefore 
those of "action,” and equation (985) expresses that the action is atomic, m 
the sense that the action of a simple vibration measured over a complete 
oscillation can be only an integral multiple of A 

Equation (985) can be put in still another form Suppose as m § 78 that 
the dynamical system under consideration is specified by n generalised coor- 
dinates fi, Jj, . . their corresponding velocities ji, js* * Jn 

be the total energy of the system and let momenta jpi, pn be introduced, 
defined by 

dSt 
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The value of the “action” taken over any time-mterval from 0 to f is 

rt 

2Tdt, 

10 

and since T is necessarily a quadratic function of the velocities ji, q^, 
we have 


/' 


3tt> 


Hence 




f 2Tdt=‘'% [ psq,dt=‘'Z I p^dqg 

Jo '0 Jo 

and equation (986) is seen to assume the form 

nf=flr 

2 p,dqa = Th 

J rfs=0 


(986) 



% 


0 ^ V, 


J 




Pig 26 


The theoiy has so far been considered only in its application to systems 
having a definite single period of oscillation o*, in 
which case the integration is over one complete period 
For such systems equation (986) admits of a 
simple interpretation in terms of the generalised 
space already mtroduced in § 80 The motion of the 
system, whatever it may be, can be represented by 
the motion of a smgle representative point in a space 
having 

2i> Jaj ?n> Pii Pzf Pn 

as coordinates, and the projection of this point on the plane qg, Ps will have 
Ps for its coordmates If the motion has a single definite period <r all the 
coordinates will have returned to their initial values after an interval of time 
equal to a*, so that the point qg, pg in the (y,, p,) plane will also have returned 
to its initial position This point will have described a closed curve of which 
the area, according to the ordinary geometrical formula, will be 


j:: 


Psdqg 


Thus equation (986) expresses that the sum of the areas descnbed by all 
points such as p*, qg in a complete period of the system must be an mtegral 
multiple of h 

Adiabatic Invariants. 

630 There is a simple and obvious condition to which all equations of 
restriction must conform 


Suppose that the system under consideration moves m contmuous motion 
under the influence of an external field of force (or other external influence) 
which is capable of alteration Let Ui, Og, be parameters specifymg this 

* The case of azminthal coordinates which increase by Stt in each period <r produces a sb^^t 
complication m statement but none m fact 
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field of foice Then Oj, Oj, mil enter into the total energy of the system, 
and therefore onto the Hamiltonian equations of motion by which the con- 
tmuous motion of the system is determmed 

Of the various motions which are in accordance mth the Hamiltonian 
equations, some will be “allowed” motions, and others not Those which are 
allowed will be specified by the quantum equations of restriction, and since 
these motions mil obviously depend on the values of a^, Oj, , the quantum 
equations may also be expected to depend in general on a,, Oa, Thus a 
typical quantum equation may be supposed to be of the form 

4>(ai, Ua, )*5 tA (987) 


Consider now a particular motion of a special system Let it be specified 
by assignmg particular integral values to t m the ■vanons quantum equations, 
say 

(®i> 1 (988) 

<>2(01, )=Tah.etof 

While this continuous motion is m progress, let the values of Oi, Os, be 
gradually and slowly changed The motion of the system required by the 
Hamiltoman equations mil correspondmgly change Let Ui, Ua. • assume 
final values a,', a/, , then the final motion will depend upon a/, Oa', m the 

same way m which the mitial motion depended upon Oj, Oj, In particular 
<l>i (oi, Os, ) mil have become changed mto 4>i (a/, O 2 ', ) 

The motion which is finally takmg place, smce it is assumed actually to 
be m progress, must be supposed to be an “allowed” motion It must there- 
fore satisfy the quantum equations appropriate to the final values of Oi, Og, 
and these, in accordance mth what has already been said, mil be 


(989) 


) = riA, 1 

(oi'. Os', ) = etc J 

If we make the difference between Oj, a*, . and a/, Oj', sufficiently 

Hma.n, we need not consider the possibihty of any changes m the mtegers 
Ti, Ts, . . so that we must have, by comparison of equations (988) and (989), 

4>i(ai'. Oa. • ) = ^i(®i> ®8. • )> 

4>a (a/, Os', • ) = Oa (Oi. “a. )• etc 

these equations must be true, no matter what final values are 
assigned to a/, a,', . ,jprovided only that these are adjacent to the values 
Oj, Os, , It follows that 4>i, 0„ cannot vary with Oj, a*, In other 
words, the condition that equations (988) shall be a possible system of quantum 
equations is _ „ 

.(990), 


0ai“ ’ 3a, 


34>. 

.O.etc, ^=0, etc 


m which variations m are calculated on the supposition that the system 
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moves continuously under the Hamiltonian equations while the change m $ 
IS taking place 

Following Einstein, Ehrenfest and Burgers, to whom the development of 
this set of ideas is due, we may say that a system is “adiahatically affected*” 
when the parameters Oi, ag, giadually have their values changed. Anj 
quantity depending on the motion which does not change its value when the 
motion IS adiabatically affected ” is spoken of as an “ adiabatic mvanant ” 

631 A simple illustration will perhaps elucidate the meaning of the 
criterion which has just been developed Foi a number of mechanical systems 
it IS possible to introduce or remove constraints in such a way that the peiiod 
of the system can be altered without adding energy to, or removing energy 
from, the system Let us test whtether it is possible that Planck’s original 
equation 

E — rhv (991) 

should provide the quantum equation of restriction for such systems 
Assummg the adequacy of this equation let us suppose that the system is 
vibratmg with total energy E equal to one quantum Itv, and that while the 
motion IS in progress a constraint is introduced so that the frequency v is 
changed to some new value Vi greater than v The eneigy of the system is 
still By but the frequency is Vi and we have, on putting t= 1 in equation (991), 

E^Tj^hvi (992), 

where Ti = vjvu a fraction less than unity Thus equation (991) with r limited 
to mtegral values, cannot be the true quantum equation for such systems, 
smce by a slight mechanical modification, we can pass to motions m which 
this equation is violated We can express this concisely by saying that Efyis 
not an adiabatic mvanant for such systems 

^ 532 Eeturnmg to the tram of thought of § 629 we shall now prove that 
2Tlv IS an adiabatic invariant for all singly periodic mechanical systems 
which are liable to alteration through the changes of parameters Oi, ag, . • 
which enter into the specification of the potential energy, subject only to the 
condition that all the parameters change so slowly that the change of any 
one in the course of a single penod of the system may be neglected The 
proof which follows is substantially identical with the proof given by Ehrenfest f 
who in turn obtamed the theorem by modification of an earlier theorem of 
BoltzmannJ A somewhat different proof has been given by,Bohr§ 

* The terminology, which is not a particularly happy one, arose from analogy with the 
adiabatio transformation of radiation such as is considered in the pioof of Wien’s displacement law. 

t Verslag van de Q-ewone Vei gadervngen d&i Wt8 en Natuurkundige A/deeling, Amtei dam Acad 
xxv (1916), p 412 

X Boltzmann, Vorlesungen uber MecThanik^ n § 48, or Wissimchaft Ahhand i pp. 23, 229 
See also Ehrenfest, Verslag Amsterdam Acad xvi (1913), p. 691 

§ “On the Quantum Theory of Line-Spectra,” Kgl Danshe Selsk Sknfter, Naturvidensk og 
Mathemat Afd 8 (1918), ly. Part 1, p 10. 
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We consider a system m ■which, the specification of the potential energy 
as a function of the coordinates depends on slo'wly Tarymg parame'teis 

Cti, Ctj, 

Let L be the Lagrangian fiinction of the system, equal to so that 

the equations of motion are 

Let us compare the motion of the system before vanation over a complete 
period extending from with the motion after variation extendmg 

over a complete peiiod from i to As the parameters are supposed 

only to vary slowly, the motion after vanation may be supposed to differ only 
to a small extent from that before vanation And, since the time will enter 
only through diffeientials, we may legitimately measure time m the vaned 
motion from a different ongin from that used for the original motion, and 
this may be chosen so that 

^ ^ Hh Ai2> 


where A^i, are both small quantities of the first order 

Let denote the value of any quantity at a time t in the first motion, and 
let the value of the same quantity at the same time t m the vaned motion 
be denoted by ^ + 8^, so that 8^ is a small quantity of the first order 

The value of L integrated through a complete penod of the motion before 
vanation will be 

Ldt 

'ifx 

The corresponding value of the same quantity after vanation may be 
supposed to be 7+ A/, where A7 is a small quantity, and where, by the 
ordinary rules of the calculus of vanations. 


A7 = A f / 8Lc&+ L^asi^Aij — » . ..(994) 

iii Jh 

Since Z is a function of the parameters Oi, Os, • . as well as of the 
coordinates , etc , we have 

On the right-hand side 'we can substitu'te 'the value of dL/dq^ &otr 
equation (993) into the first term. In lie second term we may replace Sj, by 

The equation becomes 
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On integiatmg fiom this gives 

''■+srp&fca 

#. / u SOr 


I SLdt s 
J t. 


dqs 


The vaiiation in qs at the lower limit say{Ag,)i, is given by 
so that the value of Sqg at t = ii will be given by 

(^3a)^=fi “ (^?a)i “■ (?«)f=<j 

and there is of course a similar relation foi the time ^ = 4 Using these i elations, 
we find 

The first term on the iight-hand side vanishes, for, on account of the 
periodicity of the motion, both Aq, and dL/dqg have the same values at i 

asatt=ii Substituting the lemainmg value foi SZdimto equation (994) 
we obtain 

(995) 

Let E denote the total energy T + TF We have, at any instant, 


so that 


So — — 2o — = 2T 

L-l.q,^ =L-2T=-E 
oqs 


(996) 

(997) 


Further, since cti, Og, entei only in W and not in T, 

day ddr da. 

Thus equation (995) reduces to 

^ ^ ~ ^ "" 

' r#s 

We can evaluate A I Edthj a much simpler calculation The value of E, 

J tt 

by the conservation of energy, remams constant throughout the description of 
a complete period of the motion, so that 

BE^'Z^Bor 

We now obtam, precisely as m equation (994), 

A f Edt= f SEdt “ir 

J tx J ti 


— / ^ S SOr + A<2 — A^ 


(999) 
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By companson with equation (998), we see that 

A [*\L^E)dt<=0, 

J ti 

01 Aj*’-2Tdt = 0 (1000), 

rts - 

-whicli proves that I 2Tdt or ^Tjv is an adiabatic imaiiant 

633 There are of couise other adiabatic invariants besides 2Tjy The 
following examples aie given by Ehrenfest* 

If a system possesses cyclic coordinates, then the correspondmg momenta 
are adiabatic invariants 

If the rotation of a ring of elections is affected by a changing magnetic 
field whose Imes of force are perpendicular to the plane of rotation, then the 
sum of the moment of momentum and the electrokmetic momentum is an 
adiabatic invariant 

If a hydrogen atom of Bohr (§499) is affected by a changing electnc field, 
then the moment of momentum about a Ime parallel to the hues of force is 
an adiabatic invanant 

If a particle of any kmd is descnbmg an orbit about a central field of force 
of varying intensity, the moment of momentum is an adiabatic mvanant 

634 The theorem given m § 632 was applicable only to systems having 
a smgle defimte penod of vibration To discover the proper extension of this 
theorem to systems of more general type, including non-periodic systems, forms 
one of the main problems of quantum-dynamics at the piesent time 

636 The energy of a certam class of dynamical systems can be put in 
the form 

E^fi (pi, fi) (pa> ? 2 ) + . . -^fn {pn> 3n) •(1001), 

and the motion of such systems, when calculated by the principle of least 
action, is found to be such that the changes in any one coordmate g, are 
mdependent of the values of the other coordinates For a certam number of 
the coordmates, say ji, g^, g^, the changes will be found to consist of 

regular oscillations, those of any one coordinate g* being performed between 
fixed limits with a definite period a-g The kmetic energy &lls mto the sum 
of a number of contributions from the different coordinates and their velocities 
If Tg IS the contribution depending on g„ g*, it is readily shewn that 

r^Tgdt 

Jo 

* Venlag Amsterdam Acad xxv (1S16), p 416, or Phil. Mag zzxm. (1917), p. 604* 
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IS an adiabatic invariant, provided only that none of the penods o-j, o-j, 
are equal or commensurable In such a system it seems probable that the 
single equation (983) may be replaced by the system of s equations 

f * Psdge = Tsh, (s - 1, 2, m) (1002), 

provided only that none of the penods <ri, 0 - 3 , are commensurable 
An instance of such a system is provided by a solid body The diffeient 
wave-motions which represent the heat of the solid (§ 615) correspond to the 
different coordinates qi, qs, qm and equations (1002) simply express that 
the energy of the wave-motions of different periods must each be integral 
multiples of the corresponding energy-quanta 


536 In the most general class of systems the energy is of the general 
form 

^ jP2> ) (1003), 

and IS not separable mto a sum of terms each of which depends only on one 
coordmate and its associated momentum The momentum associated with 
the coordinate q^ is given by 



There will, however, in every pioblem be a certain number of integrals of 
the Hamiltonian equations of motion, say 

4>2 (Pi> Si, P 2 , 22 , ) = 0^2 [ (1005), 

etc J 

where aj, Os, ... are constants of integration which retain the same value 
throughout the motion so long as this remains in conformity with the 
classical dynamics In certain problems it may be possible to eliminate all 
variables except p* and g* from equations (1004) and (1005), and so to express 
Pk, for some coordinates at least, in the form 

P< =/-c (?«) (1006) 

The equation (?«)=* 0 may have any number of roots, each root corre- 
sponds to a value of q^ for which Pk = 0, so that when this value of g* is 
reached p^ in general changes sign and the direction of the momentum is 
reversed 

If /k (g*) = 0 has no roots, the momentum keeps the same sign through- 
out the motion (example motion in a straight line under no forces) 

If/* (g*) =* 0 has only one root Q, the motion is one in which the momentum 
pic keeps the same sign until q^^Q At this mstant the sign of the momentum 
changes and after this the momentum keeps the same sign throughout the 
whole subsequent motion (example motion m a hyperboho orbit). 
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More geneially/^ (g*) = 0 has at least two roots, and if Qi, Q 2 are tT\o ad- 
jacent roots, there will be a motion possible m which oscillates between the 
values Qi, Qs Systems of this type are called “conditionally peiiodic” systems 
Each coordinate for which the momentum can be expressed in the form (1006) 
can perform a periodic libration between two fixed limits, just as though the 
coordinate belonged to a system possessing only one degree of freedom For 
such a system, it has been assumed with great success by Sommerfeld, Epstein, 
and others that the equations of restriction are 

I pgdq, = Tgh . (1007 ), 

where the mtegral is taken over a complete hbration of the coordmate 
There is one such equation of restnction for each coordinate whose momentum 
can be expressed in the form (1006) 

This hypothetical supposition has been amply vmdicated by success 
Ijater it has been proved by Burgers* that the quantities on the left-hand 
side of equation (1007) are adiabatic invanants, subject only to the condition 
that none of the periods are equal or commensurable It has further been 
shewn by Burgerst that if any r of the periods are equal or commensurable, 
say those correspondmg to the coordmates gi, 32 ? ffr> then there is an 
adiabatic invariant of the form 

XiJpidqi + ^aJpB^i^ * (1008), 

where xj, xg, are numerical multipliers 

It accordingly seems probable that the equation of restriction m this case 
IS obtained by equating expression (1008) to some multiple of rh 


Applications to Specteoscopy 


The Bohr Atom 


637 The foregoing equations receive their simplest and most successful 
application in respect to electron orbits Indeed the equations onginated out 
of attempts by Sommerfeld to account for the fine structure of the hydrogen 
lines in terms of Bohr’s theory of the hydrogen spectrum already given m 
§ 499 The analysis which follows is substantially identical with that given by 
SommerfeldJ. 


* J. M Burgers, Am^Urdam Acadmy Proc xxv (1916). p 849, or Commvmeatiom fivm the 
riMmer’w. 1 and 126, or Atombmt Mid BseTetrvUmm (BwTiiwoliweig, 

1921), p 268. 

J G 


37 
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Consider the simplest case of a single electron of charge - e descnbing a 
closed oibit about a positive nucleus of charge E On taking E=^eyre obtain 
the normal hydrogen atom Taking E=4ie we obtain the positively charged 
helium atom, the spectium of which has already been briefly considered in § 501 

If M, m are the masses of the nucleus and electron lespectively, the kinetic 
and potential energies of the system are given by 


+ F=- — 

r 


... (1009), 


where r, 6 are the polar coordinates of the electron relative to the nucleus 
This expression for T assumes the centie of gravity of the system to be at 
rest If the centie of gravity is in motion relative to the axes of reference, 
additional terms must of course be added to T, but these will not affect the 
mternal motion of the atom 


For the hydrogen and helium atoms, m is very small in comparison with M, 
so that these equations become 

+ ( 1010 ) 


If we do not wish to neglect mjM we may still determine the motion from 
equations (1010), provided we replace m by mMj(M^m) m the final result 

The two coordmates 6, i of the system will have corresponding momenta 
Pu P 2 given by 

= mr® 0, p 2 = mr, 

and the total energy H^T+V expressed as a function of 0, r, pi and pa 
will be 


538 The fiist of the Hamiltonian equations of motion is 

dt de 


( 1012 ), 


and this has the integral pj = constant, or 

= constant, 

expressmg the constancy of angular momentum In place of the second 
Hamiltoman equation, we may use the equation of energy If W denote 
the negative energy of the orbit, this equation will be jET + "WT = 0, or from 
equation (1011), 


2 \m 


.m mi^/ 


bJE 


+ F = 0 


(1013) 


Since ^ IS constant, this equation shews that ^ is a function of r only 
Thus the system is seen to he of the general type discussed in § 536, as is of 
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course otherwise known The quantum equations of restriction w ill accoidingly 
be assumed to be 


^Pidd^Tih 


(1014), 



(1015), 


the quantities on the left each being integrated through a complete cycle 
and so being adiabatic invariants 


In equation (1014) the limits for 6 are from 0 to 27r, and since is 
constant the equation becomes 


TiA 


(1016) 


Whatever orbit is described by the election, the classical mechanics insist 
that its angular momentum shall remam constant The quantum-mechanics 
insist that this constant value shall be an mtegral multiple of A/27r Bohr’s 
assumption for circular orbits, already mtroduced in § 499, now appeal's as a 
special case of this general law 


639 From equations (1013) and (1016) we find 
2eEm ^ ^ 




Let us write this m the foim 


so that 


The limits of the libration m r are from to r# and back again, so that 
equation (1016) may be replaced by 

To integrate we put ^ ™|iooS* and obtain. 

|T.r/l 1\/1 iNli, -/I IV 

\ri r, / 

27—2 



420 


QvmUum Dynamics 


[0H.xvm 


Thus our equation becomes 

Tl _ T; ^ _ TiH-T3 

2 >y(rira) (,4ri - » i + »’a ’ 

and on substituting for r-yr^ and Ti+r 2 from equations (1017), this gives 

~(Ti + Ta)“hs 

From a well-known formula m the theory of central orbits, the eccentn- 



city e of the orbit is given by 


1 


and this becomes, m the present problem, 

(Ti+Tg)*' 

It now appears that when the simple assumption of circular orbits is 
abandoned, the effect of the second quantum restriction is to limit the 
eccentricity of the orbit to certain definite values The special value ra=0 
gives € = 0, and so corresponds to circular orbits In general the only orbits 
allowed are those in which the ratio of the axes (6/a) is a commensurable 
fraction 



Fig 27 


Fig 27 shews the first few orbits which are possible for the simplest system 
of all, namely the hydrogen atom 

A companson of equation (1018) with our former equation (949) shews 
that the values of W permitted by the present theory are precisely identical 
with those permitted by Bohr’s simpler formula for circular orbits, namely, 
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There is, however, the essential diffeience that, on the more general theory 
now under discussion, an oibit whose energy is given by equation (1019) can 
be described in a great number of ways, these ways corresponding to the 
numbei of ways in which r can be expiessed as the sum of two integers, 
and T 2 This circumstance appeals at first sight to make the general theoiy 
of elliptic orbits more intelligible mechanically than 'was the simpler theoiy 
of Bohr Under Bohi s simpler theory, a sudden change of energy required 
a sudden jump of the electron fiom one circular orbit to a second of different 
radius, thus a change of energy required the electron to jump from one pomt 
of space to another Under the more general theory we have ]ust examined, 
a jump of energy may require only a sudden ]ump m the velocity of the 
electron unaccompanied by a jump in space, so that the mechamcal accom- 
pamments of a sudden change in energy may, for certain values of Ti, ts, t/ 
and Ta', be merely such as might be produced by a sudden blow or impulse 
under ordinary mechanical laws Nevertheless, Sommerfeld’s work, which we 
shall discuss later, disposes of this concihatory view of quantum-dynamics 
Not only are spectral lines observed which, accordmg to Sommerfeld’s theoiy, 
are produced by actual jumps m space from one circular orbit to another, but 
the intensity of these hnes greatly exceeds that of Imes correspondmg to 
mere changes of velocity 

A sudden jump of energy firom a configuration tj, of energy TF to a 
second configuration r/, of energy W' may be supposed to result m the 
emission (or absorption) of a quantum of radiant energy of frequency v 
determmed by 

Aj; sas TP — TF =» 

If, as in equation (952), we put 

^ — W-- 

the system of frequencies is given by 



in which Ti, Ta, t/, Ta' may have any mtegral values whatever. The value of 
V depends, however, only on the two quantities Tj + Tj and Ti'-fr,' Each 
of these can have all possible integral values, but no others Thus the 
spectrum given by equation (1020) is precisely identical with that given 
by the simpler equation (951) of Bohr, which, allowing for change of notation, 
may now be written m the form 

— ■' (lo®) 

This equation, it will be remembered, was deduced by assuming that all 
orbits were necessarily circular; indeed it is derivable at once from the 
general equation (1020) on taking = 0. 
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640 Although the two equations (1020) and (1021) predict precisely 
the same spectrum, it is readily seen that their physical sigmficance differs 
widely 

For instance, according to Bohr’s simple formula (1021), the Ime will 
he given by putting ti = 2, ti' = 3 But accordmg to the more complete 
formula (1020), the line jE* will be given by any set of integral values of 
Tii Ta, Ti', Ta' which make ti + Tg = 2 and t/ + ts' = 3 The values Ti = 0, Tg = 0 
are prohibited since these would make the electron and the nucleus coincide 
at their point of closest approach Excludmg these, there are two sets of 
values which make Ti + T 2 = 2, namely 

Ti = 2, T 2 = 0 and Ti = 1, T 2 = 1, 

and there are three sets of values which make t/ + = 3, namely 

Ti' = 3, T2' = 0, t/ = 2, T3'=1, T2'=2. 

Thus there are six sets of values in all, shewing that, on the complete 
theory now under discussion, the line can be generated in six distmct 
ways In other words, it represents the superposition of six spectral hues 

A spectral Ime which represents the superposition of a number of co- 
incident lines can be separated into its vanous constituent lines by various 
known physical methods, such as the superposition of a magnetic field 
(Zeeman effect) or the superposition of an electric field (Stark effect) 
Sommerfeld* followmg up an early speculation of Bohrf, has suggested 
that the fine structure of the spectral hnes may shew a permanent separation 
of the constituent lines resulting from the dependence of the mass of a 
movmg electron upon its velocity So long as we assume, as has so far been 
done, that the electron has a constant mass m which is mdependent of its 
velocity, the energies of all orbits for which Tj + Xg has the same value will 
be the same (cf equation (1018)) As soon as the dependence of mass on 
velocity is taken into account, the energy depends, as we shall now see, on ti 
and Ta separately, and the result must be a permanent separation of the 
constituents of a spectral line 


The Rela;tiv%by Separation of Spectral Lines 

541 If c denote the velocity of an electron at any mstant, and G is the 
velocity of hght, the mass of the electron will be given, according to the theory 
of relativity, by the equation 

m = wio (1 - (1022), 

where S is written for cjG, and w© is the mass of the electron when at rest 
relative to the axes of reference 

* MUnehenerAkad Sitzungsher (1915), pp 425, 459, and Ann d JPhys li (1916), p 1 See 
also Atombau void SpektraUtnien^ Chap v 
t Phil Mag xxix (1915), p 332 
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Let us, for the moment, simphfy the problem by supposmg the mass of 
the electron to be negligible m comparison with that of the nucleus round 
which it revolves Then m place of equations (1010), the kinetic and potential 
energies will be given by 

T=»ioC»[(l-;8r^-l], F . (1023), 

the former equation merely bemg the oidinaiy relativity formula for the 
mass of a movmg particle Except for terms of the order of (c/O)*, it reduces 
to Jmc* 

Prom this we obtam as the equation of energy 

Tf=^-moC»C(l-^)"^-l] .. (1024), 


where W is, as before, the amount of work required to move the electron 
from its orbit to mfimty, and so is of course constant throughout the 
description of the orbit 

The principle of conservation of angular momentum gives, as before, the 
relation 


where pi is constant and m is given by equation (1022) 
we may write 

d __ Pi d 

dt'^mr^dd 


Usmg this relation, 
. . . (1025) 


If X, y are Cartesian coordmates in the plane of the orbit, such that 
x^rGOsdy y^r smO, we have 

so that, agaan usmg relation (1025), 

d , pi* d fl dr - 1 «\ 

On putting this becomes 

^ f \ P\ , \<XaB /TAO«\ 

»(a5i+”j— • 

The equations of motion of the electron are, however, known to be* 
d , ■. bE n 


whence, on comparison with (1026), 

eEm eEm^,. Qg,-i 


. . . ( 1027 ) 


Of Jeans, EUctneity and Magnetism (5th Edition), g§ 692, 694 
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This IS the dififeiential equation of the orbit described when the relativity 
vaiiation of mass with velocity is taken mto account The difference from 
the simpler equation obtained by neglecting the variation of mass consists 

solely in the presence of the factor (1 — y8^)“^ on the nght-hand side 

542 The value of the factor (1 — is at once given by the equation 
of energy (1024), and on using this value equation (1027) becomes 


. r, feE'f\ eE ( F\ 


The geneial integral is of the standaid foim 

u = A cos 7^+5 sin <yd + Z) 

wheie, by substitution into the onginal equation, it is found that 
, , /eEy eE [ TTx 


(1029), 


(1030), 


and A, B are constants of integration By a suitable choice of the initial line 
5 =s 0 we can make ^ = 0 If we further put A - eZ), the equation becomes 


- = 2)(1 + €C0S yO) 


(1031) 


This differs fiom the equation of the elliptic oibit which would be desciibed 
by an electron of constant mass only m 9 being replaced by yd Since y differs 
only very slightly from unity, equation (1031) may be regarded as the equation 
of an elliptic orbit which undergoes a slow progression of the apses Clearly e 
is the eccentricity of this elliptic orbit 

We proceed to calculate the negative energy W of this orbit Since W 
remams constant thioughout the descnption of the orbit, it will suflSce to 
evaluate it at the most convenient pomt and we shall select the apse at which 
^ = 0 At this point 


Also r = 0, so that 


i = i>(l + e). 


0^2 £i^a+6) 

^ 0 G miO 


whence, firom equation (1022), 


From the energy equation (1024) we obtain, on replacing 1/r by D (1+ e), 



find 
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Squaring equations (1033) and (1032) and subtiacting coiiespondmg sides, 


(1034;, 


an equation 'which determines the value of W 


643 Equations (1031) and (1034) give the orbit and the amount of its 
energy as predicted by the classical mechanics modified by the theory of 
relativity On to these equations the quantum-theory imposes twd additional 
equations of restnction, one correspondmg to each of the coordinates 6 and j. 

The equation of restriction coiresponding to the 6 cooidmate is the same 
as that of the simpler investigation of § 538 in which the relativity correction 
was neglected, namely 

. ( 1035 ) 

To determine the second equation of restriction we notice that r performs 
a libiation between values given by 

i=i>(l±e). 

In accordance with the ideas explained in §536, Sommerfeld takes the 
second equation of restriction to be 

. . .. (1036), 




= T^h 


where the integration is through a complete cycle of changes in r, say from 
0 — OtoO^ 2Trh In this equation 

f.dr_p,dr 
=a TTIU -T2 — “5 J 


SO that the equation becomes 

On usmg the value of r provided by equation (1031) and performmg the 
integration, this gives 


27rpi7 


1(1-6*)* J 


Tth 


Combining this with equation (1036) it appeals that the eccentricity of 
the orbit is now limited to values given by 


l-e» = ; 


where n, r* are integral This differs from the value found m § 639 through 
the occurrence of 7 T 1 in place of 
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On substituting the value just obtained for 1 — e“, and that for given 
by equation (1036), equation (1034) becomes 


■ ( lireE Yl _ W Y 

l,AC?(Tg + 7Ti)/ _ \ ’ 


so that 


W 

nioO^ 


= 1 - 


moCPj 

/ ’i.iteE YT^ 
\hC (j^ + yTi)) _ 


(1037) 


The nght-hand member can be expanded by the binomial theorem, gfivmg 


2-7T^mo^JSI^ [, 3 ( 2'jreE y 


(1038) 


This IS the equation which must replace equation (1018) when the 
relativity modification is taken into account It is at once apparent that W no 
longer depends solely on the sum tj + 

From equations (1030) and (1036) 

f2-n-eEY 
\hOTj ’ 


7* = 1-| 


SO that 


and 


7 = 1- 
1 






4i7r^^E^ 


] 


(Ta + 7 Ti)2 "" (ti + Ta)^ L* (Ti + Ta) 

Hence we find that the value of W given by equation (1038) can be ex- 
panded in the form 

This IS an expansion in powers of (^ireElhCy, and since this quantity is 
numerically of the order of 5 x 10“*, it is clear that terms beyond those 
written down, dependmg upon {2TreElhG)% may be neglected 


644 The correction toi;he simple formula (1018) obtained by the neglect 
of the relativity correction is represented by the term in square brackets in 
equation (1039) It will be seen that it consists of two parts 
I An mcrease of TT by a factor 


1 



or 1 + 


W 

27n^G^ 


IL An increase of TT by a further amount equal to 4 t 2 /ti times the 
precedmg 

For a circular orbit T 2 = 0, and the first correction alone appears This 
correction is called by Sommerfeld “the relativistic correction for circular 
orbits ” 


The second correction depends on T 2 and separately and so is different 
for orbits of different eccentricities It is this correction which gives rise to 
the sphtting of the spectral Imes 
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If the electron m an atom suddenly passes from an orbit of energ\ — TT to 
one of energy — TF', the frequency of the emitted ladiation is given as m 
§ 500 by 

W ' — TF (1040) 

If both W' and TF can have a number of distinct but only slightly different 
values, the resulting value of v will similarly have distinct and slightly diffenng 
values In this way Sommeifeld accounts for the fine structure of a number 
of lines in the spectra of hydrogen and helium 

Fine Structure of Hydrogen and Helium Lines 

646 Let us consider fiist the ordinary Balmer senes of hydrogen As in 
§ 501 this IS obtamed by taking E—e and = 2 If, as m equation (955), 

we wnte 

-h ? — 


we obtain from formula (1039) 


tJT TiT ^ Tl . 

~ (tj + Ta)* L A=0* (Tj + Ta)® 

1 1 

4- 

(1041). 

and, on putting Ti + Tg' = 2 , 


(1042) 

On putting Ti4-Ta = w, the frequencies are, from equation (1040), given by 

4Ta\ 

. (1043), 

1 1 

+ 

iH 

+ 

, , 

H 

2 

1 


(1044) 


The first term on the nght-hand side of equation (1043) represents a 
Balmer senes m which the value of the "Rydberg-constant” N' varies slightly 
from one member to the next Measurements on the Balmer senes by Paschen 
have in actual fact revealed a vanation of this kmd Sommerfeld quotes the 
followmg values obtamed by measurements on the hues Ha, H^> -Hi 
Ha -Hi 

jy' = 109678 205 109678*164 109678167 109678198, 
and gives the following table companng the values of 10 « x ^N'jN given by 
these observations with the values predicted by equation (1044)- 

Ha-Sp Ha-H^ Ha-Hs 

Observed 037 0 35 0*06 

Predictedby] Qgg 104 

equation (1044)] 

There is not much agreement except as regards sign and order of magm- 
tude, but Sommerfeld considers that the agreement is satisfectory in view of 
the extraordinary difficulty of making the measurements. 
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646 Let us pass now to the consideiation of the fine stiucture of the 
lines of the Balmei series, lepresented by the last term on the light of 
equation (1043) Toi r/ and rl there are only two sets of values (cf § 540), 
namely 

Ti'=: 2, Ta'^O and ri' = l, t 2 ' = 1, 
the former corresponding to a circulai orbit in the final state of the atom and 
the latter to a final orbit of eccentricity ^^3 Inserting these two sets of 
values, the series (1043) may be replaced by the two separate senes 


II 

l.l] 

4 nV 

^ it^e^ 4ts 

(1045), 

II 

4 ny 

97^6* f4lT3 IN 

4/ 

(1046) 


The corresponding lines m this series have a common frequency difference 
of which the numerical value is found to be 0 365 Thus the 

4 hrU-‘ 

Balmer senes ought to be a series of doublets of uniform frequency difference 
0 365, each membei of these doublets possessing its own fine structure 

This repiesents in general terms what is observed Each line of the 
Balmer senes is found to be a doublet and the frequency difference is either 
constant or appioximately so Michelson has determined the frequency 
differences of the Imes Ha, Hy as 0 32 and 0 42 respectively It will be noticed 
that the mean of these is veiy close to 0 365, the value predicted by Sommer- 
feld’s theory The frequency difference of Ha has also been determined by 
Fabry and Buisson as 0 307 Sommerfeld considers that this value, which he 
regards as the most reliable, ought to be increased by one-quarter of its value 
on account of the details of fine stiucture of the two lines of which the doublet 
is composed With this increase the value becomes 0 384 which is in very 
close agreement with the theoretical value of 0 365 

Merton*, as the result of a careful experimental study of the problem, has 
formed the opimon that obseivation is completely reconciled with Sommer- 
feld’s theoretical value when allowance is made for the great effect of impurities 
on the appearance of the lines 

The value of this quantity can, however, be more accurately determined 
by indirect methods The same doublet occurs in the spectrum of positively 
charged helium and also in the i-senes of the X-ray spectra of all elements 
From the former source Paschen has determined the value of the frequency 
difference as 03645 ±0 0045, the various doublets m the i-senes give a 
value approximating very closely to the theoretical value 0 366 Thus there 
IS little room for doubt that the agreement between theory and observation 
IS complete 

* iVoc Moy Soc 97 a (1920), p. 307 

t Sommerfeld, AtQmhau mid Sjpektralhmm (2nd Edition, 1921), pp 343 and 859 
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647 Sommerfeld considers in full detail the fine stiucture predicted by 
theory for the hues both of the Balmer senes and of other hydrogen and 
hehum senes In fig 28 an example is given of the type of agreement mth 
observation given by the theory The top line shews the relative positions of 
the lines which on Sommerfeld’s theory ought to constitute the hehum Ime 
Xs4686 The two lower hues shew the observed structure of this line, 
representmg current and spark spectra respectively 


1 1 1 1 1 1 1 1 1 1 1 

ds 

c^2 Cs bs Ctg Cg bg dg 

di 

e, 

b,at 

£ 


1 

1 



s s i 

~ ■■ = 

s 

1 



Fia 28 


It Will be noticed that certain Imes predicted by theory do not appear at 
all m the observed spectrum Sommerfeld mtroduces into his theory certam 
conjectures as to the relative intensity to be expected theoretically in the 
dififeient constituent lines, and also a conjectuial limitation (tj and t/ Tj' 
in our notation) which would prevent certam Imes from appearing at all For 
details of this part of Sommerfeld’s work, as well as for a fuller study of the 
fine structure of mdividual Imes, reference should be made to Sommerfeld’s 
original paper* 

The Stark Effect. 

548 It has been found by Starkf that spectral Knes are split up m the 
presence of an electrostatic field, the degree of separation bemg proportional 
to the mtensity of the field The theoretical mvestigation of this effect by 
EpstemJ provides a further instance of a successful application of quantum- 
dynamics 

We consider first the general motion of an electron around a massive nucleus 
m the piesence of a uniform field of electrostatic force. Let the nadeus be 
taken for ongm and the direction of the force be taken for axis of ar The 
kmetic and potential energies are given by 

22'=wi(a^+y*+^)> — aX® . ••• (1047), 


where X is the electnc mtensity. The problem forms a special of the 
eeneial problem of the motion of a particle under two centres of force, and 
the solution of Epstem. apart from the final introda^i^ of quantum-d^mics, 
IS a special case of the known solution first given by Euler and Jacobi. 


• Ana d Phyt u. (1916), p 1 
i Amid Phg* CW14). p 965. and xLvm 
(191i), p 988, and the two gaeoeeding papen 
t Ami d Phu* I. (1916), P 489 


(1916), p 198. See also Ann. d. Phyt xum 
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649 Let us fiist change to cylmdiical cooidinates x, «r, d having Ox as 
axis Then equations (1047) become 


+ + F= - ■ 


Ee 


' — eXx 


- 1 - 

We next change fuither to cooidinates defined by the transformation 

cc -f iisr = ^ itjY 

We have “■ 'ar = ^, a?® + = i (f ^ + 97®)®, 

whence 2T=^m(^+ rf) (f® + 7f) + 

2Ee 


F=- 


r + 




The momenta, which may be denoted by pi, ^>2, will be given by 

^rp 

and the Hamiltonian function H, which is the total energy T + V, expiessed 
as a function oipx>Pi>Pt> V and assumes the form 


■2’= 2m(gH ' V) 


The equations of motion of the electron are the usual canonical equations 


dp>i dH 
dt~ af ’ 


Since dSfd0==0, the third of these equations shews that dpsjdt — O In 
other words has a constant value which we may denote by a This measures 
the angular momentum about the axis of x 

The two remaining equations do not admit of diiect integration but it is 
known firom the classical solution of Euler and Jacobi that the variables are 
separable when t) coordinates are used, so that pi, pz are of the forms 


Pi=/i(n JPa=/2W (1049) 

Assuming these forms, the actual values of the functions fi and /a are 
readily obtained 

Throughout the motion the energy T -f F has a constant value which we 
may as before denote by — TF Thus the equation of eneigy is jff + Tr= 0, where 
E is given by equation (1048), and this may be written in the form 

2m (f ® + 17®) IF + [/i (f )]2 + [/a (77)]a 4. a2 - 4imEe - meX (|^ - 97*) = 0 

(1050) 

In this equation W is regarded as a constant, so that the equation is of 
the form 

(a function of f ) + (a function of 97) == 0 
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This can only be satisfied if the function of f has a constant \alue G, and 
the function of 17 has the constant value — C Thus equation fl050) is equiialent 
to the two equations 

Ui (f + 2/nf=F + - -ImEe - meX^* -(7=0 (1051 ), 

[/a (’?)]■ + 2 ?h > 7= F + ^ — 2mEe + meXi^ + C = 0 (1052) 

These equations aie first integrals of the equations of motion The com- 
plete integiation is effected, and the orbit discussed, m Epstem’s onginal 
papei, but the above equations contain all that is essential for our present 
purpose 


650. The equations just obtained 'Bill repiesent all orbits Bhich aie 
consistent with the classical mechanics We now mtroduce the quantum 
equations of restriction to select those which are allowed by the quantum- 
mechanics 


Since m{^+ 7 f)^=pi= /, (f), it follows that ^ will vanish when /, (^ = 0 , 

%e when , ^ 

meX|*-2m?*F-l-(2m.^e-l-0)f®-e(‘=0 (10o3) 

The electrostatic fields available m the laboratory correspond to values 
of X such that the coefficient of m this equation is small compared with 
the remaining coefficients Thus the equation will have one root for which 
^ IS very large and two other roo'ts in ^ which will approximate to those of 
the eo'uation 

2m?‘F - (2m.&e -b (7) p -1- 0? = 0 

This latter equation of course determines the points at which f = 0 m 
the orbit descnbed when X = 0 This orbit may be elliptic or hypmrbohc, 
but at present we are only interested in elliptic orbits, m which case the 
equation ■will have two real roots and equation (1053) may be supposed to 
have two real roots to correspond 

Similarly the equation/, (»?) = 0 which determines values of 17 at which 
77 = 0 may be supposed to have two real roots for which if" « tto* 
order of 1/X 

The coordinates f, 17 will each perform libiations between values of 
f and 17, say fi. and 7 ,^, •»?„ determined by the equatioM just discussed 
p [en'‘ft , in accordance with the principles explained m § 586, the quantum 
equations of restriction may be taken 'to be 

J''* Padri=Tih, J^ptdff^Tfh .. .(1064) 

Since p, has the constant value a, the third equation may at once be 


written in the form 



( 1056 ), 
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while the two former equations become 

/|Vi (?) = rA = tA 


(1056), 


in which /i (f) and /g (^ 7 ) aie given by equations (1051) and (1052) 

The integrations involved m evaluatmg the left-hand members of these 
equations prove to be extremely laborious Clearly the first equation will 
give Ti m terms of the three constants TT, a and O which occur in the 
specification of /i (^) in equation (1051) The second equation will give 73 
in terms of the same three constants From these two equations and (1055), 
it IS possible to eliminate a and C, and we are left with an equation givmg 
W in terms of Ti, Tg, Epstein carries the calculation only as far as first 
powers of X, since it is readily shewn that for all electric fields available in 
the laboratory, the terms in will be negligible Details of the integration 
will be found in Epstein's original paper^, the final result proves to be 


27r^i^E^r 1 1 Sh^X , w X . ^ 

and this equation expresses the energy of all “allowed” orbits as a fiinction 
of the three integers Ti, tq, 


661 Suppose that the electron falls from an orbit of energy -TF 
specified by the integers Tj, Tg, rg to one of energy — W' specified by the 
integers r/, Tg', r,' In accordance with Bohr's supposition explained in 
§ 500, we assume that the energy which is set free appears as a smgle 
quantum of monochromatic radiation The frequency v of this radiation will, 
as in § 500, be given by 

hp^W'--W 


Let us put Ti + Tg + Tg = n, tj' -f- Tg' 4 - Tg' = n!, so that n, 71! are integers, 
then, by the use of relation (1057), we find that the frequency of the emitted 
radiation will be given by 




h? 




On putting Z = 0 this formula reduces naturally to the formula of Bohr 
already given in § 500 Thus the first term on the nght of equation (1058) 
represents the undisplaced line, while the second term represents the splitting 
produced by the electrostatic field 


662 Fortunately the amount of this splitting under fields available m 
the laboratory is so large as to render comparison with experiment compara- 
tively easy 


We notice first that w^(ti^ — Tg') — w (ti — Tg) is necessarily an mteger 
Call this Z, then the displacement produced by an electric field X is 

Zh 


Sv = 


Zir^eE 


xz 


* Zc pp 503 — 509 
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Thus for a given field X, every displacement is an integral multiple of 
the same quantity BhX jSiryneE, so that the components of any line ought 
to foim a legular senes of equidistant hues The unit of separation 
tiv = ShXIS'TT^ineE is easily calculated in terms of X, so that the prediction 
of theory is a quite definite one, in which adjusfeihle constants do not figure 
at all That this piediction is veiy closely confirmed by observation will 
appeal in the detailed observations given below 

The quantities ti and Ta have enteied sjunmetncally into oui funda- 
mental equations, so that any negative value of ti — r* ought to be precisely 
as possible and as likely as the equal positive value In othei words an 
electrostatic field ought so to split up each spectral line that its com- 
ponents are arranged symmetrically about the position of the original hne 
This IS found to be the ease experimentally, but does not provide a verifica- 
tion of the theory since it must obviously be the case with any splittmg m 
which the displacement is proportional simply to X 

663 In the two former problems of oibital motion under discussion, 
the angular momentum fell mto quanta, and the possibility of a zeio 
number of quanta could be disregarded fi:om the outset, since the corre- 
sponding orbits would be such that the positive nucleus and negative 
electrons would coalesce at intervals and then separate out again In the 
present problem also, the angular momentum falls into quanta, but the 
value T 3 = 0 cannot be dismissed for the reasons which previously held. An 
orbit for which t8=0 is, in the present problem, merely one described per- 
manently m a plane through the nucleus contammg the direction of the 
electiic field If, however, as Epstem notes, both r, and one of the mtegers 
Ti and Ta vanish, then the orbit reduces to a straight Ime through the 
nucleus Such orbits are described by Epstein as “ pendelbahnen,” and it 
would appear that they ought to be rejected for the same reasons as held 

before 

Epstem retains the “ pendelbahnen,” although descnbing them as ex- 
tremely improbable He first toes the effect of rejectmg values of ti, t„ r, 
which are exduded by the conjectural principle(Auswahlpnnzip)of Sommerfeld 
to which reference has already been made (§ 54T) This pnumple is found to be 
too drastic, since certam Imes which it rejects are actually observed Epstein 
accordmgly replaces it tentatively by a modified and less drastic pnnciple of 
selection according to which all bnes must be rejected, and so ought not to 
be observed, except those for which 

<r { < Ti, Tf <Ti, T,' < T* + 1, 

the difference firom SommerCdd’s principle lymg in the replacement of t, 
by T,+l. 


j a 


28 
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Even with this modified principle, it still appears that a number of hues 
are predicted which aie not observed, and one line appears to be observed 
which IS not predicted* Moreover the lines which correspond to “pendel- 
bahnen” are observed, although faintly A detailed comp:tnson with obser- 
vations on the lines Hy, Es will be found in Epstein’s ongmal 

paper 


654 An alternative plan which does not appear to have been con- 
sidered by Epstein is to discard Sommerfeld’s Auswahlpiinzip altogether, 
and reject purely and simply those oibits for which This at once 

rejects the impossible “ pendelbahnen ” It rejects also, foi less apparent 
reasons, elliptic orbits m which there is no angular momentum about the 
lines of electric foice The pnnciple of rejection is, however, no more 
arbitrary than that of Epstein, while it has the advantage of intro- 
ducmg an agreement between theory and observation which is practically 
complete 


565 As instances of the good agreement of Epstein’s theory with ob- 
servation, we may consider m detail the lines E^ and Hy The observations 
are those of Stark, the calculated lines are those given in Epstein’s paperf, 
except that the Imes have been selected m accoidance with the alternative 
pnnciple of choice just explained. 

For these two hues T^ + Ta + T 3 = n = 2 Our pnnciple of selection rejects 
the value t* = 0, so that Ti - Tj can be 1, 0 or - 1 For Ep, 

Ti -K Ti + T,' = n' = 4, 

so that Ti'-f t/ can be 0, 1, 2 or 3 and r/ - t/ can be 3, 2, 1 or 0 Similarly 
for Ey, ra' = 5, so that t/ — t/ can be 4, 3, 2, 1 or 0 

For Ef the values of Z predicted aie 14, 12, 10, 2, 0 All these lines, 

except Z = 14, are observed as follows ’ 

Z= 12 10 8 6 4 2 0 

{ calculated 194 161 12 9 9 7 6.') 3 2 0 

observed (p) 19 4 16 3 18 2 100 6 7 3 3 0 

„ (s) 193 164 132 97 66 34 0 

Here (p) refers to light polarised so that the cloctnc force is parallel to 
the lines of the external electric field, while (s) refers to light polarised 
perpendiculai to this 


* The hue m question is Z=22 in Hy The calculated value of AX for this hne is 29 3, for 
^7 obseived a line for which AX=:29 4, and Epstein, having rejected the 

V ue Z-22, identifies the line with ^=21, thereby introducing the one and only discrepancy 

betwe^ theory and observation which is equal to, or even comparable with, an Angstrom umt 
t Zc p 512, 
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observed 


^calculated 


rcalculated 


of Z piedicted 

aie thobe given 

below, all the Imes being 
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656 In the foiegoing pages -we have given a very bnet accounn oi Tvnai 
are piobably the most biilbant tiiumphs of the quantum-mechamos— Bohr s 
original theory of the spectrum of the mono-electromc atom, Sommerfelds 
extension to the fine structure of the spectral hues, and Epstem’s mvestigation 
of the Stark effect It may be -well to state exphcitly what the leader will 
probably have conjectured, that want of space has prevented anything like 
foil justice being done to the mvestigations in question Many points of 
interest, some of them of primary importance, have of necessity been omitted 
For a foil study of the problems, the reader should refer to the ongmal 

papers 

Beyond the mvestigations which we have briefly summarised are otneis 
upon which we have not been able even to touch Foremost among th^ 
should be mentioned mvestigations of the Zeeman effect by Sommerfeld , 
Debvet and Bohri In this connection also should be mentioned 
KramersS and BurgerslI EpstemlT has extended his study of the Stark effect 
to a discussion of Fowler's hebum senes, and Sommeifeld, m a s^uel to the 
paper fi:om which we have so largely quoted, has given a theoiy of the ^L-ray 
spectrum, which proves to be m striking agreement with observation 

667 Although the quantum-dynamics has been tnumphantly su^essfol m 
these applications, it must still, as a system of dyu^<s, be regarded ^ ^ 
unsatisfactory state It is only competent to deal with an ex^ively s 
range of dyMumcal phenomena, and even here progress has been rather by 

- Phut ZetU im (1916). p 491 and ^lomtou und SpefeaKiwm (2nd eto, 1921), p 416 

+ Phus Zeits xvn (1916), p 507, or GoUingen Nachnchten (1916) „ „ - 

! •' (UlS), a„ i ... I. , 79. 

pp 116 and 364 2 
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guesswork than by the utilisation of any established principles The laws 
which have been discovered are no doubt cases of wide general laws, but 
so far only meagre success has followed attempts to discover these laws by 
generalisation from what is already known 

Consequently a very special value attaches to all attempts to extend the 
present known quantum laws into a complete or even a partially complete 
system of mechanics One line of attack will be to examine the exact relation 
of what IS known of quantum-dynamics to the old classical dynamics The 
work of Bohr in this field is of great importance^ Another line of attack 
will be to try to generalise Sommerfeld’s phase-integral equation 



so as to apply to any dynamical system. The main trouble is to find a 
generalisation which shall be invaiiant for all coordinates by which the 
motion of the system can be specified Considerable discussion of this 
question will be found in papers by Sommerfeld, Ehrenfest and Burgers to 
which reference has already been made Mention must also be made of a 
valuable paper by Planck f But it cannot be said that any great progress 
has yet been made m bringing quantum-dynamics into its proper relation to 
general statistical mechanics 

Questions of fundamental importance to the progress of physics still 
remam untouched, for the reason that the tools for the work have not yet 
been created. Among such questions may be mentioned the dynamics of the 
interaction between radiation and electrons, and the dynamics of the apparent 
sudden electronic jumps of which the spectral lines are believed to be evidence 
The field which remains unexploied is incomparably vaster and more important 
than that which has so far been conquered 

* “On the Quantum Theory of Line- Spectra,” Parts i and ii Parts iir and iv which will 
deal specially with the problem mentioned are not yet published 

t Ann d Phys l (1916), p 385 
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APPENDIX A 

INTEGRALS IXVOLTIXG EXPONENTIALS 

A TYPE of integral wbch occms very jBrequently m the mathematics necessary to the 
Kinetic Theory is 

4 (i), 

'wheie n is mtegial Thib can be evaluated in fimte terms when n is odd, and can be made 
to depend on the mtegral 

J € du »*••• * 

when n is e\en In each case the reduction is most quickly performed by successive 
integrations by parts with lespect to Tables for the evaluation of the integral (u) will 
be found in Appendix B 

When, as is generally the case, the limits of integration are from ws=0 to w=oc, the 
results of integration are expressed by the formulae 



The following cases of the general formulae are of such frequent occurrence that it may 
be useful to give the results separately 



Each integral can be obtained by differentiatii^ the one immediately above it with 
respect to Am. In this way the system can be extended indeftmtely 
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APPENDIX B 


The following tables will be found of use foi vaiious numencal calculations in con- 
nection with the Kinetic Theory The values of yj/' (x) are from a table by Tait in the paper 
already referred to (p 265) 


■ 


e 

-= / e”* dx 
sItJq 

fj/ (x) 

Defined by equation 
(712), p 254 

1 

01 

99905 

11246 

20066 

2 

04 

96080 

22270 

40531 

3 

09 

91393 

32863 

61784 

i 

16 

86214 

42839 

84200 

5 

26 

77880 


1 08132 

6 

B6 

69768 

60386 

1 33907 

7 

49 

61263 

67780 

1 61819 

8 

64 

52729 

74210 

1 92182 

9 

81 

44486 

79691 

225072 

10 


36788 

84270 

2 60835 

11 

121 

29820 


2 99682 

12 

144 

23693 

91031 

341448 


169 

18452 

93401 

3 86638 


196 

14086 

95229 

434939 


225 

10540 

96611 

486713 

16 

2 56 

07730 

97636 

541911 

17 

2 89 

05568 

98379 

600670 

18 

3 24 

03916 

98909 

6 62716 

19 

361 

02705 

99279 

728366 

20 

4 00 

01832 

99532 

797636 

21 

4 41 

01215 

99702 

8 70234 

22 

4 84 


99814 

9 46467 

23 

5 29 


99886 

1026236 

24 

6 76 


99931 

1109647 

25 

6 25 


99959 

11 96402 

26 


00116 

99976 

12 86798 

27 


00068 

99987 

1380734 

28 



99992 

1478226 

29 

8 41 

00022 

99996 

16 79256 

30 

900 

00012 

99998 

1683830 
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